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Power System Stability 


1.1 introduction 

Since the industrial revolution man’s demand for and consumption of energy has 
increased steadily The invention of the induction motor by Nikola Tesla in 1888 sig¬ 
naled the growing importance of electrical energy in the industrial world as well as its 
use for artificial lighting A major portion of the energy needs of a modern society is 
supplied in the form of electrical energy 

Industrially developed societies need an ever-increasing supply of electrical power, 
and the demand on the North American continent has been doubling every ten years 
Very complex power systems have been built to satisfy this increasing demand The 
trend in electric power production is toward an interconnected network of transmission 
lines linking generators and loads into large integrated systems, some of which span en¬ 
tire continents Indeed, in the United States and Canada, generators located thousands 
of miles apart operate in parallel 

I his vast enterprise of supplying electrical energy presents many engineering prob¬ 
lems that provide the engineer with a variety of challenges The planning, construction, 
and operation of such systems become exceedingly complex Some of the problems 
stimulate the engineer’s managerial talents; others tax his knowledge and experience in 
system design The entire design must be predicated on automatic control and not on 
the slow response of human operators To be able to predict the performance of such 
complex systems, the engineer is forced to seek ever mote powerful tools of analysis and 
synthesis 

This book is concerned with some aspects of the design problem, particularly the 
dynamic performance, of interconnected power systems. Characteristics of the various 
components of a power system during normal operating conditions and during dis¬ 
turbances will be examined, and effects on the overall system performance will be 
analyzed Emphasis will be given to the transient behavior in which the system is de¬ 
scribed mathematically by ordinary differential equations 

1 2 Requirements of a Reliable Electrical Power Service 

Successful operation of a power system depends largely on the engineer’s ability to 
provide reliable and uninterrupted service to the ioads The reliability of the power 
supply implies much more than merely being available.. Ideally, the loads must be fed at 
constant voltage and frequency at all times. In practical terms this means that both 
voltage and frequency must be held within close tolerances so that the consumer’s 
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equipment may operate satisfactorily. For example, a drop in voltage of 10-15% or a 
reduction of the system frequency of only a few hertz may lead to stalling of the motor 
loads on the system Thus it can be accurately stated that the power system operator 
must maintain a very high standard of continuous electrical service. 

The first requirement of reliable service is to keep the synchronous generators 
running in parallel and with adequate capacity to meet the load demand If at any time 
a generator loses synchronism with the rest of the system, significant voltage and current 
fluctuations may occur and transmission lines may be automatically tripped by their 
relays at undesired locations. If a generator is separated from the system, it must be re- 
synchromzed and then loaded, assuming it has not been damaged and its prime mover 
has not been shut down due to the disturbance that caused the loss of synchronism 

Synchronous machines do not easily fall out of step under normal conditions If a 
machine tends to speed up or slow down, synchronizing forces tend to keep it in step 
Conditions do arise, however, in which operation is such that the synchronizing forces 
for one or more machines may not be adequate, and small impacts in the system may 
cause these machines to lose synchronism A major shock to the system may also lead 
to a loss of synchronism for one or more machines 

A second requirement of reliable electrical service is to maintain the integrity of the 
power network The high-voltage transmission system connects the generating stations 
and the load centers Interruptions in this network may hinder the flow of power to the 
load This usually requires a study of large geographical areas since almost all power 
systems are interconnected with neighboring systems Economic power as well as 
emergency power may flow over interconnecting tie lines to help maintain continuity of 
service Therefore, successful operation of the system means that these lines must re¬ 
main in service if firm power is to be exchanged between the areas of the system 

While it is frequently convenient to talk about the power system in the “steady 
state,” such a state never exists in the true sense Random changes in load are taking 
place at all times, with subsequent adjustments of generation Furthermore, major 
changes do take place at times, eg, a fault on the network, failure in a piece of equip¬ 
ment, sudden application of a major load such as a steel mill, or loss of a line or gen¬ 
erating unit.. We may look at any of these as a change from one equilibrium state to 
another It might be tempting to say that successful operation requires only that the 
new state be a “stable” state (whatever that means) For example, if a generator is 
lost, the remaining connected generators must be capable of meeting the load demand; 
or if a line is lost, the power it was carrying must be obtainable from another source 
Unfortunately, this view is erroneous in one important aspect; it neglects the dynamics 
of the transition from one equilibrium state to another Synchronism frequently may be 
lost in that transition period, or growing oscillations may occur over a transmission line, 
eventually leading to its tripping These problems must be studied by the power sys¬ 
tem engineer and fall under the heading “power system stability ” 

13 Statement of the Problem 

The stability problem is concerned with the behavior of the synchronous machines 
after they have been perturbed If the perturbation does not involve any net change in 
power, the machines should return to their original state If an unbalance between the 
supply and demand is created by a change in load, in generation, or in network condi¬ 
tions, a new operating state is necessary In any case all interconnected synchronous 
machines should remain in synchronism if the system is stable; i.e , they should all re¬ 
main operating in parallel and at the same speed 
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The transient following a system perturbation is oscillatory in nature; but if the sys¬ 
tem is stable, these oscillations will be damped toward a new quiescent operating con¬ 
dition These oscillations, however, are reflected as fluctuations in the power flow over 
the transmission lines If a certain line connecting two groups of machines undergoes 
excessive power fluctuations, it may be tripped out by its protective equipment thereby 
disconnecting the two groups of machines This problem is termed the stability of the 
tie line, even though in reality it reflects the stability of the two gr oups of machines. 

A statement declaring a power system to be “stable” is rather ambiguous unless 
the conditions under which this stability has been examined are clearly stated. This in¬ 
cludes the operating conditions as well as the type of perturbation given to the system. 
The same thing can be said about tie-line stability. Since we are concerned here with 
the tripping of the line, the power fluctuation that can be tolerated depends on the 
initial operating condition of the system, including the line loading and the nature of the 
impacts to which it is subjected These questions have become vitally important with 
the advent of large-scale interconnections In fact, a severe (but improbable) distur¬ 
bance can always be found that will cause instability Therefore, the disturbances for 
which the system should be designed to maintain stability must be deliberately selected. 

1 3 1 Primitive definition of stability 

Having introduced the term “stability,” we now propose a simple nonmathematical 
definition of the term that will be satisfactory for elementary problems Later, we will 
provide a more rigorous mathematical definition 

The problem of interest is one where a power system operating under a steady load 
condition is perturbed, causing the readjustment of the voltage angles of the syn¬ 
chronous machines If such an occurrence creates an unbalance between the system 
generation and load, it results in the establishment of a new steady-state operating con¬ 
dition, with the subsequent adjustment of the voltage angles. The perturbation could 
be a major disturbance such as the loss of a generator, a fault or the loss of a line, or a 
combination of such events. It could also be a small load or random load changes 
occurring under normal operating conditions. 

Adjustment to the new operating condition is called the transient period The sys¬ 
tem behavior during this time is called the dynamic system performance, which is of 
concern in defining system stability The main criterion for stability is that the syn¬ 
chronous machines maintain synchronism at the end of the transient period 

Definition If the oscillatory response of a power system during the transient period 
following a disturbance is damped and the system settles in a finite time to a new 
steady operating condition, we say the system is stable If the system is not stable, it 
is considered unstable 

This primitive definition of stability requires that the system oscillations be damped 
This condition is sometimes called asymptotic stability and means that the system con¬ 
tains inherent forces that tend to reduce oscillations This is a desirable feature in many 
systems and is considered necessary for power systems 

The definition also excludes continuous oscillation from the family of stable sys¬ 
tems, although oscillators are stable in a mathematical sense. The reason is practical 
since a continually oscillating system would be undesirable for both the supplier and the 
user of electric power Hence the definition describes a practical specification for an ac¬ 
ceptable operating condition 
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1.3.2 Other stability problems 

While the stability of synchronous machines and tie lines is the most important and 
common problem, other stability problems may exist, particularly in power systems 
having appreciable capacitances In such cases arrangements must be made to avoid 
excessive voltages during light load conditions, to avoid damage to equipment, and to 
prevent self-excitation of machines 

Some of these problems are discussed in Volume 2, while others are beyond the 
scope of this book. 

1 3.3 Stability of synchronous machines 

Distinction should be made between sudden and major changes, which we shall call 
large impacts, and smaller and more normal random impacts A fault on the high- 
voltage transmission network or the loss of a major generating unit are examples of 
large impacts If one of these large impacts occurs, the synchronous machines may lose 
j synchronism This problem is referred to in the literature as the transient stability 
6: problem Without detailed discussion, some general comments are in order First, 
these impacts have a finite probability of occurring Those that the system should be de¬ 
signed to withstand must therefore be selected a priori. 1 Second, the ability of the sys¬ 
tem to survive a certain disturbance depends on its precise operating condition at the 
time of the occurrence A change in the system loading, generation schedule, network 
interconnections, or type of circuit protection may give completely different results in a 
stability study for the same disturbance Thus the transient stability study is a very 
specific one, from which the engineer concludes that under given system conditions and 
for a given impact the synchronous machines will or will not remain in synchronism 
Stability depends strongly upon the magnitude and location of the disturbance and to a 
lesser extent upon the initial state or operating condition of the system 

Let us now consider a situation where there are no major shocks or impacts, but 
rather a random occurrence of small changes in system loading Here we would expect 
the system operator to have scheduled enough machine capacity to handle the load We 
would also expect each synchronous machine to be operating on the stable portion of its 
power-angle curve, i e , the portion in which the power increases with increased angle 
In the dynamics of the transition from one operating point to another, to adjust for load 
changes, the stability of the machines will be determined by many factors, including the 
power-angle curve It is sometimes incorrect to consider a single power-angle curve, 
since modern exciters will change the operating curve during the period under study. 
The problem of studying the stability of synchronous machines under the condition of 
j small load changes has been called “steady-st ate” stability . A more recent and certainly 
e, more appropriate name.is dynamic stability In contrast to transient stability, dynamic 
stability tends to be a property of the state of the system 

Transient stability and dynamic stability are both questions that must be answered 
to the satisfaction of the engineer for successful planning and operation of the system 
| This attitude is adopted in spite of the fact that an artificial separation between the 
e two problems has been made in the past This was simply a convenience to accommo¬ 
date the different approximations and assumptions made in the mathematical treat- 


1 In the United States the regional committees of the National Electric Reliability Council (NERC) 
specify the contingencies against which the system must be proven stable 


Power System Stability 


7 


ments of the two problems In support of this viewpoint the following points are 
pertinent 

First, the availability of high-speed digital computers and modern modeling tech¬ 
niques makes it possible to represent any component of the power system in almost any 
degree of complexity required or desired Thus questionable simplifications or assump¬ 
tions are no longer needed and are often not justified 

Second, and perhaps more important, in a large interconnected system the full 
effect of a disturbance is felt at the remote parts some time after its occurrence, perhaps 
a few seconds Thus different parts of the interconnected system will respond to lo¬ 
calized disturbances at different times Whether they will act to aid stability is difficult 
to predict beforehand The problem is aggravated if the initial disturbance causes 
other disturbances in neighboring areas due to power swings As these conditions 
spread, a chain reaction may result and large-scale interruptions of service may occur. 
However, in a large interconnected system, the effect of an impact must be studied over 
a relatively long period, usually several seconds and in some cases a few minutes. Per¬ 
formance of dynamic stability studies for such long periods will require the simulation 
of system components often neglected in the so-called transient stability studies. 

13 4 Tie-line oscillations 

As random power impacts occur during the normal operation of a system, this 
added power must be supplied by the generators The portion supplied by the different 
generators under different conditions depends upon electrical proximity to the position 
of impact, energy stored in the rotating masses, governor characteristics, and other 
factors The machines therefore are never truly at steady state except when at standstill 
Each machine is in continuous oscillation with respect to the others due to the effect of 
these random stimuli These oscillations are reflected in the flow of power in the trans¬ 
mission lines If the power in any line is monitored, periodic oscillations are observed 
to be superimposed on the steady flow Normally, these oscillations are not large and 
hence not objectionable 

The situation in a tie line is different in one sense since it connects one group of 
machines to another These two groups are in continuous oscillation with respect to 
each other, and this is reflected in the power flow over the tie line. The situation may 
be further complicated by the fact that each machine group in turn is connected to other 
groups Thus the tie line under study may in effect be connecting two huge systems In 
this case the smallest oscillatory adjustments in the large systems are reflected as sizable 
power oscillations in the tie line The question then becomes, To what degree can these 
oscillations be tolerated? 

The above problem is entirely different from that of maintaining a scheduled 
power interchange over the tie line; control equipment can be provided to perform this 
function These controllers are usually too slow to interfere with the dynamic oscilla¬ 
tions mentioned above To alter these oscillations, the dynamic response of the com¬ 
ponents of the overall interconnected system must be considered The problem is not 
only in the tie line itself but also in the two systems it connects and in the sensitivity of 
control in these systems The electrical strength (admittance) or capacity of the tie 
cannot be divorced from this problem For example, a 40-MW oscillation on a 
400-MW tie is a much less serious problem than the same oscillation on a 100-MW tie 
The oscillation frequency has an effect on the damping characteristics of prime movers. 
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exciters, etc Therefore, there is a minimum size of tie that can be effectively made from 
the viewpoint of stability 

1 4 Effect of an Impact upon System Components 

In this section a survey of the effect of impacts is made to estimate the elements that 
should be considered in a stability study. A convenient starting point is to relate an im¬ 
pact to a change in power somewhere in the network Our “test” stimulus will be a 
change in power, and we will use the point of impact as our reference point The follow¬ 
ing effects, in whole or in part, may be felt The system frequency will change be¬ 
cause, until the input power is adjusted by the machine governors, the power change 
will go to or come from the energy in the rotating masses The change in frequency will 
affect the loads, especially the motor loads A common rule of thumb used among 
power system engineers is that a decrease in frequency results in a load decrease of 
equal percentage; ie, load regulation is 100% The network bus voltages will be 
affected to a lesser degree unless the change in power is accompanied by a change in 
reactive power 




Fig 1 I Response of a four-machine system during a transient: (a) stable system (b) unstable system 
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14 1 Loss of synchronism 

Any unbalance between the generation and load initiates a transient that causes the 
rotors of the synchronous machines to “swing” because net accelerating (or decelerat¬ 
ing) torques are exerted on these rotors If these net torques are sufficiently large to 
cause some of the rotors to swing far enough so that one or more machines “slip a 
pole,” synchronism is lost. To assure stability, a new equilibrium state must be reached 
before any of the machines experience this condition Loss of synchronism can also 
happen in stages, e g , if the initial transient causes an electrical link in the transmission 
network to be interrupted during the swing This creates another transient, which when 
superimposed on the first may cause synchronism to be lost ' 

Let us now consider a severe impact initiated by a sizable generation unbalance, 
say excess generation The major portion of the excess energy will be converted into 
kinetic energy Thus most of the machine rotor angular velocities will increase. A 
lesser part will be consumed in the loads and through various losses in the system. 
However, an appreciable increase in machine speeds may not necessarily mean that 
synchronism will be lost The important factor here is the angle difference between 
machines, where the rotor angle is measured with respect to a synchronously rotating 
reference This is illustrated in Figure 1 1 in which the rotor angles of the machines in 
a hypothetical four-machine system are plotted against time during a transient 

In case (a) all the rotor angles increase beyond x radians but all the angle differences 
are small, and the system will be stable if it eventually settles to a new angle. In case (b) 
it is evident that the machines are separated into two groups where the rotor angles 
continue to drift apart This system is unstable 

1 4 2 Synchronous machine during a transient 

During a transient the system seen by a synchronous machine causes the machine 
terminal voltage, rotor angle, and frequency to change The impedance seen “looking 
into” the network at the machine terminal also may change The field-winding voltage 
will be affected by: 

1 Induced currents in the damper windings (or rotor iron) due to sudden changes in 
armature currents The time constants for these currents are usually on the order of 
less than 0.1 s and are often referred to as “subtransient” effects. 

2 Induced currents in the field winding due to sudden changes in armature currents 
The time constants for this transient are on the order of seconds and are referred to 
as “transient” effects 

3 Change in rotor voltage due to change in exciter voltage if activated by changes at 
the machine terminal Both subtransient and transient effects are observed Since 
the subtransient effects decay very rapidly, they are usually neglected and only the 
transient effects are considered important 

Note also that the behavior discussed above depends upon the network impedance as 
well as the machine parameters. 

The machine output power will be affected by the change in the rotor-winding EM F 
and the rotor position in addition to any changes in the impedance “seen” by the ma¬ 
chine terminals However, until the speed changes to the point where it is sensed and 
corrected by the governor, the change in the output power will come from the stored 
energy in the rotating masses The important parameters here are the kinetic energy in 
MW-s per unit MVA (usually called H) or the machine mechanical time constant r jt 
which is twice the stored kinetic energy per MVA 
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When the impact is large, the speeds of all machines change so that they are 
sensed by their speed governors Machines under load frequency control will correct 
for the power change Until this correction is made, each machine’s share will depend 
on its regulation or droop characteristic Thus the controlled machines are the ones re¬ 
sponsible for maintaining the system frequency The dynamics of the transition period, 
however, are important The key parameters are the governor dynamic characteristics. 

In addition, the flow of the tie lines may be altered slightly Thus some machines 
are assigned the requirement of maintaining scheduled flow in the ties Supplementary 
controls are provided to these machines, the basic functions of which are to permit each 
control area to supply a given load The responses of these controls are relatively slow 
and their time constants are on the order of seconds This is appropriate since the 
scheduled economic loading of machines is secondary in importance to stability 

I S Methods of Simulation 

If we look at a large power system with its numerous machines, lines, and loads and 
consider the complexity of the consequences of any impact, we may tend to think it is 
hopeless to attempt analysis Fortunately, however, the time constants of the phenom¬ 
ena may be appreciably different, allowing concentration on the key elements affecting 
the transient and the area under study 

The first step in a stability study is to make a mathematical model of the system 
during the transient. The elements included in the model are those affecting the ac¬ 
celeration (or deceleration) of the machine rotors The complexity of the model de¬ 
pends upon the type of transient and system being investigated Generally, the com¬ 
ponents of the power system that influence the electrical and mechanical torques of the 
machines should be included in the model These, components are: 

1 The network before, during, and after the transient. 

2 The loads and their characteristics 

3 The parameters of the synchronous machines 

4 The excitation systems of the synchronous machines 

5 The mechanical turbine and speed governor 

6. Other important components of the power plant that influence the mechanical 
torque 

7 Other supplementary controls, such as tie-line controls, deemed necessary in the 
mathematical description of the system 

Thus the basic ingredients for solution are the knowledge of the initial conditions of 
the power system prior to the start of the transient and the mathematical description of 
the main components of the system that affect the transient behavior of the synchronous 
machines 

The number of power system components included in the study and the com¬ 
plexity of their mathematical description will depend upon many factors. In general, 
however, differential equations are used to describe the various components Study of 
the dynamic behavior of the system depends upon the nature of these differential 
equations 

1.5,1 Linearized system equations 

If the system equations are linear (or have been linearized), the techniques of linear 
system analysis are used to study dynamic behavior The most common method is to 
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simulate each component by its transfer function The various transfer function blocks 
are connected to represent the system under study The system performance may then 
be analyzed by such methods as root-locus plots, frequency domain analysis (Nyquist 
criteria), and Routh’s criterion 

The above methods have been frequently used in studies pertaining to small systems 
or a small number of machines For larger systems the state-spa ce model has been used 
more frequently in connection with system studies described by linear differential equa¬ 
tions Stability characteristics may be determined by examining the eigenvalues of the 
A matrix, where A is defined by the equation 

x = Ax + Bu (1.1) 

where x is an n vector denoting the states of the system and A is a coefficient matrix 
The system inputs are represented by the r vector u, and these inputs are related mathe¬ 
matically to differential equations by an n x r matrix B This description has the ad¬ 
vantage that A may be time varying and u may be used to represent several inputs 
if necessary 

15 2 Large system with nonlinear equations 

The system equations for a transient stability study are usually nonlinear Flere the 
system is described by a large set of coupled nonlinear differential equations of the form 

x = f(x,u, /) (1 2) 

where f is an n vector of nonlinear functions 

Determining the dynamic behavior of the system described by (1 2) is a more diffi¬ 
cult task than that of the linearized system of (1 1) Usually time solutions of the non¬ 
linear differential equations are obtained by numerical methods with the aid of digital 
computers, and this is the method usually used in power system stability studies. 
Stability of synchronous machines is usually decided by behavior of their rotor angles, 
as discussed in Section 1 4 1 More recently, modern theories of stability of nonlinear 
systems have been applied to the study of power system transients to determine the 
stability of synchronous machines without obtaining time solutions Such efforts, 
while they seem to offer considerable promise, are still in the research stage and not in 
common use Both linear and nonlinear equations will be developed in following 
chapters 


Problems 

1 1 Suggest definitions for the following terms: 
a Power system reliability 
b Power system security 
c Power system stability 

12 Distinguish between steady-state (dynamic) and transient stability according to 
a The type of disturbance 

b The nature of the defining equations 

13 What is a tie line’ Is every line a tie line? 

1 4 What is an impact insofar as power system stability is concerned? 

1 5 Consider the system shown in Figure PI 5 where a mass M is pulled by a driving force 
AO and is restrained by a linear spring K and an ideal dashpot B 
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Write the differential equation for the system in terms of the displacement variable x 
and determine the relative values of B and K to provide critical damping when f{t) is 
a unit step function 


Fig PI 5 

1 6 Repeat Problem ! 5 but convert the equations to the state-space form of (l l). 
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A stable power system is one in which the synchronous machines, when perturbed, 
will either return to their original state if there is no net change of power or will acquire 
a new state asymptotically without losing synchronism Usually the perturbation causes 
a transient that is oscillatory in nature; but if the system is stable, the oscillations will 
be damped.. 

The question then arises, What quantity or signal, preferably electrical, would 
enable us to test for stability? One convenient quantity is the machine rotor angle 
measured with respect to a synchronously rotating reference If the difference in angle 
between any two machines increases indefinitely or if the oscillatory transient is not 
sufficiently damped, the system is unstable The principal subject of this chapter is the 
study of stability based largely on machine-angle behavior 


2 1 Swing Equation 

The swing equation governs the motion of the machine rotor relating the inertia 
torque to the resultant of the mechanical and electrical torques on the rotor ; i e 

Jd = T a N m (2 1) 

where./ is the moment of inertia in kg' m 2 of all rotating masses attached to the shaft, 
d is the mechanical angle of the shaft in radians with respect to a fixed reference, and 
T a is the accelerating torque in newton meters (N-m) acting on the shaft (See Kim- 
bark [1] for an excellent discussion of units and a dimensional analysis of this equa¬ 
tion.) Since the machine is a generator, the driving torque T m is mechanical and the 
retarding or load torque T e is electrical Thus we write 

T a =T m - T e N-m (2.2) 

which establishes a useful sign convention, namely, that in which a positive T m ac¬ 
celerates the shaft, whereas a positive T e is a decelerating torque The angular refer¬ 
ence may be chosen relative to a synchronously rotating reference frame moving with 


1 The dot notation is used to signify derivatives with respect to time Thus 


x = —, x = 


13 














14 


Chapter 2 


constant angular velocity oj r , 2 


— (o> R t + a:) + 8, 


where a is a constant. The angle a is needed if 8 m is measured from an axis different 
from the angular reference frame; for example, in Chapter 4 a particular choice of the 
reference for the rotor angle 8 m gives a ~ ir/2 and 9 = a> R / + 7r/2 + 8 m . From (2 3) 
we see that 6 may be replaced by8 m in (2.1), with the result 

J'L = Ju m = T a Nm (2 4) 

where./ is the moment of inertia in kg-m 2 , o m is the mechanical (subscript m) torque 
angle in rad with respect to a synchronously rotating reference frame, a> m is the shaft 
angular velocity in rad/s, and T a is the accelerating torque in N- m 

Another form of (2.4) that is sometimes useful is obtained by multiplying both sides 
bya> m ,the shaft angular velocity in rad/s Recalling that the product of torque T and 
angular velocity to is the shaft power P in watts, we have 

IwJ m = P m -P e W (2 5) 

The quantity ,/o> m is called the inertia constant and is denoted by A/.. (See Kimbark 
[1] pp. 22-27 and Stevenson [2], pp 336-40 for excellent discussions of the inertia 
constant.) It is related to the kinetic energy of the rotating masses W k , where 
W k = (1/2) Joil joules Then M is computed as 

M = Ja> m = 2 W k / Um I s (2 6) 

It may seem rather strange to call M a constant since it depends upon w, which 
certainly varies during a transient On the other hand the angular frequency does not 
change by a large percentage before stability is lost To illustrate: for 60 Hz, a> m = 
377 rad/s, and a 1% change in is equal to 3 77 rad/s A constant slip of 1% of the 
value of (o m for one second will change the angle of the rotor by 3 77 rad Certainly, 
this would lead to loss of synchronism 

The equation of motion of the rotor is called the swing equation It is given in 
the literature in the form of (2 4) or in terms of power, 

M8 m = Mw m - P m - P, W (2.7) 

where M is in J-s, 8 m is in rad, is in rad/s, and P is in W 

In relating the machine inertial performance to the network, it would be more 
useful to write (2 7) in terms of an electrical angle that can be conveniently related 
to the position of the rotor Such an angle is the torque angle 8, which is the angle 
between the field MMF and the resultant MMF in the air gap, both rotating at syn¬ 
chronous speed It is also the electrical angle between the generated EMF and the 
resultant stator voltage phasors 

The torque angle 8 , which is the same as the electrical angle 5 e , is related to 
the rotor mechanical angle 8 m (measured from a synchronously rotating frame) by 


8 = 8 e = (p/2)6 m 

where p is the number of poles. (In Europe the practice is to write 8 e 
the number of pole pairs ) 


(28) 

= pb m , where p is 


2 The subscript R is used to mean rated” for all quantities including speed, which is designated as 
u>] in ANSI standards ANSI Y10 5. 1968 Hence w R = co! in every case 


iiLUf ' ‘ ' - i - : - --- -- 
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For simplicity we drop the subscript e and write simply <5, which is always under¬ 
stood to be the electrical angle defined by (2 8) 

From (2 7) and (2 8) we write ; . i?: , 

(2 M/p)8 = (2M/p)w = P a W (2.9) 

which relates the accelerating power to the electrical angle 8 and to the angular velocity 
of the revolving magnetic field to 

In most problems of interest there will be a large number of equations like (2.9), 
one for each generator shaft (and motor shaft too if the motor is large enough to 
warrant detailed representation) In such large systems problems we find it convenient 
to normalize the power equations by dividing all equations by a common three-phase 
voltampere base quantity S B 3 Then (2 9) becomes a per unit (pu) equation 

(2 M/pS n )6 = (2M/pS Bi )w = P./Sn = P au pu (2 10) 

where M , p, 6, and a> are in the same units as before; but P is now in pu (noted by 
the subscript u) 


22 Units 

It has been the practice in the United States to provide inertial data for rotating 
machines in English units The machine nameplate usually gives the rated shaft speed 
in revolutions per minute (r/min). The form of the swing equation we use must be 
in MKS units (or pu) but the coefficients, particularly the moments of inertia, will 
usually be derived from a mixture of MKS and English quantities. 

We begin with the swing equation in N-m 

(2J/p)8 = (2///>)« = r a N m (2 11) 

Now normalize this equation by dividing by a base quantity equal to the rated torque 
at rated speed: 

h ~ = 60S B3 /27r« R (2 12) 

where S B3 is the three-phase VA rating and a r is the rated shaft speed in r/min 
Dividing (2 11) by (2 12) and substituting 120/ R //z R for p, we compute 

(./7r 2 ^/900aj R S B3 )<o = T a /T B = T au pu (213) 

where we have substituted the base system radian frequency <*; R = 2 tt/r for the base 
frequency Note that to in (2 13) is in rad/s and T au is in pu 

The U.S practice has been to supply,/, the moment of inertia, as a quantity usually 
called WR 2 , given in units of lbm ft 2 The consistent English unit for ,/ is slug* ft 2 or 
WR 2 /g where g is the acceleration of gravity (32.17398 ft/s 2 ). We compute the cor¬ 
responding MKS quantity as 

, WR 2 slug ft 2 1 ft-lbf-s 2 746 W s 146(WR 2 ) . 2 XT 
g 1 slug ft 2 550 ft Ibf 550 g 

Substituting into (2 13), we write 


146{WR 2 )* 2 nl 
550 g(900)a> R 5 B 3 


pu 


(2.14) 


The coefficient of co can be clarified if we recall the definition of the kinetic energy of a 
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rotating body W k , which we can write as 



2 

m 



146(WR 2 ) 
550 g 


( 2™ r ) 2 

3600 


- 2 311525 x 10- 4 (PF/? 2 )/z 2 r J 


Then (2 14) may be written as 

(2W k /S K a R )<a = T au pu (2.15) 

We now define the important quantity 

H= W k /Sn s (2 16) 

where = rated three-phase MVA of the system 
W k = (2 311525 x 10 ~ XQ ){WR 2 )ni MJ 

Then we write the swing equation in the form most useful in practice: 

{2Hfw R )a> = T a> pu (2 17) 

where H is in s, a is in rad/s, and 4,is in P u Note that co is the angular velocity of 
the revolving magnetic field and is thus related directly to the network voltages and 
currents For this reason it is common to give the units of co as electrical rad/s 
Note also that the final form of the swing equation has been adapted for machines 
with any number of poles, since all machines on the same system synchronize to the 
same cu R . 

Another form of the swing equation, sometimes quoted in the literature, involves 
some approximation It is particularly used with the classical model of the synchronous 
machine Recognizing that the angular speed co is nearly constant, the pu accelerating 
power P a is numerically nearly equal to the accelerating torque T a A modified (and 
approximate) form of the swing equation becomes 

(2H/w r )w ^ P a pu (2 18) 

The quantity H is often given for a particular machine normalized to the base VA rating 
for that machine This is convenient since these machine-normalized H quantities are 
usually predictable in size and can be estimated for machines that do not physically 
exist Curves for estimating H are given in Figures 2 1 and 2 2 The quantities taken 
from these curves must be modified for use in system studies by converting from the 
machine base VA to the system base VA. Thus we compute 

7T S y S = // m ach ("^BSmach/^BSsys) S (2.19) 

The value of H mach is usually in the range of 1-5 s Values for H sys vary over a much 
wider range With S Bisys = 100 MVA values of // sys from a few tenths of a second 
(for small generators) to 25-30 s (for large generators) will often be used in the same 
study Typical values of / (in M J) are given in Appendix D 


2,3 Mechanical Torque 

The mechanical torques of the prime movers for large generators, both steam and 
waterwheel turbines, are functions of speed (See Venikov [6], Sec 1 3, and Crary [7], 
Vol. II, Sec 27 ) However we should carefully distinguish between the case of the un¬ 
regulated machine (not under active governor control) and the regulated (governed) 
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Fig 2.1 inertia constants for large steam turbogenerators: (a) turbogenerators rated 500 MVA and below 
[3, p. 120], (b) expected future large turbogenerators (© IEEE Reprinted from IEEE Trans 
vol PAS-90, Nov /Dec 1971 ) 


2.3.1 Unregulated machines 

For a fixed gate or valve position (i e , when the machine is not under active gov¬ 
ernor control) the torque speed characteristic is nearly linear over a limited range at 
rated speed, as shown in Figure 2 .3(a) No distinction seems to be made in the literature 
between steady-state and transient characteristics in this respect Figure 2.3(a) shows 
that the prime-mover speed of a machine operating at a fixed gate or valve position 
will drop in response to an increase in load The value of the turbine torque coefficient 
suggested by CraTy [7] is equal to the loading of the machine in pu This can be veri¬ 
fied as follows From the fundamental relationship between the mechanical torque 



0 20 40 60 80 100 120 140 

Generator Rating, MVA 


Fig 2 2 Inertia constants of large vertical-type waterwheel generators, including allowance of 15% for 
waterwheels (©IEEE Reprinted from Electr Eng vol. 56. Feb. 1937) 
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(°) 



Fig 2 3 Turbine torque speed characteristic: (a) unregulated machine, (b) regulated machine 


T m and power P m 

T m = PJa N* m (2.20) 

we compute, using the definition of the differential, 

dT m = %£dP m + do N m (2.21) 

dP m da 

Near rated load (2.21) becomes 

dT m = (1/a > R )dP m - (P mK /u>i)dw N-m (2.22) 

If we assume constant mechanical power input, dP m = 0 and 

dT m = -{P mK fwl)du N-m (2 23) 

This equation is normalized by dividing through by T mR = P m R /o> R with the result 

dT m = -da pu (2.24) 

where all values are in pu This relationship is shown in Figure 2.3(a) 

2.3.2 Regulated machines 

In regulated machines the speed control mechanism is responsible for controlling 
the throttle valves to the steam turbine or the gate position in hydroturbines, and the 
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mechanical torque is adjusted accordingly This occurs under normal operating condi¬ 
tions and during disturbances 

To be stable under normal conditions, the torque speed characteristic of the turbine 
speed control system should have a “droop characteristic”; i e , a drop in turbine 
speed should accompany an increase in load Such a characteristic is shown in Fig¬ 
ure 2 3(b) A typical “droop” or “speed regulation” characteristic is 5% in the United 
States (4% in Europe) This means that a load pickup from no load (power) to full 
load (power) would correspond to a speed drop of 5% if the speed load characteristic 
is assumed to be linear The droop (regulation) equation is derived as follows: from 
Figure 2.3(b), T m = T m0 + T mA , and T mA = ~a A /R, where R is the regulation in rad/ 
N-m s. Thus 


T m = T m0 -(a - u r )/R N-m 

Multiplying (2 25) by o> R , we can write 

(2.25) 

P m ^ T m o) R = P m0 - (a R /R)a A 

Let P mu = pu mechanical power on machine VA 

Rmu = Rm/S B = Rm 0 / *-* B — (Wr /S b R)<i) a 

or 

(2 26) 

Rmu = R/nOu ~ U R CO Au /S B R pU 

Since P mA = P m - P m0 , 

(2 27) 

PmAu = -wroWSb R = -a±JR„ pu 

where the pu regulation R u is derived from (2 28) or 

(2.28) 

R u = S B R/a 2 R pu 

(2.29) 


As previously mentioned, R u is usually set at 0 05 in the United States 

We also note that the “effective” regulation in a power system could be appreciably 
different from the value 0 05 if some of the machines are not under active governor 
control IfX,.S B is the sum of the ratings of the machines under governor control, and 
X,S tB is the sum of the ratings of all machines, then the effective pu regulation is 
given by 

^ucff = ^u(X,‘Sb/X,*Ssb) (2.30) 

Similarly, if a system base other than that of the machine is used in a stability 
study, the change in mechanical power in pu on the system base P mAsu is given by 

RmAsu — — (Sb^Au/ SjB^u) P U (2 31) 

A block diagram representing (2.28) and (2.31) is shown in Figure 2 4 where 

K = 5 b /S jB 

The droop characteristic shown in Figure 2.3(b) is obtained in the speed control 
system with the help of feedback ft will be shown in Volume 2 that without feed¬ 
back the speed control mechanism is unstable. Finally we should point out that the 
steady-state regulation characteristic determines the ultimate contribution of each 
machine to a change in load in the power system and fixes the resulting system fre¬ 
quency error 
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mOu 



Fig 2 4 Block diagram representation of the droop equation 


During transients the discrepancy between the mechanical and electrical torques 
for the various machines results in speed changes The speed control mechanism for 
each machine under active governor control will attempt to adjust its output accord¬ 
ing to its regulation characteristic Two points can be made here: 

1 For a particular machine the regulation characteristic for a small (and sudden) 
change in speed may be considerably different in magnitude from its overall average 
regulation 

2 In attempting to adjust the mechanical torque to correspond to the speed change, 
time lags are introduced by the various delays in the feedback elements of the speed 
control system and in the steam paths; therefore, the dynamic response of the turbine 
could be appreciably different from that indicated by the steady-state regulation 
characteristic This subject will be dealt with in greater detail in Volume 2 

2.4 Electrical Torque 

In general, the electrical torque is produced by the interaction between the three 
stator circuits, the field circuit, and other circuits such as the damper windings Since 
the three stator circuits are connected to the rest of the system, the terminal voltage 
is determined in part by the external network, the other machines, and the loads The 
flux linking each circuit in the machine depends upon the exciter output voltage, the 
loading of the magnetic circuit (saturation), and the current in the different windings 
Whether the machine is operating at synchronous speed or asynchronously affects all 
the above factors Thus a comprehensive discussion of the electrical torque depends 
upon the synchronous machine representation If all the circuits of the machine are 
taken into account, discussion of the electrical torque can become rather involved 
Such a detailed discussion will be deferred to Chapter 4.. For the present we simply 
note that the electrical torque depends upon the flux linking the stator windings and 
the currents in these windings If the instantaneous values of these flux linkages and 
currents are known, the correct instantaneous value of the electrical torque may be 
determined As the rotor moves, the flux linking each stator winding changes since 
the inductances between that winding and the rotor circuits are functions of the rotor 
position These flux linkage relations are often simplified by using Park’s transforma¬ 
tion A modified form of Park’s transformation will be used here (see Chapter 4) 
Under this transformation both currents and flux linkages (and hence voltages) are 
transformed into two fictitious windings located on axes that are 90° apart and fixed 
with respect to the rotor One axis coincides with the center of the magnetic poles of 
the rotor and is called the direct axis The other axis lies along the magnetic neutral 
axis and is called the quadrature axis Expressions for the electrical quantities such as 
power and torque are developed in terms of the direct and quadrature axis voltages (or 
flux linkages) and currents. 
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A simpler mathematical model, which may be used for stability studies, divides the 
electrical torque into two main components, the synchronous torque and a second com¬ 
ponent that includes all other electrical torques We explore this concept briefly as an 
aid to understanding the generator behavior during transients 


2 4 1 Synchronous torque 

The synchronous torque is the most important component of the electrical torque 
It is produced by the interaction of the stator windings with the fundamental com¬ 
ponent of the air gap flux It is dependent upon the machine terminal voltage, the rotor 
angle, the machine reactances, and the so-called quadrature axis EMF, which may be 
thought of as an effective rotor EMF that is dependent on the armature and rotor cur¬ 
rents and is a function of the exciter response Also, the network configuration affects 
the value of the terminal voltage 


2.4 2 Other electrical torques 

During a transient, other extraneous electrical torques are developed in a syn¬ 
chronous machine The most important component is associated with the damper 
windings While these asynchronous torques are usually small in magnitude, their effect 
on stability may not be negligible. The most important effects are the following 

1 Positive-sequence damping results from the interaction between the positive-sequence 
air gap flux and the rotor windings, particularly the damper windings In general, 
this effect is beneficial since it tends to reduce the magnitude of the machine oscilla¬ 
tions, especially after the first swing It is usually assumed to be proportional to the 
slip frequency, which is nearly the case for small slips 
2. Negative-sequence braking results from the interaction between the negative-sequence 
air gap flux during asymmetrical faults and the damper windings Since the nega¬ 
tive-sequence slip is 2 - s, the torque is always retarding to the rotor Its magnitude 
is significant only when the rotor damper winding resistance is high 
3 The dc braking is produced by the dc component of the armature current during 
faults, which induces currents in the rotor winding of fundamental frequency Their 
interaction produces a torque that is always retarding to the rotor 

It should be emphasized that if the correct expression for the instantaneous elec¬ 
trical torque is used, all the above-mentioned components of the electrical torque will 
be included In some studies approximate expressions for the torque are used, eg , 
when considering quasi-steady-state conditions Here we usually make an estimate of 
the components of the torque other than the synchronous torque 


2 5 Power-Angle Curve of a Synchronous Machine 

Before we leave the subject of electrical torque (ot power), we return momentarily to 
synchronous power to discuss a simplified but very useful expression for the relation 
between the power output of the machine and the angle of its rotor. 

Consider two sources V = E/0 and E = E/5 connected through a reactance x as 
shown in Figure 2 5(a) 3 Note that the source V is chosen as the reference A current 


3 A phasor is indicated with a bar above the symbol for the rms quantity. For example if I is the 
rms value of the current, I is the current phasor By definition the phasor 7 is given by the trahsfpfmgtiepr ^ 


EK 


(P where 7 = Ie iB = /(cos 6 + j sin 6) = (P [vT / cos («r + 0)]. A phasor is a complex number /elated 
corresponding time quantity i (?) by /'(/) = (Re (V2 7e*“‘ ) = y/Tl cos (cut + 0) = (P ~ 1 ( Ie ,e ) ; ECHN KOCHSCHtfl£ 

AACHEN 
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(b) 

Fig. 2 5 A simple two-machine system: (a) schematic representation, (b) power-angle curve 

7 = I[6_ flows between the two sources We can show that the power P is given by 

P = (EV/x) sin 5 (2 32) 

Since E, V , and x are constant, the relation between P and 8 is a sine curve, as shown 
in Figure 2 5(b) We note that the same power is delivered by the source E and received 
by the source V since the network is purely reactive 

Consider a round rotor machine connected to an infinite bus At steady state the 
machine can be represented approximately by the above circuit if V is the terminal 
voltage of the machine, which is the infinite bus voltage; x is the direct axis synchronous 
reactance; and E is the machine excitation voltage, which is the EMF along the quadra¬ 
ture axis. We say approximately because such factors as magnetic circuit saturation and 
the difference between direct and quadrature axis reluctances are overlooked in this 
simple representation But (2.32) is essentially correct for a round rotor machine at 
steady state Equation (2 32) indicates that if £, V, and x are constant, EVfx is a 
constant that we may designate as P M to write P = P M sin 8; and the power output of 
the machine is a function only of the angle 8 associated with E Note that £ can be 
chosen to be any convenient EMF, not necessarily the excitation voltage; but then the 
appropriate .x and 8 must be defined accordingly 

2 5.1 Classical representation of a synchronous machine in stability studies 

The EMF of the machine (i e“, the voltage corresponding to the current in the main 
field winding) can be considered as having two components: a component £' that cor¬ 
responds to the flux linking the main field winding and a component that counteracts 
the armature reaction The latter can change instantaneously because it corresponds to 
currents, but the former (which corresponds to flux linkage) cannot change instantly, 
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When a change in the network occurs suddenly, the flux linkage (and hence £') will 
not change, but currents will be produced in the armature; hence other currents will be 
induced in the various rotor circuits to keep this flux linkage constant Both the arma¬ 
ture and rotor currents will usually have ac and dc components as required to match 
the ampere-turns of various coupled coils The flux will decay according to the effective 
time constant of the field circuit At no load this time constant is on the order of sev¬ 
eral seconds, while under load it is reduced considerably but still on the order of one 
second or higher.. 

From the above we can see that for a period of less than a second the natural char¬ 
acteristic of the field winding of the synchronous machine tends to maintain constant 
flux linkage and hence constant £' Exciters of the conventional type do not usually 
respond fast enough and their ceilings are not high enough to appreciably alter this 
picture Furthermore, it has been observed that during a disturbance the combined 
effect of the armature reaction and the excitation system is to help maintain constant 
flux linkage for a period of a second or two This period is often considered adequate 
for determining the stability of the machine Thus in some stability studies the assump¬ 
tion is commonly made that the main field flux linkage of a machine is constant 

The main field-winding flux is almost the same as a fictitious flux that would create 
an EMF behind the machine direct axis transient reactance The model used for the 
synchronous machine is shown in Figure 2 6, where x' d is the direct axis transient 
reactance 


e/l 


''V 


Fig 2 6 Representation of a synchronous machine by a constant voltage behind .transient reactance 

u 6. '« ■; > •' 

/ - i' '• • 

The constant voltage source E[8 is determined from the initial conditions, ie, 
pretransient conditions During the transient the magnitude £ is held constant, while 
the angle 8 is considered as the angle between the rotor position and the terminal 
voltage V 



Example 2 I 

For the circuit of Figure 2 6 let V = 1 0 pu, x' d = 0 2 pu, and the machine initially 
operating at £ = 0 8 pu at 0 8 PF. , 

o' :7 “ 

Solution 

Using V as reference, V = 10/0 

7 0 = 1 0 /-36.9° = 0.8 - j0.6 
E = E[o= 10+ jO 2(0 8 - jO 6) 

= 1 12 + jO 16 = 1 1314 /8.06° 

The magnitude of £ is 1.1314 This will be held constant during the transient, although 
8 may vary The initial value of 8, called <5 0 , is 8 06°. 
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During the transient period, assuming that Fis held constant, the machine power as 
a function of the angle b is also given by a power-angle curve Thus 

P = (£ V/x' d ) sin b = P M sin o (2 33) 

For the example given above P M = 1 1314/0.2 = 5 657 

2 5 2 Synchronizing power coefficients 

Consider a synchronous machine the terminal voltage of which is constant.. This 
is the case when the machine is connected to a very large power system (infinite bus). 
Let us assume that the machine can be represented by a constant voltage magnitude be¬ 
hind a constant reactance, as shown in Figure 2 6 The power is given by (2 32) Let the 
initial power delivered by the machine be P 0 , which corresponds to a rotor angle <5 0 
(which is the same as the angle of the EMF E) Let us assume that b changes from its 
initial value b 0 by a small amount b A ; i e , b = <5 0 + From (2 32) P also changes to 
P = P 0 + P A Then we may write 

P 0 + P A = P M sm(b Q + b A ) = P M (s\n o 0 cos b A + cos 5 0 sin b A ) (2.34) 

If b A is small then, approximately, cos b A ^ 1 and sin b A ^ b A , or 

P 0 + P A ^ P M sin b 0 + (P M cos 5 0 )<5 A 

and since P 0 = P M sin b 0 , 

Pa * (P M cosb 0 )b A (2 .35) 

The quantity in parentheses in (2.35) is defined to be the synchronizing power co¬ 
efficient and is sometimes designated P f From (2 35) we also observe that 

P, t P u oosd 0 - (2 36) 

Equation (2 35) is sometimes written in one of the forms 

IWA-g** U37) 

(Compare this result with dP, the differential of P ) 

In the above analysis the appropriate values of x and E should be used to obtain 
P M In dynamic studies x d and the voltage E' are used, while in steady-state stability 
analysis a saturated steady-state reactance x d is used If the control equipment of the 
machine is slow or inoperative, it is important that the machine be operating such that 
0 5 H 7r/2 for the operating point to be stable in the static or steady-state sense 
This is the same as having a positive synchronizing power coefficient This criterion was 
used in the past to indicate the so-called “steady-state stability limit ” 

2 6 Natural Frequencies of Oscillation of a Synchronous Machine 

A synchronous machine, when perturbed, has several modes of oscillation with re¬ 
spect to the rest of the system There are also cases where coherent groups of machines 
oscillate with respect to other coherent groups of machines. These oscillations cause 
fluctuations in bus voltages, system frequencies, and tie-line power flows. It is im¬ 
portant that these oscillations should be small in magnitude and should be damped if 
the system is to be stable in the sense of the definition of stability given in Section 1.2.1 
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In this section we will illustrate the inherent oscillatory nature of a synchronous 
machine by the following example 

Example 2 2 

A two-pole synchronous machine is connected to an infinite bus with voltage F 
through a reactance x as in Figure 2 5(a) The voltage E remains constant, and a small 
change in speed is given to the machine (the rotor is given a small twist); i.e .., 
a) = oj 0 + ew(t), where u(t) is a unit step function Let the resulting angle change be 
o A Let the damping be negligible Compute the change in angle as a function of time 
and determine its frequency of oscillation 

Solution 

From (2 10) we write Mb/S m + P e = P m But we let b = <5 0 + b A such that b = b A 
and P e = P e o + P eA \ P m is constant Then Mb A /S B? + P eA = P m - P e 0 = 0 since 
5 0 = 0. From (2 37) for small b A we write P tA = P s b A , where from (2 36) P t is the 
synchronizing power coefficient. Then the swing equation may be written as 

A/5 a /*Sb3 + P^b A = 0 

which has the solution of the form 

b A {t) = ev/M/T^sin VP s S Bi /Mt elect rad (2 38) 

Equation (2 .38) indicates that the angular frequency of oscillation of the synchronous 
machine with respect to the rest of the power system is given by \/ P,S Bi /M This fre¬ 
quency is usually referred to as the natural frequency of the synchronous machine 

It should be noted that P x is a function of the operating point on the power-angle 
characteristic. Different machines, especially different machine types, have different 
inertia constants Therefore, the different machines in a power system may have some¬ 
what different natural frequencies 

We now estimate the order of magnitude of this frequency From (2 6) and (2 16) 
we write M/S Bi = 2///u)„, or P s S B3 /M = P % ix> m j2H where P s is in pu, u> m is in rad/s, and 
H is in s. Now P t is the synchronizing power coefficient in pu (on a base of the machine 
three-phase rating) If the initial operating angle 5 is small, P s is approximately equal 
to the amplitude of the power-angle curve We must also be careful with the units 

For example, a system having PJ S B3 = 2 pu, H = 8, 

w osc = V(2 x 377)/(2 x 8) = 6 85 rad/s 
/ osc = 6 85/2 tt = 1 09 Hz 
If MKS units are used, we write 

/osc = (l/2x) Vtt f{PJS B3 H) (2 .39) 

where / = system frequency in Hz 

S B3 = three-phase machine rating in MVA 
H = inertia constant in s 

P s = synchronizing power coefficient in MW/rad 

Next, we should point out that a system of two finite machines can be reduced to a 
single equivalent finite machine against an infinite bus The equivalent inertia is 
h h/ih + / 2 ) and the angle is 5 ia - o 2 a 
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Thus we conclude that each machine oscillates with respect to other machines, each 
coherent group of machines oscillates with respect to other groups of machines, and 
so on The frequencies of oscillations depend on the synchronizing power coefficients 
and on the inertia constants 

2.7 System of One Machine against an infinite Bus—The Classical Model 

An infinite bus is a source of invariable frequency and voltage (both in magnitude 
and angle) A major bus of a power system of very large capacity compared to the rating 
of the machine under consideration is approximately an infinite bus. The inertia of 
the machines in a large system will make the bus voltage of many high-voltage buses 
essentially constant for transients occurring outside that system 

Consider a power system consisting of one machine connected to an infinite bus 
through a transmission line A schematic representation of this system is shown in 
Figure 2 7(a). 



(o) (b) 

Fig 2.7 One machine connected to an infinite bus through a transmission line: (a) one-line diagram 
(b) equivalent circuit 

The equation of motion of the rotor of the finite machine is given by the swing 
equation (2.7) or (2.10) To obtain a time solution for the rotor angle, we need to 
develop expressions for the mechanical and the electrical powers In this section the 
simplest mathematical model is used This model, which will be referred to as the 
classical model, requires the following assumptions: 

1 The mechanical power input remains constant during the period of the transient 

2 Damping or asynchronous power is negligible 

3 The synchronous machine can be represented (electrically) by a constant voltage 
source behind a transient reactance (see Section 2 5 1) 

4. The mechanical angle of the synchronous machine rotor coincides with the electrical 
phase angle of the voltage behind transient reactance 

5. If a local load is fed at the terminal voltage of the machine, it can be represented by 
a constant impedance (or admittance) to neutral. 

The period of interest is the first swing of the rotor angle 5 and is usually on the 
order of one second or less At the start of the transient, and assuming that the impact 
initiating the transient creates a positive accelerating power on the machine rotor, the 
rotor angle increases. If the rotor angle increases indefinitely, the machine loses 
synchronism and stability is lost If it reaches a maximum and then starts to decrease, 
the resulting motion will be oscillatory and with constant amplitude Thus according 
to this model and the assumptions used, stability is decided in the first swing. (If 
damping is present the amplitude will decrease with time, but in the classical model 
there is very little damping ) 
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Fig 2 8 Equivalent circuit for a system of one machine against an infinite bus 


The equivalent electrical circuit for the system is given in Figure 2.7(b) In Fig¬ 
ure 2 7 we define 


V t = terminal voltage of the synchronous machine 
V = V[0 = voltage of the infinite bus, which is used as reference 
_x'd= direct axis transient reactance of the machine 

Zji = series impedance of the transmission network (including transformers) 
Z s = equivalent shunt impedance at the machine terminal, including local 
loads if any 


By using a Y-A transformation, the node representing the terminal voltage V t in 
Figure 2.7 can be eliminated The nodes to be retained (in addition to the reference 
node) are the internal voltage behind the transient reactance node and the infinite bus 
These are shown in Figure 2 8 as nodes 1 and 2 respectively Also shown in Figure 2 8 
are the admittances obtained by the network reduction Note that while three admit¬ 
tance elements are obtained (viz , y n , y 10 ,and y 20 ), V 20 is omitted since it is not needed 
in the analysis The two-port network of Figure 2 8 is conveniently described by the 
equation 



(2.40) 


The driving point admittance at node 1 is given by Y u = Y u /6 U = y n + y lQ where we 
use lower casey’s to indicate actual admittances and capital F’s for matrix elements. 
The negative of the transfer admittance y ]2 between nodes 1 and 2 defines the admittance 
matrix element ( 1 , 2 ) or Ki 2 = Y n jd n = -y 12 . 

From elementary network theory we can show that the power at node 1 is given by 
P\ = (Re-Elf or 

P\ = E 2 Y n cos0 n + £FT 12 cos(0 | 2 - <5) 

Now define G n = Y n cos0 n and 7 = _0 , 2 -_ 7 r/. 2 , then 

= E 2 G n + EVY l2 sin (5 - 7 ) = £ c + /^sin(5 - 7 ) (2 41) 


The relation between Pi and 5 in (2 41) is shown in Figure 2 9 

Examining Figure 2 9, we note that the power-angle curve of a synchronous 
machine connected to an infinite bus is a sine curve displaced from the origin vertically 
by an amount P c , which represents the power dissipation in the equivalent network, and 
horizontally by the angle 7 , which is determined by the real component of the transfer 
admittance F 12 In the special case where the shunt load at the machine terminal V t 
is open and where the transmission network is reactive, we can easily prove that 
Pc = 0 and 7 = 0 In this case the power-angle curve becomes identical to that given 
in (2 33)..... 
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Fig 2 9 Power output of a synchronous machine connected to an infinite bus 


Example 2.3 

A synchronous machine is connected to an infinite bus through a transformer and 
a double circuit transmission line, as shown in Figure 2 10 The infinite bus voltage 
V = 1.0 pu The direct axis transient reactance of the machine is 0 20 pu, the trans¬ 
former reactance is 0 10 pu, and the reactance of each of the transmission lines is 
0 40 pu, all to a base of the rating of the synchronous machine Initially, the machine 
is delivering 0 8 pu power with a terminal voltage of 1 05 pu The inertia constant 
H * 5 M.J/MVA All resistances are neglected The equation of motion of the ma¬ 
chine rotor is to be determined 


eA. v= 1 0 /o 

Fig 2 iO System of Example 2 3. 

Solution 

The equivalent circuit of the system is shown in Figure 2 11 For this system: 
V .2 - 1/jO 5 = -J2.0 7„ = —j2.0 

Fio = 0 d\\ = -7 t/2 

y ]2 = J2.0 e n = tt/2 

therefore, P c = 0 and 7 = 0 

The electrical power is given by 

P e ~ P\ = Pc + £^,2 sin (5 - 7 ) = EVY n sin 6 = 2£sin<5 

Since the initial power is P eQ = 0.8 pu, then £ sin <5 0 = 04 





Fig. 2.11 Initial equivalent circuit of the system of Example 2 3. 
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To find the initial conditions, we solve the network of Figure 2 11 We have the 
terminal condition 

F = 1 0/0 pu V, = 1 05 [Q, pu P e = 0 8 pu 
To find the angle of V ,, we write, since resistance is zero, 

p eQ = 08 = (VV,/x)smd l0 = (1.05/0.30) sin 0 tO 
sin d l0 = 0 8/3 5 = 0 2286 
0 (O = 13 21° 

The current is found from V t = Zl + V, or 

T = (V, - V)jZ = (1 05 /13.21° - 1 0/0)/j0.3 
= (1 022 + JO 240 - 1 000)/j0 3 = 0 800 - jO 074 = 0.803 /-5.29° 

Then the internal machine voltage is 

£A= 1 05 /13.21° + (0 803 /-5.29 °) (0.2 /90°) 

= 1 022 + jO 240 + 0 0148 + jO 160 
= 1 037 + jO 400 = 1 111 /21.09° pu 

Thus £ = 1 111 is a constant that will be unchanged during the transient, and the 
initial angel is 5 0 = 2109° = 0 367 rad We also may write 

7 i : - / / '*'■< 

P t = [(1 111 x 1 0)/0 50] sin <5 = 2 222 sin 6 

Then the swing equation is given by 

2H CZ P _ p 
dt 2 

or 

= HI (0 8 - 2 222 sin 6) rad/s 2 
dt 2 10 

From this simple example we observe that the resulting swing equation is non¬ 
linear and will be difficult to solve except by numerical methods We now extend the 
example to consider a fault on the system 

Example 2 4 

Develop the equation of motion of the system of Figure 2 11 where a fault is applied 
at the sending end (node 4) of the transmission line For simplicity we will consider 
a three-phase fault that presents a balanced impedance of jO 1 to neutral. The network 
now is as shown in Figure 2 12, where admittances are used for convenience 

Solution 

By Y -A transformation we compute 

y l2 = -j [(3.333 x 5)/18 333] = -jO 909 

and since Y n = -y i2> then Y n = jO 909.. The electrical power output of the machine 
is now 

P e = (0 909 x Fill)sin 8 = 1 010sin 5 
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Fig 2 12 Faulted network for Example 2 4 in terms of admittances 

From Example 2 3 the equation of motion of the rotor is 

~~ = 37.7(0.8 - 1 010sin 8) rad/s 2 

At the start of the transient sin <5 0 = 0 .36, and the initial rotor acceleration is given by 
= 37 7 [0 8 - (1010 x 0 368)] = 16 45 rad/s 2 


Now let us assume that after some time the circuit breaker at the sending end of 
the faulted line clears the fault by opening that line The network now will have a series 
reactance of jO 70 pu,jind the new network (with fault cleared) will have a new value of 
transfer admittance, Y ]2 = jl 429 pu The new swing equation will be 

~ = 37 7(0 8 - 1.587 sin 5) rad/s 2 
at 


Example 2 5 

Calculate the angle 6 as a function of time for the system of Examples 2.3 and 
2 4 Assume that the fault is cleared in nine cycles (0 15 s) 

Solution 

The equations for 8 were obtained in Example 2 4 for the faulted network and for 
the system with the fault cleared These equations are nonlinear; therefore, time solu¬ 
tions will be obtained by numerical methods. A partial survey of these methods is 
given in Appendix B 

To illustrate the procedure used in numerical integration, the modified Euler 
method is used in this example This method is outlined in Appendix B 

First, the swing equation is replaced by the two first-order differential equations: 


5 = a>(/) - ca R a = (« r /2 H)[P m - />(/)] 


(2 42) 


The time domain is divided into increments called At With the values of 8 and and 
their derivatives known at some time t , an estimate is made of the values of these vari¬ 
ables at the end of an interval of time At, ie, at time / + At These are called 
the predicted values of the variables and are based only on the values of 8(t), «(0, 
and their derivatives From the calculated values of 8(t + At) and co(t + A/), values 
of the derivatives at t + At are calculated. A corrected value of 8(t + Ar) and 
co(/ + Ar) is obtained using the mean derivative over the interval The process can 
be repeated until a desired precision is achieved At the end of this repeated prediction 
and correction a final value of 8(t + At) and c o(t + A/) is obtained The process is 
then repeated for the next interval The procedure is outlined in detail in Chapter 10 
of [8], From Example 2.4 the initial value of 8 is sin -1 0 368, and the equation 
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Fig 2 13 Angle-time curve for Example 2 5 

for co is given by 

co = 37.7(0 800 - 1010sin6) 0^(< 0 15 

= 37.7(0 800 - 1 587 sin 8) t^ 0 15 

The results of the numerical integration of the system equations, performed with the 
aid of a digital computer, are shown in Figure 2 13. The time solution is carried out 
for two successive peaks of the angle 8 The first peak of 48 2° is reached at t = 0.38 s, 
after which 8 is decreased until it reaches a minimum value of about 13 2° at t = 0 82 s, 
and the oscillation of the rotor angle 8 continues. 

For the system under study and for the given impact, synchronism is not lost (since 
the angle 8 does not increase indefinitely) and the synchronous machine is stable 


2 8 Equal Area Criterion 

Consider the swing equation for a machine connected to an infinite bus derived 
previously in the form 

— ~ - ft, - p, = p. pu (2.43) 

“r dt 2 

where P a is the accelerating power. From (2.4.3) 
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Multiplying each side by 2 (do/dt). 


2 do d 2 d 

‘Jilt 2 


d_ 

dt 


dd\ 2 
dt) 

d8' 2 
dt 



(2.45) 

\2H ]\ dt) 

cor dS 

H ° dt 

(2 46) 

■ 1 P ° M 

(2 47) 


Integrating both sides, 


'd8\ 2 = V* r 

4t) H j i0 


P a db 


or 


— ~ f l 

dt \H 4o 


5 N1/2 
P„d8 


(2 48) 


(2 49) 


Equation (2 49) gives the relative speed of the machine with respect to a reference 
frame moving at constant speed (by the definition of the angle 8) For stability this 
speed must be zero when the acceleration is either zero or is opposing the rotor motion. 
Thus for a rotor that is accelerating, the condition of stability is that a value <5 max 
exists such that P a (8 max ) ^ 0, and 


Pads = 0 


a 0 


(2 50) 


If the accelerating power is plotted as a function of <5, equation (2.50) can be inter¬ 
preted as the area under that curve between 6 0 and 5 max This is shown in Fig- 




Fig 2 14 Equal area criteria: (a) for stability for a stable system, (b) for an unstable system 


The Elementary Mathematical Model 33 

ure 2 14(a) where the net area under the P a versus 5 curve adds to zero at the angle 
8 max since the two areas A, and A 2 are equal and opposite Also at o max the accelerating 
power, and hence the rotor acceleration, is negative. Therefore, the system is stable and 
<5 max is the maximum rotor angle reached during the swing 

If the accelerating power reverses sign before the two areas A x and A 2 are equal, 
synchronism is lost This situation is shown in Figure 2.14(b). The area A 2 is smaller 
than Ai, and as 8 increases beyond the value where P a reverses sign again, the area 
A 3 is added to A, The limit of stability occurs when the angle <5 max is such that 
P a (8 max ) = 0 and the areas A t and A 2 are equal For this case 8 max coincides with the 
angle 8 m on the power-angle curve with the fault cleared such that P = P„ and 

8 > 7t/2 

Note that the accelerating power need not be plotted as a function of 5. We can ob¬ 
tain the same information if the electrical and mechanical powers are plotted as a func¬ 
tion of 8 The former is the power-angle curve discussed in Section 2.7, and in many 
studies P m is a constant The accelerating power curve could have discontinuities due to 
switching of the network, initiation of faults, and the like 

2 8 1 Critical clearing angle 

For a system of one machine connected to an infinite bus and for a given fault and 
switching arrangement, the critical clearing angle is that switching angle for which the 
system is at the edge of instability (we will also show that this applies to any two- 
machine system). The maximum angle 6 max corresponds to the angle S m on the fault- 
cleared power-angle curve Conditions for critical clearing are. now obtained (see [1] 
and [2]) 

Let P m = peak of the prefault power-angle curve 

a, = ratio of the peak of the power-angle curve of the faulted network to P M 
r 2 = ratio of the peak of the power-angle curve of the network with the fault 
cleared to P M 
8 0 = sin" 1 P m /P M < tt/2 
8 m = sin-' P m /r 2 P M > tt/2 

Then for A { = A 2 and for critical clearing, 

5 C = cos-'[1/(a 2 - r l )][(P m /P M ){8 m - 8 0 ) + r 2 cos8 m - a,cos3 0 3 (2.51) 

Note that the corresponding clearing time must be obtained from a time solution of the 
swing equation 

2 8 2 Application to a one-machine system 

The equal area criterion is applied to the power network of Examples 2 4- 2 5, and 
the results are shown in Figure 2.15. The stable system of Examples 2 4-2 5 is illus¬ 
trated in Figure 2.15. The angle at / = 0 is 21.09° and is indicated by the intersection 
of P m with the prefault curve The clearing angle 8 C is obtained from the time solu¬ 
tion (see Figure 2 13) and is about 31 6° The conditions for A 2 = A, correspond to 
<5 max = 48° This corresponds to the maximum angle obtained in the time solution 
shown in Figure 2 13 

To illustrate the critical clearing angle, a more severe fault is used with the same 
system and switching arrangement A three-phase fault is applied to the same bus with 
zero impedance. The faulted pow'er-angle curve has zero amplitude The prefault and 
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Fig 2 15 Application oi the equai area criterion to a stable system 


postfault networks are the same as before. For this system 

- 0 <5 0 = 21 09° 

'2 = 1 587/2 222 = 0 714 <$„, = 149 73 

Calculation of the critical clearing angle, using (2 51), gives 

8 e = cos“‘ 0 26848 = 74 43° 

This situation is illustrated in Figure 2 16 


Fig 2 16 Application of the equal area criterion to a critically cleared system 
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2 8.3 Equal area criterion for a two-machine system 

It can be shown that the equal area criterion applies to any two-machine system 
since a two-machine system can be reduced to an equivalent system of one machine 
connected to an infinite bus (see Problem 2 10) We can show that the expression for 
the equal area criterion in this case is given by 



(2.52) 


where d l2 = 6, — § 2 

In the special case where the resistance is neglected, (2.52) becomes 


_L 


P ai d5 [2 = 0 


’120 


where H 0 = H ] H 2 /{H ] + H 2 ) 


2 9 Classical Model of a Multimachine System 

The same assumptions used for a system of one machine connected to an infinite 
bus are often assumed valid for a multimachine system: 

1 Mechanical power input is constant 

2. Damping or asynchronous power is negligible. 

3. Constant-voltage-behind-transient-reactance model for the synchronous machines 
is valid. 

4 The mechanical rotor angle of a machine coincides with the angle of the voltage 
behind the transient reactance 

5 Loads are represented by passive impedances 

This model is useful for stability analysis but is limited to the study of transients for 
only the “first swing" or for periods on the order of one second 

Assumption 2 is improved upon somewhat by assuming a linear damping character¬ 
istic A damping torque (or power) Du is frequently added to the inertial torque (or 
power) in the swing equation The damping coefficient D includes the various damping 
torque components, both mechanical and electrical Values of the damping coefficient 
usually used in stability studies are in the range of 1-3 pu [9, 10, 11, 12] This repre¬ 
sents turbine damping, generator electrical damping, and the damping effect of electrical 
loads However, much larger damping coefficients, up to 25 pu, are reported in the 
literature due to generator damping alone [7, 13], 

Assumption 5, suggesting load representation by a constant impedance, is made for 
convenience in many classical studies Loads have their own dynamic behavior, which 
is usually not precisely known and varies from constant impedance to constant MVA. 
This is a subject of considerable speculation, the major point of agreement being that 
constant impedance is an inadequate representation Load representation can have a 
marked effect on stability results 

The electrical network obtained for an ^-machine system is as shown in Figure 2.17. 

Node 0 is the reference node (neutral) Nodes 1, 2,., n are the internal machine buses, 

or the buses to which the voltages behind transient reactances are applied Passive 
impedances connect the various nodes and connect the nodes to the reference at load 
buses.. As in the one-machine system, the initial values of E 2 ,. are de¬ 

termined from the pretransient conditions. Thus a load-flow study for pretransient 
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Fig 2 17 Representation of a multimachine system (classical model) 


conditions is needed The magnitudes £,, / = 1, 2, . n are held constant dur¬ 
ing the transient in classical stability studies 

The passive electrical network described above has n nodes with active sources. The 
admittance matrix of the «-port network, looking into the network from the terminals 
of the generators, is defined by 

I=YE (2 53) 

where Y has the diagonal elements Y lt and the off-diagonal elements Y tj By definition, 

Y,i = Y„ /0ft = driving point admittance for node i 
- Gn + j B it 

Y/j = ~ n _ e 8 at i ve of the transfer admittance between nodes i and j 

-Gtf + jflp (2.54) 

The power into the network at node i , which is the electrical power output of machine i, 
is given by P, = fR-e Ejf 

n 

p e, = E*G a + £ EjEj Y tj cos (6^ - 5 i + 5,) / = 1,2, . . ,n 

7= i 
j*i 

n 

= &}G a + X E i Ej[B ij sin(8 i - 5,) + Gy cos (5, - ^)] i = 1,2,. . . ,n (2. 55) 

7=1 
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The equations of motion are then given by 


2 H, da, n 

7T-J7 + Ao>, = - 

at 


BjG,, + 2 ] E,EjY,jcos($j - 8, + 8j) 


7=1 
7^' 


dt 


= a,- — a> R i = 1,2,. ,« 


(2 56) 


It should be noted that prior to the disturbance (? — 0 ) P miO - P eiO 


Pmto = G,to + YL E,Ej Y lj0 cos (fyo - 5,0 + 5,0) (2 57) 

7=1 
7** i 

The subscript 0 is used to indicate the pretransient conditions This applies to all 
machine rotor angles and also to the network parameters, since the network changes 
due to switching during the fault 

The set of equations (2.56) is a set of w-coupled nonlinear second-order differential 
equations These can be written in the form 

x = f(x,x 0 ,/) (2.58) 

where x is a vector of dimension (2« x 1), 

x' = [«„«,, W 2 ,S 2 , w„,5„] (2 59) 

and f is a set of nonlinear functions of the elements of the state vector x 


2 10 Classical Stability Study of a Nine-bus System 

The classical model of a synchronous machine may be used to study the stability of 
a power system for a period of time during which the system dynamic response is de¬ 
pendent largely on the stored kinetic energy in the rotating masses For many power 
systems this time is on the order of one second or less The classical model is the 
simplest model used in studies of power system dynamics and requires a minimum 
amount of data; hence, such studies can be conducted in a relatively short time and at 
minimum cost. Furthermore, these studies can provide useful information For ex¬ 
ample, they may be used as preliminary studies to identify problem areas that require 
further study with more detailed modeling Thus a large number of cases for which the 
system exhibits a definitely stable dynamic response to the disturbances under study are 
eliminated from further consideration. 

A classical study will be presented here on a small nine-bus power system that has 
three generators and three loads. A one-line impedance diagram for the system is given 
in Figure 2.18 The prefault normal load-flow solution is given in Figure 2 19 Gen¬ 
erator data for the three machines are given in Table 2,1 This system, while small, is 
large enough to be nontrivial and thus permits the illustration of a number of stability 
concepts and results. 

2,10.1 Data preparation 

In the performance of a transient stability study, the following data are needed: 

1 A load-flow study of the pretransient network to determine the mechanical power P m 
of the generators and to calculate the values of £, /<$,- 0 for all the generators The 
equivalent impedances of the loads are obtained from the load bus data 
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Fig 2 18 Nine-bus system impedance diagram; all impedances are in pu on a 100-MVA base 



Fig 2 19 Nine-bus system load-flow diagram showing prefault conditions; all flows are in MW and MVAR 
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I able 2.1. Generator Data 


Generator 

1 

2 

3 

Rated MVA 

247.5 

1920 

128 0 

kV 

16 5 

18 0 

13 8 

Power factor 

10 

0 85 

0.85 

Type 

hydro 

steam 

steam 

Speed 

180 r/min 

3600 r/min 

3600 r/min 

*d 

0 1460 

0 8958 

1 3125 

x’ d 

00608 

0 1198 

0.1813 

x « - ' 

0 0969 

0 8645 

1.2578 

Xq 

0 0969 

0 1969 

0 25 

^(leakage) 

00336 

0 0521 

00742 

T d0 

8 96 

6 00 

5 89 

Stored energy 

0 

0 535 

0 600 

at rated speed 

2364 MW s 

640 MW s 

301 MW ■ s 


Note: Reactanc e values m. to Pu on a IQfrMVA base . All time constants are in s (Several quantities 
are tabulated lharafe as'yet undefined in this'book 'These quantities are derived and justified in Chapter 4 
but are given here to provide complete data for the sample system ) 


2 System data as follows; 

a.. The inertia constant H and direct axis transient reactance x' d for all generators 
b Transmission network impedances for the initial network conditions and the sub¬ 
sequent switchings such as fault clearing and breaker reclosings 

3 The type and location of disturbance, time of switchings, and the maximum time for 
which a solution is to be obtained 

2 10 2 Preliminary calculations 

To prepare the system data for a stability study, the following preliminary calcula¬ 
tions are made: 

1 All system data are converted to a common base; a system base of 100 MVA is 
frequently used 

2 The loads are converted to equivalent impedances or admittances The needed data 
for this step are obtained from the load-flow study Thus if a certain load bus has a 
voltage Vj^ power P L , reactive power Q L , and current J L flowing into a load ad¬ 
mittance Y l = G l + j B l , then 

P L + jQi = VJt = V l [V*{G l - j B l )} = V\{G l - j B l ) 

The equivalent shunt admittance at that bus is given by 

Y t = PJV\ - \{Q l /V\) (2.60) 

3. The internal voltages of the generators £,/<5, n are calculated from the load-flow data 
These internal angles may be computed from the pretransient terminal voltages V[a 
as follows Let the terminal voltage be used temporarily as a reference, as shown in 
Figure 2 20 If we define / = /, + j/ 2 , their from the relation P + jQ = Vf* we have 
A + j A = {P ~ }Q)(V But since E[o_' = V + ).x d I, we compute 

E[8' = (V + Qx'JV) + j {Px'JV) (2 61) 

The initial generator angle 5 0 is then obtained by adding the pretransient voltage 




















where the subscript n is used to denote generator nodes and the subscript r is used for 
the remaining nodes Thus for the network in Figure 2 17, V„ has the dimension (n x 1) 
and V, has the dimension (r x 1) 

Expanding (2 64), 

I, = Y„„V„ + Y„,V r 0 = Y r „V„ + Y,,V r 


Fig 2 20 Generator representation for computing 


angle a to <5', or 

8 0 = 5' + a (2 62) 

4 The Y matrix for each network condition is calculated The following steps are 
usually needed: 

a The equivalent load impedances (or admittances) are connected between the load 
buses and the reference node; additional nodes are provided for the internal gen¬ 
erator voltages (nodes 1,2, , n in Figure 2.17) and the appropriate values of 

x d are connected between these nodes and the generator terminal nodes Also, 
simulation of the fault impedance is added as required, and the admittance matrix 
is determined for each switching condition 
b All impedance elements are converted to admittances. 

c Elements of the Y matrix are identified as follows: Y a is the sum of all the ad¬ 
mittances connected to node /, and Y u is the negative of the admittance between 
node i and node j 

5 Finally, we eliminate all the nodes except for the internal generator nodes and ob¬ 
tain the Y matrix for the reduced network The reduction can be achieved by matrix 
operation if we recall that all the nodes have zero injection currents except for the in¬ 
ternal generator nodes This property is used to obtain the network reduction as 
shown below 

Let 

I = YV (2.63) 


where 


Now the matrices Y and V are partitioned accordingly to get 
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from which we eliminate V, to find 

I K = (Y nfl - Y^Y-'YJV. ' * (2.65) 

T he m atrix (Y nn - Y W Y“' Y,„) is the desired reduced matrix Y It has the dimensions 
(« x n) where n is the number of the generators 

The network reduction illustrated by (2 63)-(2 65) is a convenient analytical tech¬ 
nique that can be used only when the loads are treated as constant impedances. If the 
loads are not considered to be constant impedances, the identity of the load buses must 
be retained Network reduction can be applied only to those nodes that have zero in¬ 
jection current 


Example 2 6 

The technique of solving a classical transient stability problem is illustrated by con¬ 
ducting a study of the nine-bus system, the data for which is given in Figures 2 18 and 
2 19 and Table 2 1 The disturbance initiating the transient is a three-phase fault 
occurring near bus 7 at the end of line 5-7 The fault is cleared in five cycles (0 083 s) by 
opening line 5-7 

For the purpose of this study the generators are to be represented by the classical 
model and the loads by constant impedances The damping torques are neglected The 
system base is 100 MVA. 

Make all the preliminary calculations needed for a transient stability study so that 
all coefficients in (2 56) are known 

Solution 

The objective of the study is to obtain time solutions for the rotor angles of the gen¬ 
erators after the transient is introduced These time solutions are called “swing curves ” 
In the classical model the angles of the generator internal voltages behind transient 
reactances are assumed to correspond to the rotor angles Therefore, mathematically, 
we are to obtain a solution for the set of equations (2 56) The initial conditions, de¬ 
noted by adding the subscript 0, are given by co , 0 = 0 and <5, 0 obtained from (2.57). 
Preliminary calculations (following the steps outlined in Section 2 10 2) are: 

1 The system base is chosen to be 100 MVA All impedance data are given to this base 

2 The equivalent shunt admittances for the loads are given in pu as 

load A: y l5 = 1.2610 - jO 5044 
load B :y L6 = 0 8777 - jO 2926 
load C: y /g = 0 9690 - jO 3391 

3. The generator internal voltages and their initial angles are given in pu by 

E x /b ip = 1 0566 /2.2717° 

E 2 [b^^ 1 0502 /19.7315° 

E 3 /S 30 = 1 0170 /13.1752° 

4 The Y matrix is obtained as outlined in Section 2.10 2, step 4 For convenience bus 
numbers 1, 2, and 3 are used to denote the generator internal buses rather than the 
generator low-voltage terminal buses Values for the generator x' d are added to the 
reactance of the generator transformers For example, for generator 2 bus 2 will be 
the internal bus for the voltage behind transient reactance; the reactance between 





















Chapter 2 


Table 2.2. Prefault Network 
Impedance 


Admittance 



Bus no 

R 

X 

G 

B 

Generators* 






No. 1 

1-4 

0 

0 1184 

0 

-8 4459 

No. 2 

2-7 

0 

0 1823 

0 

-5 4855 

No 3 

3-9 

0 

0 2399 

0 

-4 1684 

Transmission lines 







4-5 

0 0100 

0 0850 

1 3652 

-11 6041 


4-6 

0 0170 

00920 

1 9422 

-10 5107 


5-7 

00320 

0 1610 

1 1876 

— 5 9751 


6-9 

0 0390 

0 1700 

1 2820 

-5 5882 


7-8 

0 0085 

0 0720 

1.6171 

-13 6980 


8-9 

0 0119 

0 1008 

1 1551 

-9 7843 

Shunt admittances! 






L oad A 

5-0 



1.2610 

-0.2634 

Load B 

6-0 



0.8777 

-00346 

Load C 

8-0 



09690 

-0 1601 


4-0 




0.1670 


7-0 




0 2275 


9-0 




0.2835 


*For each generator the transformer reactance is added to the generator x' d 
tThe line shunt susceptances are added to the loads 


bus 2 and bus 7 is the sum of the generator and transformer reactances (0 1198 + 
0 0625) The prefault network admittances including the load equivalents are given 
in Table 2 2, and the corresponding Y matrix is given in Table 2 3 The Y matrix for 
the faulted network and for the network with the fault cleared are similarly obtained 
The results are shown in Tables 2 4 and 2.5 respectively 
5 Elimination of the network nodes other than the generator internal nodes by net¬ 
work reduction as outlined in step 5 is done by digital computer The resulting re¬ 
duced Y matrices are shown in Table 2 6 for the prefault network, the faulted net¬ 
work, and the network with the fault cleared respectively 

We now have the values of the constant voltages behind transient reactances for 
all three generators and the reduced Y matrix for each network Thus all coefficients 
of (2 56) are available 


Example 2 .7 

For the system and the transient of Example 2 6 calculate the rotor angles versus 
time. The fault is cleared in five cycles by opening line 5-7 of Figure 2 18. Plot the 
angles 5,, § 2 , and <5 3 and their difference versus time— „ "V ' - 3 


Solution 

The problem is to solve the set of equations (2 56) for n = 3 and D = 0 All the 
coefficients for the faulted network and the network with the fault cleared have been 
determined in Example 2 6 Since the set (2 56) is nonlinear, the desired time solutions 
for <5,, <5 2 , and 8 3 are obtained by numerical integration A brief survey of numerical 
integration of differential equations is given in Appendix B (For hand calculations 
see [1] for an excellent discussion of a numerical integration method of the swing equa- 





Table 2.3. Y Matrix of Prefault Network 
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Fig 2 22 Plot of 6 differences versus time 


in Figure 2 22 where we can see that the system is stable The maximum angle difference 
is about 85° This is the value of d 2l at t = 0.43 s Note that the solution is carried 
out for two “swings” to show that the second swing is not greater than the first for 
either <5 21 or 5 31 To determine whether the system is stable or unstable for the par¬ 
ticular transient under study, it is sufficient to carry out the time solution for one 
swing only If the rotor angles (or the angle differences) reach maximum values and 
then decrease, the system is stable. If any of the angle differences increase indefinitely, 
the system is unstable because at least one machine will lose synchronism 


2 11 Shortcomings of the Classical Model 

System stability depends on the characteristics of all the components of the power 
system This includes the response characteristics of the control equipment on the 
turbogenerators, on the dynamic characteristics of the loads, on the supplementary 
control equipment installed, and on the type and settings of protective equipment used 

The machine dynamic response to any impact in the system is oscillatory In the 
past the sizes of the power systems involved were such that the period of these oscilla¬ 
tions was not much greater than one second Furthermore, the equipment used for 
excitation controls was relatively slow and simple Thus the classical model was 
adequate. 

Today large system interconnections with the greater system inertias and relatively 
weaker ties result in longer periods of oscillations during transients Generator control 
systems, particularly modern excitation systems, ate extremely fast It is therefore 


Table 2.6. Reduced Y Matrices 


Type of 
network 


Node 


Prefault 

1 

0 846 - j2 988 

0 287 + jl 513 

0 210 + jl 226 


2 

0 287 + jl 513 

0 420 - j2 724 

0 213 + jl 088 


3 

0 210 + jl 226 

0 213 + jl 088 

0 277 - j2 368 

Faulted 

1 

0 657 - j3 816 

0 000 + jO.OOO 

0 070 + jO 631 


2 

0 000 + jO 000 

0 000 - j5 486 

0 000 + jO 000 


3 

0 070 + jO 631 

0 000 + jO 000 

0 174 - j2 796 

Fault cleared 

1 

1.181 - j2 229 

0 138 + jO 726 

0 191 + jl 079 


2 

0 138 + jO 726 

0 389 - jl 953 

0 199 + jl 229 


3 

0.191 + j 1.079 

0.199 + j 1.229 

0.273 - j2.342 


tion Also see Chapter 10 of [8] for a more detailed discussion of several numerical 
schemes for solving the swing equation ) The so-called transient stability digital com¬ 
puter programs available at many computer centers include subroutines for solving non¬ 
linear differential equations Discussion of these programs is beyond the scope of this 
book 

Numerical integration of the swing equations for the three-generator, nine-bus sys¬ 
tem is made by digital computer for 2 0 s of simulated real time Figure 2 21 shows the 
rotor angles of the three machines A plot of <5 21 = b 2 - and 8 3i = 8 3 - 5, is shown 
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questionable whether the effect of the control equipment can be neglected during these 
longer periods Indeed there have been recorded transients caused by large impacts, 
resulting in loss of synchronism after the system machines had undergone several oscil¬ 
lations Another aspect is the dynamic instability problem, where growing oscillations 
have occurred on tie lines connecting different power pools or systems As this situation 
has developed, it has also become increasingly important to ensure the security of the 
bulk power supply This has made many engineers realize it is time to reexamine the 
assumptions made in stability studies This view is well stated by Ray and ShiD- 
lcy [ 14J: 

Wc have reached a time when it is appropriate that we appraise the state of the Art of Dynamic 
Stability Analysis In conjunction with this we must: 

VQH' 

1 Expand our knowledge of the characteristic time response of our system loads to changes in 
voltage and frequency—develop new dynamic models of system loads 

2 Re-examine old concepts and develop new ideas on changes in system networks to improve 
system stability. 

3 Update our knowledge of the response characteristics of the various components of energy 
systems and their controls (boilers, reactors, turbine governors, generator regulators field 
excitation, etc) 

4 Reformulate our analytical techniques to adequately simulate the time variation of all of the ! 

foregoing factors in system response and accurately determine dynamic system response 

Let us now make a critical appraisal of some of the assumptions made in the classi¬ 
cal model: 

1 Transient stability is decided in the first swing A large system having many machines 
will have numerous natural frequencies of oscillations The capacities of most of the 
tie lines are comparatively small, with the result that some of these frequencies are 
quite low (frequencies of periods in the order of 5-6 s are not uncommon) It is 
quite possible that the worst swing may occur at an instant in time when the peaks of 
some of these nodes coincide It is therefore necessary in many cases to study the 
transient for a period longer than one second 

2 Constant generator main field-winding flux linkage This assumption is suspect on two 
counts, the longer period that must now be considered and the speed of many 
modern voltage regulators The longer period, which may be comparable to the 
field-winding time constant, means that the change in the main field-winding flux 
may be appreciable and should be accounted for so that a correct representation of 
the system voltage is realized Furthermore, the voltage regulator response could 
have a significant effect on the field-winding flux We conclude from this discussion 
that the constant voltage behind transient reactance could be very inaccurate 

3 Neglecting the damping powers A large system will have relatively weak ties In 
the spring-mass analogy used above, this is a rather poorly damped system It is 
important to account for the various components of the system damping to obtain a 
correct model that will accurately predict its dynamic performance, especially in loss 
of generation studies [8] 

4 Constant mechanical power If periods on the order of a few seconds or greater are 
of interest, it is unrealistic to assume that the mechanical power will not change 
The turbine-governor characteristics, and perhaps boiler characteristics should be in¬ 
cluded in the analysis 

5. Representing loads by constant passive impedance Let us illustrate in a qualitative 
manner the effect of such representation Consider a bus having a voltage V to 
which a load P L + j Q L is connected Let the load be represented by the static ad- 
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Fig 2.23 A load represented by passive admittance 

mittances G L = Pi/V 2 and B L = Q L jV 2 as shown in Figure 2.23. During a tran¬ 
sient the voltage magnitude V and the frequency will change In the model used in 
Figure 2 17 the change in voltage is reflected in the power and reactive power of the 
load, while the change in the bus frequency is not reflected at all in the load power. 
In other words, this model assumes P } « V 2 , Q L <* K 2 , and that both are frequency 
independent This assumption is often on the pessimistic side (There are situa¬ 
tions, however, where this assumption can lead to optimistic results This discussion 
is intended to illustrate the errors implied ) To illustrate this, let us assume that the 
transient has been initiated by a fault in the transmission network Initially, a 
fault causes a reduction of the output power of most of the synchronous generators. 
Some excess generation results, causing the machines to accelerate, and the area fre¬ 
quency tends to increase At the same time, a transmission network fault usually 
causes a reduction of the bus voltages near the fault location In the passive im¬ 
pedance model the load power decreases considerably (since P L « V 2 ), and the in¬ 
crease in frequency does not cause an increase in load power. In real systems the 
decrease in power is not likely to be proportional to V 2 but rather less than this 
An increase in system frequency will result in an increase in the load power Thus 
the model used gives a load power lower than expected during the fault and higher 
than normal after fault removal. 

From the foregoing discussion we conclude that the classical model is inadequate 
for system representation beyond the first swing Since the first swing is largely an 
inertial response to a given accelerating torque, the classical model does provide useful 
information as to system response during this brief period 

2,12 Block Diagram of One Machine 

Block diagrams are useful for helping the control engineer visualize a problem We 
will be considering the control system for synchronous generators and will do so by 
analyzing each control function in turn It may be helpful to present a general block 
diagram of the entire system without worrying about mathematical details as to what 
makes up the various blocks Then as we proceed to analyze each system, we can fill 
in the blocks with the appropriate equations or transfer functions Such a block dia¬ 
gram is shown in Figure 2 24 [15] 

The basic equation of the dynamic system of Figure 2 24 is (2 18); i.e , 

Tju = P m - P e = P a pu (2 66) 

where 8 has been replaced by oj and / has been replaced by a time constant t } , the 
numerical value of which depends on the rotating inertia and the system of units 

Three separate control systems are associated with the generator of Figure 2 24 
The first is the excitation system that controls the terminal voltage Note that the 
excitation system also plays an important role in the machine’s mechanical oscillations, 
since it affects the electrical power, P e .. The second control system is the speed control 
or governor that monitors the shaft speed and controls the mechanical power P m 
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Fig 2.24 Block diagram of a synchronous generator control system 


Finally, in an interconnected system there is a master controller for each system This 
sends a unit dispatch signal (UDS) to each generator and adjusts this signal to meet the 
load demand or the scheduled tie-line power It is designed to be quite slow so that it 
is usually not involved in a consideration of mechanical dynamics of the shaft. Thus in 
most of our work we can consider the speed reference or governor speed changer 
(GSC) position to be a constant In an isolated system the speed reference is the desired 
system speed and is set mechanically in the governor mechanism, as will be shown later 
In addition to the three control systems, three transfer functions are of vital im¬ 
portance The first of these is the generator transfer function The generator equations 
are nonlinear and the transfer function is a linearized approximation of the behavior of 
the generator terminal voltage V, near a quiescent operating point or equilibrium state 
The load equations are also nonlinear and reflect changes in the electrical output quanti¬ 
ties due to changes in terminal voltage V, Finally, the energy source equations are a 
description of the boiler and steam turbine or of the penstock and hydraulic turbine 
behavior as the governor output calls for changes in the energy input These equations 
are very nonlinear and have several long time constants 

To visualize the stability problem in terms of Figure 2.24, we recognize immediately 
that the shaft speed o> must be accurately controlled since this machine must operate at 
precisely the same frequency as all others in the system If a sudden change in a> occurs, 
we have two ways of providing controlled responses to this change One is through the 
governor that controls the mechanical power P m , but does so through some rather long 
time constants A second controlled response acts through the excitation system to con¬ 
trol the electrical power P e Time delays are involved here too, but they are smaller 
than those in the governor loop Hence much effort has been devoted to refinements in 
excitation control 


Problems 

2 1 Analyze (2 1) dimensionally using a mass, length, time system and specify the units of each 
quantity (see Kimbark [11) 

2 2 A rotating shaft has zero retarding torque T e = 0 and is supplied a constant full load 
accelerating torque; ie, T m = T fL Let r c be the accelerating time constant, ie, the 
time required to accelerate the machine from rest to rated speed w R Solve the swing 

equation to find r c in terms of the moment of inertia ./, and T fL Then show that 

t c can also be related to H, the pu inertia constant 
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2.3 Solve the swing equation to find the time to reach full load speed w R starting from any 
initial speed w 0 with constant accelerating torque as in Problem 2.2 Relate this time 
to t c and the slip at speed o> 0 

2 4 Write the equation of motion of the shaft for the following systems: 

(a) An electric generator driven by a dc motor, where in the region of interest the generator 
torque is proportional to the shaft angle and the motor torque decreases linearly with 
increased speed 

(b) An electric motor driving a fan, where in the region of interest the torques are given by 

T^c-a-be r^-cP 

where a, b , and c are constants State any necessary assumptions Will this system 
have a steady-state operating point? Is the system linear? 

2 5 In (2 4) assume that T is in N m, <5 is in elec deg , and / is in ibm ft 2 What factor must 
be used to make the units consistent? 

2 6 In (2 7) assume that Pis in W and M in I s/rad What are the units of 6? 

2.7 A 500-MVA two-pole machine is to operate in parallel with other U S machines. Compute 

the regulation R of this machine What are the units of /?? 

2 8 A 60-MVA two-pole generator and a 600-MVA four-pole generator are to operate in paral¬ 
lel with other U S systems and are to share in system governing Compute the pu constant 
K that must be used with these machines in their governor simulations if the system base 
is 100 MVA 

2 9 Repeat problem 2 8 if the constant K is to be computed in MKS units rather than pu 

2 10 In computer simulations it is common to see regulation expressed in two different ways as 

described below: 

(a) P m - P m o = s /fP, u 

where P m - mechanical power in pu on S sB 

P m0 = initial mechanical power in pu on 
/ = system base frequency in Hz 

R, u = steady-state speed regulation in pu on a system base = R u S sB /S s 
s = generator slip = (w R - oj)/27tHz 

(b) P m - P m0 = K ] Ao> pu 

where P m = turbine power in pu on S sB 

P „ 0 = initial turbine power in pu on S tB 
A] = 

Aoj = speed deviation, rad/s 
Verify the expressions in (a) and (b). 

2 11 A synchronous machine having inertia constant H = 4 0 MJ/MVA is initially operated in 
steady state against an infinite bus with angular displacement of 30 elec deg and delivering 
1 0 pu power Find the natural frequency of oscillation for this machine, assuming small 
perturbations from the operating point 

2 12 A solid-rotor synchronous generator is driven by an unregulated turbine with a torque 
speed characteristic similar to that of Figure 2.3(a). The machine has the same characteris¬ 
tics and operating conditions as given in Problem 2 11 and is connected to an infinite bus. 
Find the natural frequency of oscillation and the damping coefficient, assuming small 
perturbations from the operating point. 

2 13 Suppose that (2.33) is written for a salient pole machine to include a reluctance torque 
term; i e., let P = P M sin<$ + k sin 28 For this condition find the expression for P A 
and for the synchronizing power coefficient 

2.14 Derive an expression similar to that of (2 7) for an interconnection of two finite machines 
that have inertia constants A/, and M 1 and angles 5, and5 2 . Show that the equations for 
such a case are exactly equivalent to that of a single finite machine of inertia 

M = + M 2 ) 

and angle 6 12 = 5, - 5 2 connected to an infinite bus 
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2 15 Derive linearized expressions (similar to Example 2 2) that describe an interconnection 
of three finite machines with inertia constants A/,, M 2 , and M 3 and angles S ]t S„ and 6, 
Is there a simple expression for the natural frequency of oscillation in this case 9 Desig¬ 
nate synchronizing power between machines 1 and 2 as P sl2 , etc ’ 

2 16 The system shown in Figure P2 16 has two finite synchronous machines, each represented 
by a constant voltage behind reactance and connected by a pure reactance The reactance x 
includes the transmission line and the machine reactances Write the swing equation for 
each machine, and show that this system can be reduced to an equivalent one machine 
against an infinite bus Give the inertia constant for the equivalent machine, the mechani¬ 
cal input power, and the amplitude of its power-angle curve The inertia constants of the 
two machines are //, and H 2 s 


X 



Fig P2 16 


2 17 Ihesystem shown in Figure P2.17 comprises four synchronous machines Machines A 
and B are 60 Hz, while machines C and D are 50 Hz; B and C are a motor-generator set 
(frequency changer) Write the equations of motion for this system Assume that the trans¬ 
mission networks are reactive 


Fig P2 17 


2 18 The system shown in Figure P2.18 has two generators and three nodes Generator and 
transmission line data are given below The result of a load-flow study is also given A 
three-phase fault occurs near node 2 and is cleared in 0 1 s by removing line 5 


Fig P2 18 


(a) Perform all preliminary calculations for a stability study Convert the system to a com¬ 
mon 100-MVA base, convert the loads to equivalent passive impedances, and calculate 
the generator internal voltages and initial angles 

(b) Calculate the Y matrices for prefault, faulted, and postfault conditions 

(c) Obtain (numerically) time solutions for the internal general angles and determine if the 
system is stable 
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Generator Data (in pu to generator MVA base) 


Generator 

x ’d 

*rt 

H 

Rating 

number 

(pu) 

(pu) 

(MWs/MVA) 

(MVA) 

1 

0 28 

0 08 

5 

50 

3 

0.25 

0.07 

4 

120 


t X't - generator transformer reactance 

Transmission Line Data (resistance neglected) 

Line number: 3 4 5 6 

X pu to 0 08 0 06 0 06 0 13 

100-MVA base 


Load-Flow Data 



Voltage 


Load 

Generator 

no. 

Magnitude pu 

Angle 0 

MW 

MVAR 

MW 

MVAR 

1 

1 030 

0.0 

00 

00 

30 0 

23 1 

2 

1 018 

-1 0 

50 0 

20 0 

00 

00 

3 

1.020 

-0.5 

80.0 

40.0 

100.0 

37.8 


2 19 Reduce the system in Problem 2 18 to an equivalent one machine connected to an infinite., 
bus Write the swing equation for the faulted network and for the network after the fault 
is cleared Apply the equal area criterion to the fault discussed in Problem 2 18 What is 
the critical clearing angle? 

2 20 Repeat the calculations of Example 2 4, but with the following changes in the system of 
Figure 2 11 

(a) Use a fault impedance of Z t = 0.01 + jO pu This is more typical of the arcing re¬ 
sistance commonly found in a fault 

(b) Study the damping effect of adding a resistance to the transmission lines of R L in 
each line where R L = 0 1 and 0 4 pu To measure the damping, prepare an analog 
computer simulation for the system Implementation will require computation of 
y u, y 12 , the initial conditions, and the potentiometer settings. 

(c) Devise a method of introducing additional damping on the analog computer by adding 
a term K d b in the swing equation Estimate the value of K d by assuming that a slip 
of 2 5% gives a damping torque of 50% of full load torque 

(d) Make a parametric study of changes in the analog simulation for various values of H 
For example, let H = 2 5, 5 0, 7 5 s. 

2 21 Repeat Problem 2 20 but with transmission line impedance for each line of R L + jO 8, 
where R L = 0 2, 0 5, 0 8 pu Repeat the analog simulation and determine the critical 
clearing time to the nearest cycle This will require a means of systematically changing 
from the fault condition to the postfault (one line open) condition after a measured time 
lapse This can be accomplished by logical control on some analog computers or by care¬ 
ful hand switching where logical control is not available Let V x = 0 95 
2 22 Repeat Problem 2 21 using a line impedance of 0,2 + jO 8 Consider the effect of adding a 
“local” unity power factor load R LD at bus 3 for the following conditions: 

Case 1: P LD = 0.4 pu 

P x + j Q„ = 0 4 ± j0 20 pu 

Case 2: P LD = value to give the same generated power as Case 1 
p * + jg. = o + jo pu 
Case3: P LD = 1.2 pu 

P*, + j@a = -0 4 t jO 2 pu 

(a) Compute the values of R LD and E and find the initial condition for 5 for each case 
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(b) Compute the values of Y n and F, 2 for the prefault, faulted, and postfault condition, 
if the fault impedance is Z f = 0 01 + jO Use the computer for this, writing the ad¬ 
mittance matrices by inspection and reducing to find the two-port admittances. 

(c) Compute the analog computer settings for the simulation 

(d) Perform the analog computer simulation and plot the following variables: T, , 7 
T a ,w a , 5, 0, 2 - 8. Also, make a phase-plane plot of versus 8 Compare these re¬ 
sults with similar plots with no local load present 

(e) Use the computer simulation to determine the critical clearing angle 
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System Response to Small Disturbances 


3.1 Introduction 

This chapter reviews the behavior of an electric power system when subjected to 
small disturbances It is assumed the system under study has been perturbed from 
a steady-state condition that prevailed prior to the application of the disturbance. 
This small disturbance may be temporary or permanent If the system is stable, we 
would expect that for a temporary disturbance the system would return to its initial 
state, while a permanent disturbance would cause the system to acquire a new operating 
state after a transient period In either case synchronism should not be lost Under 
normal operating conditions a power system is subjected to small disturbances at ran¬ 
dom It is important that synchronism not be lost under these conditions Thus system 
behavior is a measure of dynamic stability as the system adjusts to small perturbations 

We now define what is meant by a small disturbance The criterion is simply that 
the perturbed system can be linearized about a quiescent operating state An example 
of this linearization procedure was given in Section 2 5. While the power-angle rela¬ 
tionship for a synchronous machine connected to an infinite bus obeys a sine law (2.33), 
it was shown that for small perturbations the change in power is approximately propor¬ 
tional to the change in angle (2 35) Typical examples of small disturbances are a small 
change in the scheduled generation of one machine, which results in a small change in 
its rotor angle 5, or a small load added to the network (say 1/100 of system capacity 
or less) 

In general, the response of a power system to impacts is oscillatory. If the oscil¬ 
lations are damped, so that after sufficient time has elapsed the deviation or the change 
in the state of the system due to the small impact is small (or less than some prescribed 
finite amount), the system is stable If on the other hand the oscillations grow in magni¬ 
tude or are sustained indefinitely, the system is unstable 

For a linear system, modern linear systems theory provides a means of evaluation 
of its dynamic response once a good mathematical model is developed. The mathe¬ 
matical models for the various components of a power network will be developed in 
greater detail in later chapters Here a brief account is given of the various phenomena 
experienced in a power system subjected to small impacts, with emphasis on the qualita¬ 
tive description of the system behavior 
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3, 2 Types of Problems Studied 

The method of small changes, sometimes called the peiturbation method [1,2, 3], 
is very useful in studying two types of problems: system response to small impacts and 
the distribution of impacts 

3 2 1 System response to small impacts 

If the power system is perturbed, it will acquire a new operating state, If the 
perturbation is small, the new operating state will not be appreciably different from the 
initial one In other words, the state variables or the system parameters will usually 
not change appreciably Thus the operation is in the neighborhood of a certain 
quiescent state x 0 In this limited range of operation a nonlinear system can be de¬ 
scribed mathematically by linearized equations This is advantageous, since linear sys¬ 
tems are more convenient to work with This procedure is particularly useful if the 
system contains control elements 

The method of analysis used to linearize the differential equations describing the 
system behavior is to assume small changes in system quantities such as 8 A , v A , 
P A (change in angle, voltage, and power respectively).. Equations for these variables 
are found by making a Taylor series expansion about x 0 and neglecting higher order 
terms [4, 5,6] The behavior or the motion of these changes is then examined.. In ex¬ 
amining the dynamic performance of the system, it is important to ascertain not only 
that growing oscillations do not result during normal operations but also that the oscil¬ 
latory response to small impacts is well damped 

If the stability of the system is being investigated, it is often convenient to assume 
that the disturbances causing the changes disappear The motion of the system is then 
free Stability is then assured if the system returns to its original state Such behavior 
can be determined in a linear system by examining the characteristic equation of the 
system If the mathematical description of the system is in state-space form, i e , if 
the system is described by a set of first-order differential equations, 

x = Ax + Bu (3 i) 

the free response of the system can be determined from the eigenvalues of the A matrix 


3 2 2 Distribution of power impacts 

When a power impact occurs at some bus in the network, an unbalance between 
the power input to the system and the power output takes place, resulting in a transient 
When this transient subsides and a steady-state condition is reached, the power impact 
is “shared” by the various synchronous machines according to their steady-state char¬ 
acteristics, which are determined by the steady-state droop characteristics of the various 
governors [5,7] During the transient period, however, the power impact is shared by 
the machines according to different criteria If these criteria differ appreciably among 
groups of machines, each impact is followed by oscillatory power swings among groups 
of machines to reflect the transition from the initial sharing of the impact to the final 
adjustment reached at steady state.. 

Under normal operating conditions a power system is subjected to numerous ran¬ 
dom power impacts from sudden application or removal of loads As explained above, 
each impact will be followed by power swings among groups of machines that respond 
to the impact differently at different times These power swings appear as power oscil¬ 
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lations on the tie lines connecting these groups of machines This gives rise to the term 
“tie-line oscillations ” 

In large interconnected power systems tie-line oscillations can become objectionable 
if their magnitude reaches a significant fraction of the tie-line loading, since they are 
superimposed upon the normal flow of power in the line Furthermore, conditions may 
exist in which these oscillations grow in amplitude, causing instability. This problem 
is similar to that discussed in Section 3.2 1 It can be analyzed if an adequate math¬ 
ematical model of the various components of the system is developed and the dynamic 
response of this model is examined If we are interested in seeking an approximate 
answer for the magnitude of the tie-line oscillations, however, such an answer can be 
reached by a qualitative discussion of the distribution of power impacts Such a discus¬ 
sion is offered here 

3 3 The Unregulated Synchronous Machine 

We start with the simplest mode! possible, i e , the constant-voltage-behind-tran- 
sient-reactance model. The equation of motion of a synchronous machine connected 
to an infinite bus and the electrical power output are given by (2 18) and (2.41) re¬ 
spectively or 

2Hd^8 _ p _ p 

COr dt 

P e ~ P c + P m sin (5 - y) (3 2) 

Letting 8 = 6 0 + 8&, P e = P e0 + P*> P m = P m0 and using the relationship 

sin (8 - y) = sin(<5 0 - 7 + <5 A ) ^ sin(5 0 - 7 ) + cos(5 0 - y)<5 A (3 3) 

the linearized version of (3 2) becomes 

— + P,K = 0 (3.4) 

cor dt 

where 

tiP 

Ps = -j,~ = Pm cos (d 0 - 7 ) (3-5) 

do J«„ 

The system described by (3 4) is marginally stable (i e , oscillatory) for P s > 0. 
Its response is oscillatory with the frequency of oscillation obtained from the roots of 
the characteristic equation (2H/u R )s 2 + P s = 0, which has the roots 



If the electrical torque is assumed to have a component proportional to the speed 
change, a damping term is added to (.3 4) and the new characteristic equation becomes 

(2 H/u r )s 2 + (DM s + P s = 0 (3 7) 

where D is the damping power coefficient in pu 
The roots of (.3 7) are given by 
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Usually (D/m R ) 2 < $HP s /o> R , and the roots are complex; i.e , the response is oscilla¬ 
tory with an angular frequency of oscillation essentially the same as that given by 
(3.6) The system described by (3.7) is stable for P s > 0 and for D > 0 If either 
one of these quantities is negative, the system is unstable 

Venikov [4] reports that a situation may occur where the machine described by 
(3 4) can be unstable under light load conditions if the network is such that <5 0 < y 
This would be the case where there is appreciable series resistance (see [4], Sec 3.2) 

From Chapter 2 we know that the synchronizing power coefficient P s is negative 
if the spontaneous change in the angle 8 is negative A negative value of P s leads to 
unstable operation 


3 3 1 Demagnetizing effect of armature reaction 

The model of constant main field-winding flux linkage neglects some important 
effects, among them the demagnetizing influence of a change in the rotor angle 8 To 
account for this effect, another model of the synchronous machine is used It is not 
our concern in this introductory discussion to develop the model or even discuss it in 
detail, as this will be accomplished in Chapter 6 Rather, we will state the assump¬ 
tions made in such a model and give some of the pertinent results applicable to 
this discussion These results are found in de Mello and Concordia [ 8 ] and are based 
on a model previously used by Heffron and Phillips [9] To account for the field con¬ 
ditions, equations for the direct and quadrature axis quantities are derived (see Chap¬ 
ter 4) Major simplifications are then made by neglecting saturation, stator resistance, 
and the damper windings The transformer voltage terms in the stator voltage equa¬ 
tions are considered negligible compared to the speed voltage terms. Linearized rela¬ 
tions are then obtained between small changes in the electrical power P eAt the rotor 
angle 8 A , the field-winding voltage v fA , and the voltage proportional to the main 
field-winding flux E' A 

For a machine connected to an infinite bus through a transmission network, the 
following s domain relations are obtained, 


P.A = 
K = 


* i <5 A -F K 2 E a 

*3 

1 -f- Kit'mS 




*3 k. 


1 + K 3 T d0 S 


(3 9) 
(3 10 ) 


where A, is the change in electrical power for a change in rotor angle with constant 
flux linkage in the direct axis, * 2 is the change in electrical power for a change in 
the direct axis flux linkages with constant rotor angle, T' d0 is the direct axis open cir¬ 
cuit time constant of the machine, * 3 is an impedance factor, and * 4 is the demag¬ 
netizing effect of a change in the rotor angle (at steady state) Mathematically, we write 

*. “ 0 K 2 = P eA /E' A \ s&=0 

* 3 = final value of unit step v f response - lim £ A ( 0 }« A =o 


K< 


K , 


lim E' A (t) 


v FA = 0 
J 0 A = uU) 


(3 ID 


The constants K u * 2 , and * 4 depend on the parameters of the machine, the exter¬ 
nal network, and the initial conditions Note that K x is similar to the synchronizing 
power coefficient P s used in the simpler machine model of constant voltage behind 
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Fig 3 1 Primitive linearized block diagram representation of a generator model 


transient reactance. Equations (3.9) and (3.10), with the initial equation (3 2), may be 
represented by the incremental block diagram of Figure 3 1 


P,A = 



* 2 * 3*4 \ 

1 + K 3 T' dQ sj 


8 A + 


*3 

1 + K 3 r' do s 




(3.12) 


For the case where v fA = 0 , 


P'A = 



* 2 * 3*4 \, 

1 + *3TjoJ/ ^ 


(3 13) 


where we can clearly identify both the synchronizing and the demagnetizing compo¬ 
nents 

Substituting in the linearized swing equation (3.4), we obtain the new characteristic 
equation, (with D = 0) 




*2*3*4 
1 + *3 Tjq 9 


= 0 


or we have the third-order system 


+ 


* 


+ 


3 T d0 


*1^R 

2 H 


s + 




1 


2 H * 3 r ; 0 


(*, - *2*3*4) = 0 


(3.14) 


Note that all the constants (3 11) are usually positive Thus from Routh’s criterion [10] 
this system is stable if *, - K 2 K y K 4 > 0 and * 2 * 3 * 4 > 0 

The first of the above criteria states that the synchronizing power coefficient *', 
must be greater than the demagnetizing component of electrical power. The second 
criterion is satisfied if the constants * 2 , * 3 , and * 4 are positive Venikov [4] points 
out that if the transmission network has an appreciable series capacitive reactance, it is 
possible that instability may occur This would happen because the impedance factor 
producing the constant *, would become negative 


3.3.2 Effect of small changes of speed 

In the linearized version of (3 2) we are interested in terms involving changes of 
power due to changes of the angle 8 and its derivative. The change in power due to 
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was discussed above and was found to include a synchronizing power component 
and a demagnetizing component due the change in E' A with 8 A The change in speed, 
= d8 A fdt, causes a change in both electrical and mechanical power. In this case 
the new differential equation becomes 


2 H d 2 8 A 
co R dt 2 


du> 


03 ( dP ? 

CC A + 

dPe 

-L \ d °>\ 

"0 

88 


J« 0 


(3 15) 


As in (3 7) the change in electrical power due to small changes in speed is in the form of 


= (Z>/« R )a> A 


(3.16) 


From Section 2.3 the change in mechanical power due to small changes in speed is also 
linear 


P m& = dPJdu] Lo« a (3 17) 

where dP m /d<a\„ Q can be obtained from a relation such as the one given in Figure 2 3 
If a transient droop or regulation R is assumed, we may write in pu to the machine base 

P mA = “(1/^)(«a/“r) PU (3 18) 

which is the equation of an ideal speed droop governor The system block diagram with 
speed regulation added is shown in Figure 3 2 



Fig 3 2 Block diagram representation of the linearized model with speed regulation added 


The characteristic equation of the system now becomes 

K, K, K a 


or 

2H„. , i 
-*3 V + 

C0 R 



2 H , 

1 

(d + 


-s 2 + 



0>R 

COr 

\ 

'2 H 


(d 

1\1 


1 ^ dO 

+ — 

_0>R 

W R 

\ 

R l\ 


1 + KiTdQ? 


= 0 


(3 19) 


+ 


~[D +U+K l K l r' d0 


s + (AT, - K 2 K 3 K 4 ) = 0 (3 20) 
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Again Routh’s criterion may be applied to determine the conditions for stability This 
is left as an exercise (see Problem 3 2) 

3 4 Modes of Oscillation of an Unregulated Multimachine System 

The electrical power output of machine i in an n-machine system is 

n 

P ei = EjG u + X Pi E i Y u cos ( 6 u - 5 u) 
j= i 
j*i 

n 

= PjG u + X E i E A B a sin h + G u cos 5 o) ( 3 21 ) 

j -> 

J"i 

where 8^ = 8, — 8j 

Ej = constant voltage behind transient reactance for machine i 
y.. = G ti + j B ti is a diagonal element of the network short circuit admittance 
matrix Y 

Y ij = G ( j + j By is an off-diagonal element of the network short circuit admit¬ 
tance matrix Y 

Using the incremental model so that 8 U = 8 ij0 + d ijA , we compute 

sin 8 jJ = sin 8 iJ0 cos 8 ijA + cos 5 iJ0 sin 8 iJA ^ sin 8, JQ + 8 iJA cos 8 ij0 
cos 8jj S cos 8 U o - 6,j A sin 8, J0 

Finally, for P eiA , 

n 

P^a = H E i E j( B ij cos 8 lj0 - G i} sin 8 ijQ ) 8 ijA (3 22) 

• 

For a given initial condition sin 8 lj0 and cos 8 ij0 are known, and the term in parentheses 
in (3 22) is a constant. Thus we write 

- i: p„j tv o 23) 

j -1 

i*i 

where 

= E i E j (B ij cos 8 ij0 - G,j sin 8 ij0 ) (3.24) 

& ij0 

is the change in the electrical power of machine i due to a change in the angle between 
machines i and with all other angles held constant Its units are W/rad or pu 
power/rad. It is a synchronizing power coefficient between nodes i and j and is identical 
to the coefficient discussed in Section 2 5.2 for one machine connected to an infinite bus.. 

We also note that since (.3 21) applies to any number of nodes where the voltages 
are known, the linearized equations (3 22) and (3.23) can be derived for a given machine 
in terms of the voltages at those nodes and their angles Thus the concept of the syn¬ 
chronizing power coefficients can be extended to mean “the change in the electrical 
power of a given machine due to the change in the angle between its internal EMF and 


P t d _L 
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any bus, with all other bus angles held constant ” (An implied assumption is that the 
voltage at the remote bus is also held constant) This expanded definition of the syn¬ 
chronizing power coefficient will be used in Section 3.6 

Using the inertial model of the synchronous machines, we get the set of linearized 
differential equations, 

^ JJr + IL cos S ij0 - G 0 sin 8 ij0 )8 ijA = 0 i = 1,2, ,.,n (3 25) 


+ ‘- 1 , 2 ,. 

K j=] 

)*i 


(3 26) 


The set (3,26) is not a set of ^-independent second-order equations, since 25 , ;j = 0 
Thus (3 26) comprises a set of (n - 1 ^independent equations 
From (3.26) for machine i. 


dt* + 2H,% PsijdijA = ° , ==1,2 ’' 


(3 27) 


Subtracting the nth equation from the ith equation, we compute 

<*r y P c 0 
dt 2 dt 2 + 2//, frr ***** ~ 2H„ fa snjnjA = 0 


(3 28) 


Equation (3,28) can be put in the form 

d2 to " -* 

^2 k 3- 2^ 2 kk ~ ~2ff ^ k/k = b i = 1,2, , - I (3 29) 


fy'nA 


(3.29) can be further modified as 


(3.30) 


“Jr + «//k = 0 i = 1,2, ,n - 1 


(331) 


where the coefficients a, y depend on the machine inertias and synchronizing power co¬ 
efficients. 

Equation (.3 31) represents a set of n - 1 linear second-order differential equations 
or a set of 2(n - 1) first-order differential equations We will use the latter formula¬ 
tion to examine the free response of this system 

Let x,, x 2 , . .. ,x„_, be the angles 5,„ 4 , o 2nA , ...,5 ( „_ l)nA respectively, and let 
* x 2 n-i be the time derivatives of these angles The system equations are of the 

form 
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A n -\ i A n _] 


^in-i 


A n -1 n- 


0 0 


(3 32) 


o ! u x 

_i 


0 X 


(3 .3.3) 


where U = the identity matrix 

X, « the n - 1 vector of the angle changes 8 inA 
X 2 = the n - 1 vector of the speed changes db inA /dt 

To obtain the free response of the system, we examine the eigenvalues of the charac¬ 
teristic matrix [11,12].. This is obtained from the characteristic equation derived from 
equating the determinant of the matrix to zero, as follows: 


-XU ! U 

det--r- = det M = 0 


(3-34) 


where X is the eigenvalue Since the matrix -XU is nonsingular, we compute the de¬ 
terminant of M as 

| M | = j-XUM(-XU) - A(-XU)- l U| 

« (-ly-'X"- 1 | -XU - (-1/X)”- 1 A | - | X 2 U - A | (3.35) 

(See Lefschetz [12], p 133 ) The system described by | M | = 0, or | X 2 U — A | =0, 
has 2(« - 1) imaginary roots, which occur in n - 1 complex conjugate pairs Thus the 
system has n - 1 frequencies of oscillations 


Example 3 l 

Find the modes of oscillation of a three-machine system The machines are unregu¬ 
lated and classical model representation is used. 

Solution 

For an unregulated three-machine system, the system equations are given by 

d k p . , p st _ a 

, , + r j|2°12A + r il3°13A “ u 


«*> ’ » \ L l Z Li HJ I3U 

o> R dt 2 

-- f 2 + P s 2l^2)A + P i23^23A ~ 0 

w R dt 2 

d &A2 , p s . P J? _ n 

,3 + *s3l°3IA + r s32°32A ~ u 

OJp dt 2 
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Multiplying the above three equations by oj r / 2//,. and subtracting the third equation 
from the first two, we get (noting that S tJ = -<5, v ) 


d 2 8 


I3A 


dt 2 
d 2 8 2 ; 
~di 2 


* t “'■ * (t* 5 ;* 3 :« 


2H X P ’ 2 ' 8l2A + + P ' 


2 H, 


If we eliminate 5 12A by noting that 5 12A + 8 23A 4 5 3lA = 0, the following two equations 
are obtained: 


r _ p _ 

2H-, s32 2 H t 


^rl2 1^23A - 0 


>*(%'■••* Or'■•+%; r “)‘" 

~ 5 : * ( 3 ; * w, f '“ * 3 '••)*“ ■ “ 


^5 

dt 

d 2 8 


or 


d 2 8 


13A 


+ a ll^l3A + a l2^23A “ 0 


d 2 8 


23 A 


J(2 • -Ii-Ufl 1 “I2~.UA - V 2 " r *’*21 "l3A 

The state-space representation of the above system is 


+ « 2 i ^IU + a 22^23A — 0 


To obtain the eigenvalues of this system, the characteristic equation is given by 
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-X 
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det 

-«n 

~«I2 

I 

1 “ 
1 

1 

-X 
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-«21 

“«22 

1 

1 

0 

-X 


= 0 


Now by using (3. 35), 


det- 
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X 2 O' 
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A 2 J 

L a 2i «: 

4 a„ 

“l 2 

«2! 

X 2 4 a 


-0 


= 0 


(X 2 + a n )(X 2 4 a 22 ) - a u a 2 , = 0 
X 4 4 (a,, + a 22 )X 2 + (a n a 22 - a l2 a 21 ) = 0 
X 2 = (l/2){—(a,, + a 22 ) ± [(«n 4 a 22 ) 2 - 4(a,,a: 22 — a i 2 t * 2 i)]’ /2 } 
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Examining the coefficients a u , we can see that both values of X 2 are negative real 
quantities Let these given values be X = ± j/S, X = ± jy 

The free response will be in the form <5 A = C x cos (/3r 4 (}>i ) 4 C 2 cos (yt 4 0 2 ), 
where C x , C 2 , <j> x , and <f> 2 are constants. 


Example 3 2 

Consider the three-machine, nine-bus system of Example 2 6, operating initially in 
the steady state with system conditions given by Figure 2.18 (load flow) and the com¬ 
puted initial values given in Example 2 6 for E, /3, q , i = 1,2, 3 A small 10-MW load 
(about 3% of the total system load of 315 MW) is suddenly added at bus 8 by adding a 
three-phase fault to the bus through a 10 0 pu impedance The system base is 100 MVA. 
Assume that the system load after t = 0 is constant and consists of the original load 
plus the 10 pu shunt resistance at bus 8 

Compute the frequencies of oscillation that will result from this small disturbance 
Then compare these computed frequencies against those actually observed in a digital 
computer solution Assume there are no governors active on any of the three turbines 
Observe the system response for about two seconds. 

Solution 

First we compute the frequencies of oscillation From (3 24) 

Psn = v i V j(B,j cos 8 ij0 - G tj sin 8 ij0 ) =* V i V j B iJ cos 8 ij0 

From Example 2 6 we find the data needed to compute P sij with the results shown in 
Table 3 1 


Table3.1. Synchronizing Power Coefficients of the Network of Example 2.6 


0 

V, 

*0 

*v 

&IJ0 


12 

! 0566 

1.0502 

1.513 

-17 4598 

1 6015 

23 

1 0502 

1 0170 

1 088 

6 5563 

1 1544 

31 

1.0170 

1.0566 

1.226 

10.9035 

1.2936 


Note that the 8 ij0 are the values of the relative rotor angles at t = 0 - Since these 
are rotor angles, they will not change at the time of impact, so these are also the correct 
values for t = 0 + This is also true of angles at load buses to which appreciable inertia 
is connected For loads that are essentially constant impedance, however, the voltage 
angle will exhibit a step change 

Also from Example 2 6 we know H, = 2.3 64, 6 40, and 3 01 for i = 1, 2, 3 respec¬ 
tively Thus we can compute the values of a,j from Example 3 1 as follows: 

- («R/2)(/Wff, + P s]i /H x 4 P, n /H>) = 104 096 
a, 2 = K/2 )(P s 32 /H 3 - P si2 /H x ) = 59.524 
« 2 i = i^/2)(P six /H 3 - P s2x /H x ) = 68.241 
«22 = (» r /2 )(Ps2x/H 2 4 P s23 /H 2 4 P si2 /H 3 ) = 119.065 

Then 

X 2 = -(l/2)[—(a n 4 a 22 ) ± V(«u 4- « 22 ) 2 - 4(<* n a 22 - a 12 a 2! )] 

= -(l/2)[-223.61 4 V49800 83 - 33328.85] = -47 409 or -175 752 
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Now we can compute the frequencies and periods shown in Table 3.2 


I able 3 2. F requencies of Oscillation of 
a Nine-Bus System 


Quantity 

Eigenvalue 1 

Eigenvalue 2 

X 

±j6 885 

±jl3 257 

« rad/s 

6 885 

13 257 

/Hz 

1 096 

2.110 

7 s 

0.912 

0.474 


Thus two frequencies, about 11 Hz and 2.1 Hz, should be observed in the inter¬ 
machine oscillations of the system.. This can be approximately verified by an actual so¬ 
lution of the system by digital computer The results of such a solution are shown in 
Figure 3 3, where absolute angles are given in Figure 3 3(a) and angle differences rela¬ 
tive to 6, are given in Figure 3..3(b) As might be expected, neither of the computed 
frequencies is clearly observed since the response is a combination of the two frequen¬ 
cies A rough measurement of the peak-to-peak periods in Figure 3.3(b) gives periods in 
the neighborhood of 0 7 s 


Methods have been devised [3,11] by which a system such as the one in Example 3 2 
can be transformed to a new frame of reference called the Jordan canonical form In 
Jordan form the different frequencies of oscillation are clearly separated In the form of 
equations normally used, the variables 6 12 and 5 13 (or other angle differences) contain 




Fig. .3 3 Unregulated response of the nine-bus system to a sudden load application at bus 8: (a) absolute 
angles, (b) angles relative to 5\ 
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“harmonic” terms generally involving all fundamental frequencies of oscillation Hence 
we have difficulty observing these frequencies in measured physical variables 


Example 3.3 

Transform the system of Example 3 2 into the Jordan canonical form and show 
that in this form the system frequencies of oscillation are clearly distinguishable 

Solution 

The system equations for the three-machine problem are given by 


.X, 


! 1 o 


X, 



0 1 



.x 2 


! 0 1 


x 2 


= 

-1— — 



x 3 


r> 

$ 

1 

« 

1 


x 3 



! o 



x 4 


“«2l -«22 ! 


x 4 


or x = A x, where x is defined by 
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and the a coefficients are computed in Example 3 2 

We now compute the eigenvectors of A, using any method [1, 3, 11] and call these 
vectors E,, E 2 , E 3 , and E 4 .. We then use these eigenvectors to define a matrix E. 
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where the numerical values are found by a suitable computer library routine 

We now define the transformation x = Ey to compute x = Ey = Ax = AEy or 
y = E~‘AEy = Dy where D = diag(X,, X 2 , X 3 , X 4 ) 

Performing the indicated numerical work, we compute 
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Substituting into y = Dy, we can compute the uncoupled solution 

V,- = C,<?V i = 1,2,3,4 

where C, depends on the initial conditions 

This method of computing the distinct frequencies of oscillation is quite general and 
may be applied to systems of any size For very large systems this may not be practical, 
however, since the eigenvector computation may be too costly 

Finally, we note that the simple model used here assumes that no damping exists 
In physical systems damping is usually present; therefore, the oscillatory response given 
above is usually damped The magnitude of the damping, however, is such that the fre¬ 
quencies of oscillation given by the above equations are not appreciably affected 


3 5 Regulated Synchronous Machine 

In this section we examine the effect of voltage and speed control equipment on the 
dynamic performance of the synchronous machine.. Again we are interested in the free 
response of the system We will consider two simple cases of regulation: a simple 
voltage regulator with one time lag and a simple governor with one time lag 

3.5.1 Voltage regulator with one time lag 

Referring to Figure 2 24, we note that a change in the field voltage v fA is pro¬ 
duced by changes in either F ref or V t If we assume that Frefa = 0 and the transducer 
has no time lags, v fA depends only upon V IA , modified by the transfer function of the 
excitation system Analysis of such a system is discussed in Chapter 7. To simplify the 
analysis, a rather simple model of the voltage regulator and excitation system is as¬ 
sumed This gives the following s domain relation between the change in the exciter 
voltage v fA and the change in the synchronous machine terminal voltage V tA : 


~ {*./(! + t ( s)]V u 


(3 36) 


where K t = regulator gain 

t, = regulator time constant 

To examine the effect of the voltage regulator on the system response, we return to 
the model discussed in Section .3.3 for a machine connected to an infinite bus through a 
transmission network. These relations are given in (3 9) and (3 10) 

To use (3 .36), a relation between V lA , d A , and E' A is needed Such a relation is de¬ 
veloped in reference [8] and is in the form 

V IA = K 5 6 a + K 6 E' a (3 37) 

where K 3 = V tA /8 A \ Ek = change in terminal voltage with change in rotor angle for 

constant £' 

K 6 = v ,&/£k]& A = change in terminal voltage with change in E' for constant 8 

The system block diagram with voltage regulation added is shown in Figure 3 4 
From (3 36) and (3 37) 


= -[*./( 1 + t ( s)](K s 8 a + K 6 E' a ) 

Substituting in (.3 10), we compute 

£; = r^b?[- rh ( * A + H - rrfe ^ 


(3 38) 
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Fig 3 4 System block diagram with voltage regulation 


or, rearranging, 




i, i \ , i+W 


s + 5 r + tv 

\ T < K-i T dO 


KiTmT. 


(3 39) 


From (3.39) and (.3 9) 




K 2 K a 

■♦MS 


T d0 

S 2 . S /L. 

. 1 \ . 

1 + K 3 K b K ( 


+ % 

V 

^i T 'dO T t 


(340) 


Substituting in the s domain swing equation and rearranging, we obtain the follow¬ 
ing characteristic equation: 


(' + 1 \ . 

, n + K* . 

A,oj r \ 

+ & 

, _£l_ 


V K 3 r' d0 r t 

2 H ) 

2 H \r. 



<*> R /r,(l +K s K t K.) K 2 K t (1 , K S K, 


2 H [ K, t>. t' m \r, + K t r,)\ ” ' 

Equation (3 41) is of the form 

? 4 + <* 3 .s 3 + a 2 s 2 + a, 5 + a 0 = 0 (3.4 

Analysis of this fourth-order system for stability is left as an exercise (see Problem 3. 3) 


= 0 (.3 41) 


(3 42) 
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3 5.2 Governor with one time lag 

Referring to Figure 2 24, we note that a change in the speed w or in the load or 
speed reference [governor speed changer (GSC)] produces a change in the mechanical 
torque T m . The amount of change in T m depends upon the speed droop and upon the 
transfer functions of the governor and the energy source 

For the model under consideration it is assumed that GSC* = 0 and that the com¬ 
bined effect of the turbine and speed governor systems are such that the change in the 
mechanical power is in the form 

= ~[K g /( 1 + v)]co A (3 43) 

where K g = gain constant = 1 jR 
T g = governor time constant 

The system block diagram with governor regulation is shown in Figure 3.5 
Then the linearized swing equation in the s domain is in the form 

(2///oj r )s 2 «5 a (0 = ~[K g /(l + t*s)]j< 5 a (0 - P eA (s) (344) 

The order of this equation will depend upon the expression used for P eA (s). If we as¬ 
sume the simplest model possible, P eA (s) = P,d A (s), the characteristic equation of the 
system is given by 

(2H/o) R )s 2 + [K g /( 1 + r g s)]s + P s « 0 (3 45) 

or 

s\2H Tg /u R ) + s 2 (2///«„) + (K g + P sTg )s + P s = 0 (346) 

The system is now of third order Applying Routh’s criterion, the system is stable 
if K g > 0 and P s > 0 

If another model is used for P eA (s), such as the model given by (3 9) and (3 10), 
the system becomes of fourth order, as shown in Figure 3.5 Its dynamic response will 
change Information on stability can be obtained from the roots of the characteristic 
equation or from examining the eigenvalues of its characteristic matrix 



Fig 3 5 Block diagram of a system with governor speed regulation. 
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Fig. 3 6 Block diagram of a system with a governor and voltage regulator 


If both speed governor and voltage regulation are added simultaneously, as is 
usually the case, the system becomes fifth order, as shown in Figure .3.6. 

3 6 Distribution of Power Impacts 

In this section we consider the effect of the sudden application of a small load P L A 
at some point in the network (See also [7,5] ) To simplify the analysis, we also as¬ 
sume that the load has a negligible reactive component Since the sudden change in 
load P LA creates an unbalance between generation and load, an oscillatory transient 
results before the system settles to a new steady-state condition This kind of impact 
is continuously occurring during normal operation of power systems The oscillatory 
transient is in fact a “spectrum’' of oscillations resulting from the random change in 
loads These oscillations are reflected in power flow in the tie lines Thus the scheduled 
tie-line flows will have “random” power oscillations superimposed upon them Our 
concern here is to make an estimate of the magnitude of these power oscillations. Note 
that the estimates made by the methods outlined below are only approximate, yet they 
are quite instructive 

We formulate the problem mathematically using the network configuration of Fig¬ 
ure 3.7 and the equations of Sections 2.9 and 3 4 Referring to the (n + l)-port net¬ 
work in Figure 3.7, the power into node i is obtained from (3 21) by adding node k 

n 

P i = + X E,E,(B l: sin hi, + Gij cos <5, j) + B, V k (B ik sin 8* + G ik cos8 ik ) 

i = i 

For the case of nearly zero conductance 

n 

Pi = X/ EiPjB il sm8,j + E,V k B, k sin<5, A 

j - 1 
yVi k 


(3 47) 
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and the power into node A (the load bus) is 

n 

Pk = £ V k EjB kJ sin 6 kJ (3 48) 

j -i 

Here we assume that the power network has a very high X/R ratio such that the 
conductances are negligible The machines are represented by the classical model of 
constant voltage behind transient reactance We also assume that the network has been 
reduced to the internal machine nodes (nodes 1,2, .. of Figure 2 17) and the node A', 
where the impact P LA is applied 

Th q immediate effect (assuming the network response to be fast) of the application 
of P LA is that the angle of bus A is changed while the magnitude of its voltage V k 
is unchanged, or V k /8 kQ becomes V k /5 k0 + 8 kA . Note also that the internal angles of 
the machine nodes 5,, 8 2 , , 8„ do not change instantly because of the rotor inertia 

3.,6.1 Linearization 

The equations for injected power (3 47) and (.3 48) are nonlinear because of the 
transcendental functions Since we are concerned only with a small impact P LA , we 
linearize these equations to find 

P > * Pm + P,a P k = Pko + p kA 

and determine only the change variables P iA and P kA 

The transcendental functions are linearized by the relations 

sinS kj = sin (8 kj0 + 8 kjA ) ^ sin5* ;0 + (cos 5 kj0 )8 kjA 

cos 8 kj = cos (5 kJ0 + 6 kjA ) ^ cos 8 kJ0 - (sin 8 kj0 )8 kJA (3.49) 

for any kJ Note that the order kj must be carefully observed since 8 kj = -8 Jk Sub¬ 
stituting (3 49) into (.3.47) and (3 48) and eliminating the initial values, we compute 
the linear equations 

" n 

^ iA ~ (PiPjPij cos 5 ij0 )8 ijA + ( V k EiB ik cos 8, k0 )8 lkA = ^ P,ijd ijA + P sik 8 ikA 

■ J= \ 

*+ ,k j*ik 

n n 

PkA = 2^ (V k EjB kJ cos 8 kJ o)8 kjA = £ PskjSkjA (3.50) 

j - 1 j -i 

These equations are valid for any time (following the application of the impact 
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3.6 2 A special case: t = 0 + 

The instant immediately following the impact is of interest In particular, we would 
like to determine exactly how much of the impact P LA is supplied by each generator 
Pi a 1 1 = 1 »2,... , n 

At the instant t - 0 + we know that 8 iA = 0 for all generators because of rotor 
inertias Thus we can compute (with both i and / indicating generator subscripts) 

&i)A ~ 0 &ikA = $iA - S k A - - ^ a ( 0 + ) &kjA = &kA — &jA ~ ^* a ( 0 + ) 

Thus (.3.50) becomes 

n 

r.ifO*) = -/>*«„(0 + ) P kL (0*) = X P*jh a(0 + ) (3 51) 

J -1 

Comparing the above two equations at / = 0 + , we note that at node A 

n 

n 4 (0 + ) - -Z ^(0*) (3 52) 

/- 1 

This is to be expected since we are assuming a nearly reactive network. We also note 
that at node /' P, A depends upon B tk cos5 tt0 In other words, the higher the transfer 
susceptance B ik and the lower the initial angle 8 ik0 , the greater the share of the im¬ 
pact “picked up” by machine i Note also that P kA = -P LA , so the foregoing equa¬ 
tions can be written in terms of the load impact as 

n n 

o*) - - Y. P,kA*(0*) - Y ^(° + ) (3.53) 

1-1 i- 1 

From (3.52) and (3 53) we conclude that 


S*a(0 + ) = -P LA { 0 + ) 

It^ 


(3 54) 

pa o + ) = (p*l Y 

P,jj PiA 0 + ) 

i = 1,2,. ...,« 

(3 55) 


It is interesting that at the instant of the load impact (i e.., at t = 0^, the source of 
energy supplied by the generators is the energy stored in their magnetic fields and is 
distributed according to the synchronizing power coefficients between i and A. Note 
that the generator rotor angles cannot move instantly; hence the energy supplied by the 
generators cannot come instantly from the energy stored in the rotating masses This 
is also evident from the first equation of (3 51); P iA depends upon P sik or B ik , which 
depends upon the reactance between generator / and node A Later on when the rotor 
angles change, the stored energy in the rotating masses becomes important, as shown 
below 

Equations (3 52) and (3.55) indicate that the load impact P LA at a network bus A 
is immediately shared by the synchronous generators according to their synchronizing 
power coefficients with respect to the bus A Thus the machines electrically close to the 
point of impact will pick up the greater share of the load regardless oj their size 

Let us consider next the deceleration of machine i due to the sudden increase in its 
output power P iA The incremental differential equation governing the motion of 
machine i is given by 
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~ dj ~ + r,.U) = 0 i = 1 , 2 , 

at 


,n 


(3 56) 


and using (3. 55) 


+ P sik Z P,jk) p L*( 0 + ) = 0 i = 1,2, ,« 


2Hido^ 

"R dt x i jml 
Then if P LA is constant for all t, we compute the acceleration in pu to be 
1 du iA P sik 


co R dt 


Wi 


/ = U2, 


,« 


(3 57) 


Obviously, the shaft decelerates for a positive load P kA The pu deceleration of ma¬ 
chine i, given by (3 57), is dependent on the synchronizing power coefficient P ak and 
inertia H { This deceleration will be constant until the governor action begins Note 
that after the initial impact the various synchronous machines will be retarded at differ¬ 
ent rates, each according to its size //, and its “electrical location” given by P sik .. 

3 6 3 Average behavior prior to governor action (t = t,) 

We now estimate the system behavior during the period 0 < t < t g> where t g is 
the time at which governor action begins To designate this period simply, we refer 
to time as although there is no specific instant under consideration but a brief 
time period of no more than a few seconds Tooking at the system as a whole, there 
will be an overall deceleration of the machines during this period To obtain the 
mean deceleration, let us define an “inertial center” that has angle 8 and angular 
velocity to, where by definition, 

5 = (1/L//0ZM^ a; 4 (1 (3.58) 

Summing the set (3 57) for all values of f, we compute 

d 


= Pu - 


at o; R 


Z 2 H, 


0 59 ) 


(3 60) 


Equation (3 60) gives the mean acceleration of all the machines in the system, which is 
defined here as the acceleration of a fictitious inertial center 

We now investigate the way in which the impact P lA will be shared by the various 
machines Note that while the system as a whole is retarding at the rate given by 
(3 60), the individual machines are retarding at different rates Each machine follows 
an oscillatory motion governed by its swing equation Synchronizing forces tend to 
pull them toward the mean system retardation, and after the initial transient decays 
they will acquire the same retardation as given by (3 60) In other words, when the 
transient decays, du> iA /dt will be the same as d<h A jdt as given by (3 60) Substituting 
this value oidw iA /dt in (3.56), at t = t x > t 0 , 


PtAh) = U/t HAP la { 0 + ) 

> 7-1 


(361) 


Thus at the end of a brief transient the various machines will share the increase in 
load as a function only of their inertia constants The time r, is chosen large enough 


- 55 $: 


so that all the machines will have acquired the mean system retardation At the same 
time t x is not so large as to allow other effects such as governor action to take place 
Equation (3.61) implies that the H constants for all the machines are given to a common 
base If they are given for each machine on its own base, the correct powers are ob¬ 
tained if H is replaced by HS Bi /S sB , where S Bi is the machine rating and S sB is the 
chosen system base 

Examining (3.56) and (3.61), we note that immediately after the impact P LA ( i.e., at 
t = 0 + ) the machines share the impact according to their electrical proximity to the 
point of the impact as expressed by the synchronizing power coefficients After a brief 
transient period the same machines share the same impact according to entirely differ¬ 
ent criteria, namely, according to their inertias 


Example 3 4 

Consider the nine-bus, three-machine system of Example 2 6 with a small 10-MW 
resistive load added to bus 8 as in Example 3.2. Solve the system differential equations 
and plot P iA and oj, a as functions of time Compare computed results against the¬ 
oretical values of Section 3 6. 



Solution 

A nominal 10-MW (0 1 pu) load is added to bus 8 by applying a three-phase fault 
through a 10 pu resistance, using a library transient stability program The resulting 
power oscillations P iA , i = 1, 2, 3, are shown in Figure .3 8 for the system operating 
without governor action 

The prefault conditions at the generators are given in Table 3.1 and in Example 2.6. 
From the prefault load flow of Figure 2 19 we determine that V m = 1.016 and i§ 80 = 
0.7° A matrix reduction of the nine-bus system, retaining only nodes l, 2, .3, and 8, 
gives the system data shown on Table 3.3 
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Table 3..3 Transfer Admittances and 
Initial Angles of a Nine-Bus System 


ij 


*0 

&ij 0 

1-8 

0 01826 

2 51242 

1 5717 

2-8 

-0 03530 

3.55697 

19 0315 

3-8 

-0.00965 

2.61601 

12.4752 


From (3.24) we compute the synchronizing power coefficients 
P sik = V,V k (B ik cos6 ik0 - G ik sin 8 ik0 ) 

These values are tabulated in Table 3 4 Note that the error in neglecting the G ik term 
is small 


Table 3.4. Synchronizing Power Coefficients 


ik 

Psik 

(neglecting G ik ) 

Psik 

(with G ik term) 

18 

2 6961 

2 6955 

28 

3 5878 

3.6001 

38 

2.6392 

2.6414- 

21 Psik 

8.9231 

8.9370 


The values of / > jA (0 + ) are computed from (3 55) as 

/>,a(0 + ) = [p„t I T, p.j^j P ii(0 + ) 

where P LA ( 0 + ) = 10 0 MW nominally. The results of these calculations and the 
actual values determined from the stability study are shown in Table 3.5 


Table 3.5. Initial Power Change at Generators Due to IQ-MW Load Added to Bus 8 


(0 

(2) 

(3) 

(4) 

(5) 

(6) 

PiA 

PiA 

PiA 

PiA 

PiA 

i 

(neglecting G ik ) 

(with G ik ) 

(computer study) 

[91% of (2)1 

[91% of (3)] 

1 

3 021 

3 016 

2 8 

2.749 

2.745 

2 

4 021 

4 028 

3 6 

3 659 

3 665 

3 

2.958 

2.956 

2.7 

2.692 

2.690 

X, PiA 

10.000 

10.000 

9.1 

9.100 

9.100 


Note that the actual load pickup is only 9 1 MW instead of the desired 10 MW. 
This is due in part to the assumption of constant voltage V k at bus 8 (actually, the 
voltage drops slightly) and to the assumed linearity of the system If the computed 
p iA are scaled down by 0 91, the results agree quite well with values measured from the 
computer study These values are also shown on the plot of Figure 3 8 at time t - 0 + 
and are due only to the synchronizing power coefficients of the generators with respect 
to bus 8. 

The plots of P iA versus time in Figure 3 8 show the oscillatory nature of the power 
exchange between generators following the impact These oscillations have frequencies 
that are combinations of the eigenvalues computed in Example 3.2 The total, labeled 
£F, a , averages about 9 5 MW 
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Fig 3.9 Speed deviation following application of a 10 pu resistive load at bus 8 


Another point of interest in Figure 3.8 is the computed values of PM that 
depend entirely on the machine inertia These calculations are made from 

PM = {H t /'LH i )P LA = 10//,/(23 64 + 6 40 + 3.01) = 10//733.05 


= 7 15 MW 

i = 1 

= 1 94 MW 

i = 2 

= 0 91 MW 

i = 3 


and the results are plotted in Figure 3.8 as dashed lines It is fairly obvrous that the 
P iA {t) oscillate about these values of PM It is also apparent that the system has 
little damping and the oscillations are likely to persist for some time This is partly due 
to the inherent nature of this particular system, but the same phenomenon would be 

present to some extent on any system . 

The second plot of interest is the speed deviation or slip as a function of time, 
shown in Figure 3 9 The computer program provides speed deviation data in Hz and 
these units are used in Figure 3 9 Note the steady deceleration with all units oscillating 
about the mean or inertial center This is computed as 

du_ = Pla = __ 

dt 2 £//, 2(23.64 + 6 40 + 3 01) 

= —1513 x 10 _3 pu/s = -0 570rad/s 2 = -0 0908 Hz/s 

The individual machine speed deviations are plotted in Figure 3.9 and show graphi¬ 
cally the intermachine oscillations that occur as the system slowly retards in frequency 
The mean deceleration of about 0 09 Hz/s is plotted in Figure 3 9 as a straight line. 

If the governors were active, the speed deviation would level off after a few seconds 
to a constant value and the oscillations would eventually decay Since the governors 
have a drooping characteristic, the speed would then continue at the reduced value as 
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long as the additional load was present If the. speed deviation is great, signifying 
a substantial load increase on the generators, the governors would need to be readjusted 
to the new load level so that additional prime-mover torque could be provided 


Example 3.5 

Let us examine the effect of the above on the power flow in tie lines Consider a 
power network composed of two areas connected with a tie line, as shown in Fig¬ 
ure 3.10 The two areas are of comparable size, say 1000 MW each They are con¬ 
nected with a tie line having a capacity of 100 MW The tie line is carrying a steady 
power flow of 80 MW from area 1 to area 2 as shown in Figure 3 10 Now let a load 
impact P LA = 10 MW (1% of the capacity of one area) take place at some point in 
area 1, and determine the distribution of this added load immediately after its applica¬ 
tion (7 = 0 + ) and a short time later (/ = /,) after the initial transients have subsided. 
Because of the proximity of the groups of machines in area 1 to the point of impact, 
their synchronizing power coefficients are larger than those of the groups of machines 
in area 2 If we define J^P slk ] area , = P tl , £/>,*] area2 = P s2 , then let us assume that P sl = 

2P<2 



Fig 3 10 Two areas connected with a tie line 


Solution 

Since P tX = 2 P s2 , at the instant of the impact 2/3 of the 10-MW load will be sup¬ 
plied by the groups of machines in area 1, while 1/3 or 3 3 MW will be supplied by 
the groups of machines in area 2. Thus 3 3 MW will appear as a reduction in tie-line 
flow In other words, at that instant the tie-line flow becomes 76 7 MW toward area 2 
At the end of the initial transient the load power impact P LA will be shared by the 
machines according to their inertias Let us assume that the machines of area 1 are 



Time, s 


Fig 3.11 Tie-line power oscillations due to the load impact in area 1 
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predominantly hydro units (with relatively small H), while the units of area 2 are of 
larger inertia constants such that £//,] ar ea 2 = 2X,#<]areai where all H's are on a com¬ 
mon base The sharing of the load among the groups of machines will now become 
6 7 MW contributed from area 2 and 3 3 MW from area 1 The tie-line flow will now 
become 73 3 MW (toward area 2). 

From the above we can see that in the situation discussed in this example a sudden 
application of a 10-MW load caused the tie-line flow to drop almost instantly by 
3.3 MW, and after a brief transient by 6 7 MW The transition from 76.7-MW flow 
to 7.3.3-MW flow is oscillatory, and power swings of as much as twice the difference 
between these two values may be encountered This situation is illustrated in Fig¬ 
ure 3.11 

The time /, mentioned above is smaller than the time needed by the various con¬ 
trollers to adjust the system generation to match the load and the tie-line flow to meet 
the scheduled flow 


Example 3 6 

We now consider a slightly more complex and more realistic case wherein the area 
equivalents in Figure 3 10 are represented by their Thevenin equivalents and the tie¬ 
line impedance is given The system data are given in Figure 3 12 in pu on a 1000-MVA 
base The capacity of area 1 is 20,000 MW and that of area 2 is 14,000 MW The inertia 
constants of the machines in the two areas are about equal 

(a) Find the equations of power for P x and P 2 . 

(b) Find the operating condition when P x = 100 MW This would correspond ap¬ 
proximately to a 100-MW tie-line flow from area 1 to area 2. 

(c) Find the synchronizing power coefficients 

(d) Consider a sudden load addition to area 2, represented by the resistive load P 4A 
at bus 4 If this load is 200 MW (1 4.3% of the capacity of area 2), find the distri¬ 
bution of this load at t = 0 + and t = /, 


© © 



Solution 

Consider the system as a two-port network between nodes 1 and 2 Then we com¬ 
pute 

z l2 - 0 450 + jl 820 = 1 875 /76.112° pu 

y J2 = l/z l2 = 0 533 /—76.112° = 0 128 - j0.5IS pu 

7,2 = -y 12 = 0 533 /103.888° 

Gn = 0 128 gio = £20 = 0 
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G 12 = -0 128 5 12 = 5, - 5 2 = 5, 

B n = 0 518 

(a) P . = Yhw + K V^C ,2 cos 5,2 + jS , 2 sin 5, 2 ) — V\ G i2 

= 0+1 0(-0 128cos5, + 0518 sin 5,) + 0 128 
= 0 128 + 0 533 sin (5, - 13 796°) 

= ^2820 + F cos 5 2 , + Z?,2sin5 2 i) — V\G 2 , 

= 0+1 0(-0 128 cos 5, - 0 518 sin 5,) + 0.128 
= 0 128 - 0.533 sin (5, + 13 796°) 

(b) Given that />, =01 pu 

0 100 = 0 128 + 0 533 sin (5, - 13 796°) 5, = 10 784° 

( c ) — K ^ 2 (^ 12 cos5 | 2 o — G, 2 sin5, 20 ) 

- 1 0(0 518 cos 10 784° + 0 128 sin 10 784°) = 0 533 
P, 2 X = ^1 ^ 2(^21 cos 5 2 io — G 2 , sin 5 2 ,o) 

= 1 0(0 518cos(-10 784°) + 0 128 sin(—10 784°)] = 0 509 

(d) Now add the 200-MW load at bus 4; P iA = 200/1000 = 0 2 pu 

To complete the problem, we must know the voltage V 4 at / = 0~ Thus we com¬ 
pute 

/. 2 ( 0 -) = (K - V 2 )/z n = (1 0 /10.784° - 1 0 / 0)/1 875 /76.112° = 0 100 /19.280° 
F 4 (0-) = E 2 + (0 100 + jO 012)7,2 = 1 009 + jO 004 = 1 009 /0.252° 

5 40 = 0 252 5 , 40 = 5,o - 5 40 = 10 532° 5 240 = 5 20 — 5 40 = -0 252° 

From the admittance matrix elements 

F , 4 = -Vi4 - -l/f ,4 = -0 451 + jl 042 
Y 24 = — y 24 = —\jz 24 = —9 858 + jl 183 
we compute the synchronizing power coefficients 

^*ii 4 — V\ U 4 (fl 14 cos5 140 — G I4 sin 5, 40 ) 

= (1 009)( 1.042 cos 10.532° + 0 451 sin 10.5.32°) = 1 117 
Fj 2 4 = F F" 4 (fi 24 cos 5 24 o — G 24 sin 5 240 ) 

= 1 009(1 183cos(-0,252°) + 9 858sin(-0 252°)] = 1 150 
Then the initial distribution of P 4A is 

^>a(0 + ) = P,u(0.2)/iP tU + P s2 a) = (0 493)(0 2) = 0 0986 pu 
^2*(0 + ) = P t 2 4 (0 2)/{P,u + P s 24 ) = (0 507)(0 2) = 0.1014 pu 
The power distribution according to inertias is computed as 

/>,*(/,) = 0 2[20,000///(20,000// + 14,000//)] = 0 11765 pu 
/^(G) = 0 2[ 14,000///(20,000// + 14,000//)] = 0 082.35 pu 

In this example the synchronizing power coefficients P si 4 and P s24 are nearly equal, 
while the inertias of the two areas are not Thus while the initial distributions of the 
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load P 4A are about the same, the distributions at a later time t - t x are such that 
area 1 picks up about 59% of the load and area 2 picks up the remaining 41%. 

In general, the initial distribution of a load impact depends on the point of impact 
Problem 3 10 gives another example where the point of impact is in area 1 (bus 3) 


In the above discussion many factors have been neglected, eg, the effect of the 
network transfer conductances, the effect of the reactive component of the load impact, 
the fast primary controllers such as some of the modern exciters, the load frequency and 
voltage characteristics, and others Thus the conclusions reached above should be 
considered qualitative and as rough approximations Yet these conclusions are basically 
sound and give a good “feel” for what happens to the machines arid to the tie-line 
flows under the influence of small routine load changes 

If the system is made up of groups of machines separated by tie lines, they share 
the impacts differently under different conditions Hence they will oscillate with respect 
to each other during the transient period following the impact The power flow in the 

connecting ties will reflect these oscillations 

The analysis given above could be extended to include governor actions Following 
an impact the synchronous machines will share the change first according to their 
synchronizing power coefficients, then after a brief period according to their inertias 
The speed change will be sensed by the prime-mover governors, which will act to make 
the load sharing according to an entirely different criterion, namely, the speed governor 
droop characteristic The transition from the second to the final stage is oscillatory 
(see Rudenberg [7], Ch 2.3) The angular frequency of these oscillations can be esti¬ 
mated as follows From Section 3 5 2, neglecting P eA , the change in the mechanical 
power P mA is of the form 


- \/R 00 A 

1 + T s S OJr 


(.3.62) 


where R is the regulation and t s is the servomotor time constant Fhe swing equation 
for machine i becomes, in the s domain, 


IHjSiCib ^ 1 /Pi ^iA _ q 

0 ) R 1 + r s/ y m 

The characteristic equation of the system is given by 

s ! + {l/r„)s + = 0 (3 63) 

from which the natural freejUeftcy of oscillation can be estimated 

It is interesting to not© the order of magnitude of the frequency of oscillation in the 
two different transients discussed in this section For a given machine (or a group of 
machines) the frequency of oscillation in the first transient is the natural frequency with 
respect to the point of impact These frequencies are determined by finding the eigen¬ 
values X of the A matrix by solving det (A - XU) = 0, where U is the unit matrix 
and A is defined by (.3 1) 

For the second transient, which occurs during the transition from sharing according 
to inertia to sharing according to governor characteristic, the frequency of oscillation 
is given by vj 2 ^ 1 /2H,RiT Usually these two frequencies are appreciably different. 
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Problems 

3 1 A synchronous machine is connected to a large system (an infinite bus) through a long 
transmission line The direct axis transient reactance x' d = 0 20 pu The infinite 
bus voltage is 1.0 pu The transmission line impedance is Z line = 0.20 + jO 60 pu The 
synchronous machine is to be represented by constant voltage behind transient reactance 
with£' = 1 10 pu Calculate the minimum and maximum steady-state load delivered at 
the infinite bus (for stability). Repeat when there is a local load of unity power factor 
having R load = 8 0 pu 

3 2 Use Routh’s criterion to determine the conditions of stability for the system where the 
characteristic equation is given by (3 14) 

3.3 Compute the characteristic equation for the system of Figure 3 1, including the damping 
term, and determine the conditions for stability using Routh’s criterion Compare the 
results with those of Section 3 3.1 

3 4 Using as the output variable in Figure 3 2, use block diagram algebra to reduce 

the system block diagram to forward and feedback transfer functions Then determine the 
system stability and possible system behavior patterns by sketching an approximate root- 
locus diagram 

3.5 Use block diagram algebra to reduce the system described by (3 45) Then determine the 
system behavior by sketching the root loci for variations in K g 

3 6 Give the conditions for stability of the system described by (3 20) 

3 7 A system described by (3 41) has the following data: H = 4, T ' d0 = 5 0, r ( = 0 10, A", = 

4 8, K 2 = 2.6, K 3 = 0 26, Af 4 = .3 30, = 0 1, and K b = 0 5 Find the maximum gfnd 

minimum values of A:, for stability. Repeat for K 5 = -0.20 

3 8 Write the system described by (3 46) in state-space form Apply Routh’s criterion to (3 46) 

3 9 The equivalent prefault network is given in Table 2 6 for the three-machine system dis¬ 

cussed in Section 2 10 and for the given operating conditions The internal voltages and 
angles of the generators are given in Example 2 6 

(a) Obtain the synchronizing power coefficients P sl2 , P sl 3 , P s2i , and the corresponding 
coefficients [see (3 31)] for small perturbations about the given operating point 

(b) Obtain the natural frequencies of oscillation for the angles 5 12a and <$ l3A Compare 
with the per iods of the nonlinear oscillations of Example 2 7 

3 10 Repeat Example 3 6 with the impact point shifted to area 1 and let P LA = 100 MW as 
before 

3 11 Repeat Problem .3.10 for an initial condition of P LC , = 300 MW 
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The Synchronous Machine 


4 1 Introduction 

In this chapter we develop a mathematical model for a synchronous machine for 
use in stability computations State-space formulation of the machine equations is used 
Two models are developed, one using the currents as state variables and another using 
the flux linkages Simplified models, which are often used for stability studies, are dis¬ 
cussed This chapter is not intended to provide an exhaustive treatment of synchronous 
machine theory The interested reader should consult one of the many excellent refer¬ 
ences on this subject (see [1]—[9]) 

The synchronous machine under consideration is assumed to have three stator 
windings, one field winding, and two amortisseur or damper windings These six wind¬ 
ings are magnetically coupled The magnetic coupling between the windings is a function 
of the rotor position Thus the flux linking each winding is also a function of the rotor 
position The instantaneous terminal voltage v of any winding is in the form, 

( 4I > 

where X is the flux linkage, r is the winding resistance, and i is the current, with posi¬ 
tive directions of stator currents flowing out of the generator terminals The notation 
±£ indicates the summation of all appropriate terms with due regard to signs The 
expressions for the winding voltages are complicated because of the variation of X with 
the rotor position 

4 ,2 Park's Transformation 

A great simplification in the mathematical description of the synchronous machine 
is obtained if a certain transformation of variables is performed The transformation 
used is usually called Park's transformation [10, 11] It defines a new set of stator 
variables such as currents, voltages, or flux linkages in terms of the actual winding vari¬ 
ables, The new quantities are obtained from the projection of the actual variables on 
three axes; one along the direct axis of the rotor field winding, called the direct axis; 
a second along the neutral axis of the field winding, called the quadrature axis; and the 
third on a stationary axis Park’s transformation is developed mathematically as fol¬ 
lows 1 


i The transformation developed and used in this book is not exactly that used by Park [10, 11] but is 
more nearly that suggested by Lewis (12], with certain other features suggested by Concordia (discussion to 
[12]) and Krause and Thomas [13] 
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Fig. 4 1 Pictorial representation of a synchronous machine 

We define the d axis of the rotor at some instant of time to be at angle d rad with 
respect to a fixed reference position, as shown in Figure 4 1 Let the stator phase cur¬ 
rents i a , 4 , and i c be the currents leaving the generator terminals If we “project” these 
currents along the d and q axes of the rotor, we get the relations 

fipaxis = (2/3)[/ a sin0 + i b sin(0 - 27 t/3) + i c sin (8 + 2tt/1)} 

= (2/3)[ 4 cos 6 + i b cos(6 - 2ir/3) + i c cos(6 + 2tt/3)] (4 2) 

We note that for convenience the axis of phase a was chosen to be the reference 
position, otherwise some angle of displacement between phase a and the arbitrary 
reference will appear in all the above terms 

The effect of Park’s transformation is simply to transform all stator quantities from 
phases a, b, and c into new variables the frame of reference of which moves with the 
rotor We should remember, however, that if we have three variables i a , i b , and 
i c , we need three new variables Park’s transformation uses two of the new variables 
as the d and q axis components The third variable is a stationary current, which is 
proportional to the zero-sequence current A multiplier is used to simplify the numeri¬ 
cal calculations Thus by definition 


where we define the current vectors 


Id 1 abc ~ lb 


and where the Park’s transformation P is defined as 


1/V2 1/V2 1/VT 

P = V2/3 COS0 cos(0 - 2tt/3) cos(0 + 2tt/ 3) 
sin# sin (6 - 2tv/3) sin (0 + 27 r/ 3 ) 


The main field-winding flux is along the direction of the d axis of the rotor It produces 
an EMF that lags this flux by 90° Therefore the machine EMF E is primarily along the 
rotor q axis Consider a machine having a constant terminal voltage V For generator 
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action the phasor E should be leading thejihasor V The angle between E and V is the 
machine torque angle 5 if the phasor V is in the direction of the reference phase 
(phase a) _ 

At t = 0 the phasor V is located at the axis of phase a , i e., at the reference axis 
in Figure 4 1 The q axis is located at an angle 5, and the d axis is located at d = 

5 + tt/2. At t > 0, the reference axis is located at an angle a > R t with respect to 
the axis of phase a The d axis of the rotor is therefore located at 

d = ic R t + 8 + tt/2 rad s.Ai > ^ (4 6) 

where co R is the rated (synchronous) angular frequency in rad/s and d is the synchronous 
torque angle in electrical radians 

Expressions similar to (4. 3) may also be written for voltages or flux linkages; e g , 

^0 dq = P y abc ^0 dq ~ P^a&< (A-l) 

If the transformation (4 5) is unique, an inverse transformation also exists wherein we 
may write 

i abc = p-''04 9 ( 48 ) 

The inverse of (4 5) may be computed to be 

1 /vT cos 0 sin 6 

p- 1 = V2j3 1/V2 cos {6 - 2tt/ 3) sin (6 - 2tt/3) (4 9) 

\/V2 cos (0 + 2tt/. 3) sin(0 + 2tt/3) 


and we note that P _1 = P', which means that the transformation P is orthogonal 
Having P orthogonal also means that the transformation P is power invariant, and we 
should expect to use the same power expression in either the a-b-c or the 0-d-q frame 
of reference Thus 

p = v a i a + v b i b +, v c i c = y'obXbc - (P-’vo^yfP-'W,) 

= vUfP-'yP" 1 ^ = V^PP-‘i04 9 

= vU>(W 9 = v oh + v d‘d + ( 4 ! °) 


4 3 Flux Linkage Equations 


The situation depicted in Figure 4 1 is that of a network consisting of six mutually 
coupled coils These are the three phase windings sa-fa, sb-fb, and sc-fc\ the field 
winding F-F'; and the two damper windings D-D' and Q-Q' (The damper windings 
are often designated by the symbols kd and kq. We prefer the shorter notation used 
here Phase-winding designations s and / refer to “start” and “finish of these coils ) 
We write the flux linkage equation for these six circuits as \ ^ (,• 
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where L jk = self-inductance when j = k 

= mutual inductance when j ^ k 

and where L. jk = L kj in all cases Note the subscript convention in (4 11) where lower¬ 
case subscripts are used for stator quantities and uppercase subscripts are used for rotor 
quantities Prentice [14] shows that most of the inductances in (4 11) are functions of 
the rotor position angle 8 These inductances may be written as follows 

4.3.1 Stator self-inductances 

The phase-winding self-inductances are given by 
L aa = + L„ cos 28 H 

L bb = L t + L m cos2{8 - 2x/3) H 

L U = L, + L m cos 2(8 + 2x/3) H (4.12) 

where L, > L m and both L s and L m are constants (All inductance quantities such as 
L s or M s with single subscripts are constants in our notation ) 

4 3,2 Rotor self-inductances 

Since saturation and slot effect are neglected, all rotor self-inductances are constants 
and, according to our subscript convention, we may use a single subscript notation; i e , 

L hf = L f H L dd = L d H L qq = L q H (4 13) 

4 3 3 Stator mutual inductances 

The phase-to-phase mutual inductances are functions of 8 but are symmetric, 

L ab = Lba = ~M S - L m COS 2(0 + 7T/6) H 

L bc = L ch = -M, - L m cos 2(8 - x/2) H 

L ca = L ac = -M, - L m cos 2(8 + 5x/6) H (4 14) 

where [ M, | > L m Note that signs of mutual inductance terms depend upon assumed 
current directions and coil orientations 

4 3 4 Rotor mutual inductances 

The mutual inductance between windings F and D is constant and does not vary 
with 6 The coefficient of coupling between the d and q axes is zero, and all pairs of 
windings with 90° displacement have zero mutual inductance Thus 

Lfd = L df = M r H L fq = L Qf = 0 H L dq = L qd = 0 H (4 15) 

4 3,5 Stator-to-rotor mutual inductances 

Finally, we consider the mutual inductances between stator and rotor windings, all 
of which are functions of the rotor angle 9. From the phase windings to the field wind¬ 
ing we write 

L-aF - L fa = M f cos 0 H 

= ^Fb = cos (8 - 2x/3) H 
L lf = L Fc = M f cos (8 + H 

Similarly, from phase windings to damper winding D we have 


(4 16) 
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LaD = I-Da = Mp COS 6 FI 

L bD = l D b = M d cos(8 - 2x/3) H 

L cD = L Dc = MpCOs{8 + 2x/3) H (4.17) 

and finally, from phase windings to damper winding Q we have 

L aQ = L Qa = M Q Sm 8 FI 

L bQ = L Qb = M Q sin(8 - 2x/3) H 

L cQ = L Q( = M Q s\n(8 + 2x/3) H (4 18) 

The signs on mutual terms depend upon assumed current directions and coil orienta¬ 
tion 


4 .3 6 Transformation of inductances 

Knowing all inductances in the inductance matrix (4 11), we observe that nearly 
all terms in the matrix are time varying, since 8 is a function of time Only four of 
the off-diagonal terms vanish, as noted in equation (4 15) Thus in voltage equations 
such as (4 1) the X term is not a simple Li but must be computed as X = Li + Li, 

We now observe that (4 11) with its time-varying inductances can be simplified by 
referring all quantities to a rotor frame of reference through a Park’s transformation 
(4 5) applied to the a-b-c partition We compute 

p •im fp oir Lflfl lJFp - 1 o][p oju’ 

(4 19) 

0 U3 A fdq 0 O3 L R a 0 U3 0 U3 \fdq 


where L aa = stator-stator inductances 
L a *,L* 0 = stator-rotor inductances 
L rr = rotor-rotor inductances 

Equation (4 19) is obtained by premultiplying (4 11) by 

Tp 0 1 


where P is Park’s transformation and U 3 is the .3 x .3 unit matrix Performing the 
operation indicated in (4 19), we compute 



where we have defined the following new constants, 


(4 20) 


L d = L s + M s + (.3/2)H L, q = L s + M s - (.3/2 )L m H 
L 0 = L s - 2M S H k = \/372 


(4.21) 
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In (4 20) \ d is the flux linkage in a circuit moving with the rotor and centered on the 
d axis Similarly, A ? is centered on the q axis. Flux linkage A 0 is completely uncoupled 
from the other circuits, as the first row and column have only a diagonal term 

It is important also to observe that the inductance matrix of (4 20) is a matrix of 
constants This is apparent since all quantities have only one subscript, thus conforming 
with our notation for constant inductances The power of Park’s transformation is that 
it removes the time-varying coefficients from this equation This is very important 
We also note that the transformed matrix (4 20) is symmetric and therefore is physically 
realizable by an equivalent circuit This was not true of the transformation used by 
Park [10, 11], where he let \ 0dq = Qv ok with Q defined as 



1/2 

1/2 

1/2 

Q = 2/3 

COS0 

cos(0 — 2ir/3) 

cos(0 + 27 t/3) 


-sin d 

-sin (6 - 2tt/3) 

-sin(0 -f 27 t/,3) 


Other transformations are found in the literature The transformation (4 22) is not a 
power-invariant transformation and does not result in a reciprocal (symmetric) in¬ 
ductance matrix This leads to unnecessary complication when the equations are nor¬ 
malized , 

4 4 Voltage Equations 

The generator voltage equations are in the form of (4 1) Schematically, the cir¬ 
cuits are shown in Figure 4 2, where coils are identified exactly the same as in Fig¬ 
ure 4 1 and with coil terminations shown as well Mutual inductances are omitted 
from the schematic for clarity but are assumed present with the values given in Sec¬ 
tion 4 3. Note that the stator currents are assumed to have a positive direction flowing 
out of the machine terminals, since the machine is a generator For the conditions in¬ 
dicated we may write the matrix equation 

v = -ri - A + v„ 



Fig. 4 2 Schematic diagram of a synchronous machine 
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where we define the neutral voltage contribution to v abc as 


i i r 
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_4__ 


(4 23) 


= - Rn i a bc ~ L n \ abt V (4 24) 

If> 0 = r b = r t = r, as is usually the case, we may also define 

R obc = rU 3 ft (4.25) 

where U 3 is the 3x3 unit matrix, and we may rewrite (4.23) in partitioned form as 
follows: 


where 


abc 



0 




1 

>"■ 

Q 

cr 

VfDQ 


0 



IfDQ 


Xf0£> 



~-vJ 


h 

! 

X, 

Vfdq — 

0 

ifDQ ~ 

l D 

XfDg * 

Xo 


_° J 


JQ-i 


_X?_ 


(4 26) 


(4.27) 


Thus (4 26) is complicated by the presence of time-varying coefficients in the A term, 
but these terms can be eliminated by applying a Park’s transformation to the stator 
partition This requires that both sides of (4 26) be premultiplied by 


P O' 

0 u 3 . 


By definition 


p 

0 

V abc 


V 0 dq 

0 


?FDQ_ 


?FDQ_ 


(4 28) 


for the left side of (4 26) For the resistance voltage drop term we compute 
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(4 29) 


The second term on the right side of (4 26) is transformed as 


P 

0 


Xflfec 


P X a bc 

0 

U 3 


XfDQ 


\FDQ 


V 


(4 30) 


We evaluate PX o6c by. recalling the definition (4 7), \ odq = P\ abc , from which we com¬ 
pute \ odq = P\ abl + P\ abc . Then 


PXofcc — \f d q ~ PXgbc — Xq dq — PP * X 


'0 dq 


V 


We may show that 


( 4 . 31 ) 



"0 

0 

0" 

Xo 


r°i 
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(4 32) 


which is the speed voltage term 

Finally, the third term on the right side of (4 26) transforms as follows: 


p 

0 

V 


Tv; 


n 0rf<7 

0 

U 3_ 

0 


° j 


0 


(4 33) 


where by definition n 0rf? is the voltage drop from neutral to ground in the 0-d-q co¬ 
ordinate system Using (4 24), we compute 


n o dq = Pv„ = -PR„P 'PU - PL„P-«pL = -PR n P 'i 0 ^ - PL„P ‘i 


'Odq 


3 'Jo 


3 T„/o 

0 

- 

0 

_ 0 _ 


_ 0 


(4 34) 


and observe that this voltage drop occurs only in the zero sequence, as it should 
Summarizing, we substitute (4 28)-(4 31) and (4 33) into (4 26) to write 
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(4 35) 


Note that all terms in this equation are known The resistance matrix is diagonal 

For balanced conditions the zero-sequence voltage is zero To simplify the nota¬ 
tion, let 
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Then for balanced conditions (4.35) may be written without the zero-sequence equa¬ 
tion as 


Vdq 
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XfDQ 


(4 36) 


4.5 Formulation of State-Space Equations 

Recall that our objective is to derive a set of equations describing the synchronous 
machine in the form 

x = f(x,u, t) (4 37) 

where x = a vector of the state variables 
u = the system driving functions 
f = a set of nonlinear functions 

If the equations describing the synchronous machine are linear, the set (4,37) is 
of the well-known form 

x = Ax + Bu (4 38) 

Examining (4 35), we can see that it represents a set of first-order differential equa¬ 
tions We may now put this set in the form of (4.37) or (4 38), i e , in state-space form 
Note, however, that (4 35) contains flux linkages and currents as variables Since these 
two sets of variables are mutually dependent, we can eliminate one set to express 
(4.35) in terms of one set of variables only Actually, numerous possibilities for the 
choice of the state variables are available We will mention only two that are common: 
(1) a set based on the currents as state variables; ie, x' = [i d i q i f i D Iq], which has the 
advantage of offering simple relations between the voltages v d and v q and the state 
variables (through the poweT network connected to the machine terminals) and (2) a 
set based on flux linkages as the state variables, where the particular set to be chosen 
depends upon how conveniently they can be expressed in terms of the machine currents 
and stator voltages Here we will use the formulation x' = [X rf X 9 X F X D X e ] 


4 6 Current Formulation 


Starting with (4 35), we can replace the terms in X and X by terms in i and i as fol¬ 
lows The X term has been simplified so that we can compute its value from (4 20), 
which we rearrange in partitioned form Let 


Xo</ ? 

X FDQ 


-'0 dq 


■‘FDQ 


‘Odq 


'FDQ 


Wb turns 


where L‘ m is the transpose of L m But the inductance matrix here is a constant ma¬ 
trix, so we may write X = Li V, and the X term behaves exactly like that of a passive 
inductance Substituting this result into (4.35), expanding to full 6x6 notation, and 
rearranging, 
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(4 39) 

where k = y/%Jl as before A great deal of information is contained in (4.39). 

First, we note that the zero-sequence voltage is dependent only upon i 0 and / 0 This 
equation can be solved separately from the others once the initial conditions on i 0 
are given The remaining five equations are all coupled in a most interesting way. 
They are similar to those of a passive network except for the presence of the speed 
voltage terms These terms, consisting of o>A or coLi products, appear unsymmetrically 
and distinguish this equation from that of a passive network Note that the speed 
voltage terms in the d axis equation are due only to q axis currents, viz , i q and i Q Simi¬ 
larly, the q axis speed voltages are due to d axis currents, i d , and i D Also observe 
that all the terms in the coefficient matrices are constants except w, the angular velocity 
This is a considerable improvement over the description given in (4 23) in the a-b-c 
frame of reference since nearly all inductances in that equation were time varying The 
price we have paid to get rid of the time-varying coefficients is the introduction of speed 
voltage terms in the resistance matrix. Since oj is a variable, this causes (4 39) to be 
nonlinear If the speed is assumed constant, which is usually a good approximation, 
then (4.39) is linear In any event, the nonlinearity is never great, as u is usually 
nearly constant 

4, 7 Per Unit Conversion 

The voltage equations of the preceding section are not in a convenient form for en¬ 
gineering use One difficulty is the numerically awkward values with stator voltages in 
the kilovolt range and field voltage at a much lower level This problem can be solved 
by normalizing the equations to a convenient base value and expressing all voltages in 
pu (or percent) of base (See Appendix C ) 

An examination of the voltage equations reveals the dimensional character shown 
in Table 4 1, where all dimensions are expressed in terms of a v-i-t (voltage, current, 
time) system. [These dimensions are convenient here. Other possible systems are 
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FLtQ (force, length, time, charge) and MLtp. (mass, length, time, permeability) ] Ob¬ 
serve that all quantities appearing in (4 39) involve only three dimensions.. Thus if we 
choose three base quantities that involve all three dimensions, all bases are fixed for all 
quantities For example, if we choose the base voltage, base current, and base time, by 
combining these quantities according to column 4 of Table 4 1, we may compute base 
quantities for all other entries Note that exactly three base quantities must be chosen 
and that these three must involve all three dimensions, v, i, and t. 


Table 4.1. Electrical Quantities, Units, and Dimensions 


Quantity 

Symbol 

Units 

v-i-t 

Dimensions 

Relationship 

Voltage 

V 

volts (V) 

[V] 


Current 

i 

amperes (A) 

m 


Power or voltamperes 

p or S 

watts (W) 
voltamperes (VA) 

[vi} 

p = vi 

Flux linkage 

A 

weber turns (Wb turns) 

ivt 1 

v = A 

Resistance 

r 

ohm (fi) 

[v/i] 

v = ri 

Inductance 

L or M 

henry (H) 

[ Vt/i ] 

v = Li 

Time 

t 

second (s) 

it) 


Angular velocity 

u 

radians per second 

[1 /*] 



(rad/s) 



Angle 

6 or 5 

radian (rad) 

dimensionless 



4 7 1 Choosing a base for stator quantities 

The variables v d , v q , i d , i q , \ d , and A ? are stator quantities because they relate di¬ 
rectly to the a-b-c phase quantities through Park’s transformation (Also see Rankin 
[15], Lewis [12] and Harris et al [9] for a discussion of this topic ) Using the subscript 
B to indicate “base” and R to indicate “rated,” we choose the following stator base 
quantities 

Let S B = S R = stator rated V A/phase, VA rms 

V B = V R = stator rated line-to-neutral voltage, V rms 

co B = a) R = generator rated speed, elec rad/s (4 40) 

Before proceeding further, let us examine the effect of this choice on the d and q axis 
quantities 

First note that the three-phase power in pu is three times the pu power per phase 
(for balanced conditions) To prove this, let the rms phase quantities be V[a V and 
//7 A. The three-phase power is 3 VI cos (a - 7 )W The pu power is given by 

P 3 * = (3K//k' B / B )cos(a: - 7 ) = 3F„/ u cos(a - 7 ) (4 41) 

where the subscript u is used to indicate pu quantities. To obtain the d and q axis 
quantities, we first write the instantaneous phase voltage and currents. To simplify the 
expression without any loss of generality, we will assume that v a (t) is in the form, 

v a = K m sin(0 + or) = V2Vsin(0 + a) V 
v b = y/iV sin ((9 + a - 2tt/3) V 

v c = y/2V sin(0 + a + 2tt/3) V (4.42) 


Then from (4.5), = P\ abc or 
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~v Q ~ 


0 

V d 

= 

a/3 V sin a 

J4_ 


Vl Fcosa 


In pu 
Similarly, 
Obviously, then 


o du - V d /V B = \/3(K/K b ) sin a = \/3V u sin a 
v qu = - n /3 V u cos a 
Vdu + v 2 gu = 3 Vl 


(4 43) 

(4 44) 
(4 45) 

(4 46) 


The above results are significant They indicate that with this particular choice of the 
base voltage, the pu d and q axis voltages are numerically equal to \/3 times the pu 
phase voltages. 

Similarly, we can show that if the rms phase current is 1 jy A, the corresponding d 
and q axis currents are given by, 


(4 47) 


z o 


“ 0 

id 

= 

\/3 / sin 7 

A. 


y/l / cos 7 


and the pu currents are given by 

i du = V3/ U sin7 i = \/3/ u cosy 


(4 48) 


To check the validity of the above, the power in the d and q circuits must be the 
same as the power in the three stator phases, since P is a power-invariant transfor¬ 
mation. 


Pit = LVd,, + i qu Vqu = 3/„ V u (sin a sin 7 + cos a cos 7 ) 

= 3 / u V u cos (a - 7 ) pu (4 49) 

We now develop the relations for the various base quantities From (4 40) and 
Table 4 1 we compute the following: 

7b = Fg = 5 r /K r A rms f B = l/a> B = l/co R s 

= “ ^r/^r = 7 B / B Wb turn 

Pb = K/Is = ^r/4 ® 7. B = V B t s /I B = V R /I R o) R H (4 50) 

Thus by choosing the three base quantities S B , V B , and / B , we can compute base” 
values for all quantities of interest 

To normalize any quantity, it is divided by the base quantity of the same dimension. 
For example, for currents we write 

i u = f(A)// B (A) pu (4 51) 


where we use the subscript u to indicate pu Later, when there is no danger of ambiguity 
in the notation, this subscript is omitted 
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4 7 2 Choosing a base for rotor quantities 

Lewis [ 12] showed that in circuits coupled electromagnetically, which are to be nor¬ 
malized, it is essential to select the same voltampere and time base in each part of the 
circuit (See Appendix C for a more detailed treatment of this subject) The choice 
of equal time base throughout all parts of a circuit with mutual coupling is the impor¬ 
tant constraint It can be shown that the choice of a common time base t B forces the 
VA base to be equal in all circuit parts and also forces the base mutual inductance to be 
the geometric mean of the base self-inductances if equal pu mutuals are to result; i.e., 
M l2B = (7 ib7 2 b) 1/2 (See Problem 4 18 ) 

For the synchronous machine the choice of S B is based on the rating of the stator, 
and the time base is fixed by the rated radian frequency These base quantities must be 
the same for the rotor circuits as well It should be remembered, however, that the 
stator VA base is much larger than the VA rating of the rotor (field) circuits Hence 
some rotor base quantities are bound to be very large, making the corresponding pu 
rotor quantities appear numerically small Therefore, care should be exercised in the 
choice of the remaining free rotor base term, since all other rotor base quantities will 
then be automatically determined There is a choice of quantities, but the question is. 
Which is more convenient? 

To illustrate the above, consider a machine having a stator rating of 100 x 10 6 VA/ 
phase Assume that its exciter has a rating of 250 V and 1000 A If, for example, we 
choose / RB = 1000 A, V RB will then be 100,000 V; and if we choose K RB = 250 V, then 
/ RB will be 400,000 A. 

Is one choice more convenient than the other? Are there other more desirable 
choices? The answer lies in the nature of the coupling between the rotor and the stator 
circuits It would seem desirable to choose some base quantity in the rotor to give the 
correct base quantity in the stator For example, we can choose the base rotor current 
to give, through the magnetic coupling, the correct base stator flux linkage or open 
circuit voltage Even then there is some latitude in the choice of the base rotor current, 
depending on the condition of the magnetic circuit 

The choice made here for the free rotor base quantity is based on the concept of 
equal mutual flux linkages This means that base field current or base d axis amortisseur 
current will produce the same space fundamental of air gap flux as produced by base 
stator current acting in the fictitious d winding 

Referring to the flux linkage equations (4 20) let i d = / B , i f = 4 B > aR d 4 = 4 b 
be applied one by one with other currents set to zero If we denote the magnetizing 
inductances ( 4 = leakage inductances) as 

L md =L d -i d H L mq H 

= L F - 4 f H I. mQ = L q - £ q H 
L mD ±L D -l D U (4.52) 

and equate the mutual flux linkages in each winding, 


7 md 7b 

k Mf If B = k M D I D B 

Wb 

^ mq - 

7 mqh “ k4/ c / eB 

Wb 


= k M f J R 

= 7 m f 4 B = I D B 

Wb 

\ mQ = 

\cMqI b = 7 m g/g B 

Wb 


- kA44 

= M R / f B =-- 7 mD ! d B 

Wb 




(4.53) 


Then we can show that 
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L<nJ\ ~ B = = kM F I B I FB = kM 0 / B / 0B = M R I fB I DB 

Lmql\ = k MqI b Iq & = L„,qIq B (4 54) 

and this is the fundamental constraint among base currents 
From (4 54) and the requirement for equal S B , we compute 

^b/^b = la/ha ’ = kM^/T,^ = ^ mF jkM F = M R fkM D = k F 

VdbIVr = /.// M - ( i m o/L md y' 2 = kM D jL md = L mD /kM D = M R /kM F t k D 

^b/^b = Ir/Iqr = = kM Q /L, mq = L m QfkMq = k Q (4 55) 

These basic constraints permit us to compute 

RfB = k 2 F R B ft Rdb = k 2 D R B Q Rqb = ^qR b ft 

E FB = k\L B H E DB = k\,L B H Eq B = EqL b H (4 56) 

and since the base mutuals must be the geometric mean of the base self-inductances 
(see Problem 4 18), 

M FB = kfL B H Md b = k D L B H Mq B — kqL B H M RB = k F k D L B H 

(4 57) 


4.7,3 Comparison with other per unit systems \ 

The subject of the pu system used with synchronous machines has been contro¬ 
versial over the years. While the use of pu quantities is common in the literature, it is 
not always clear which base quantities are used by the authors Furthermore, synchro¬ 
nous machine data is usually furnished by the manufacturer in pu Therefore it is 
important to understand any major difference in the pu systems adopted Part of 
the problem lies in the nature of the original Park’s transformation Q given in (4 22) 
This transformation is not power invariant; i e , the three-phase power in watts is given 
by Pabc = 1 5 (i d v d + i q v q ) Also, the mutual coupling between the field and the stator 
d axis is not reciprocal When the Q transformation is used, the pu system is chosen 
carefully to overcome this difficulty. Note that the modified Park’s transformation P 
defined by (4 5) was chosen specifically to overcome these problems 

The system most commonly used in the literature is based on the following base 
quantities: 

S B = three-phase rated VA 

V B = peak rated voltage to neutral 

I B = peak rated current 

and with rotor base quantities chosen to give equal pu mutual inductances This leads 
to the relations 

I FB = V2(L md /M f )l B V FB = (3/V2 ){M F jL md )V B 
This choice of base quantities, which is commonly used, gives the same numerical 
values in pu for synchronous machine stator and rotor impedances and self-inductances 
as the system used in this book. The pu mutual inductances differ by a factor of \/.3/2. 
Therefore, the terms k M f used in this book are numerically equal to M f in pu as found 
in the literature The major differences lie in the following: 

1.. Since the power in the d and q stator circuits is the three-phase power, one pu cur¬ 
rent and voltage gives three pu power in the system used here and gives one pu power 
in the other system 
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2 In the system used here v] u + v] u = 3K 3 , while in the other system v 2 du + u 2 qu = 
V 2 , where V u is the pu terminal voltage. 

The system used here is more appealing to some engineers than that used by the 
manufacturers [9, 12], However, since the manufacturers’ base system is so common, 
there is merit in studying both 


Example 4 l 

Find the pu values of the parameters of the synchronous machine for which the fol¬ 
lowing data are given (values are for an actual machine with some quantities, denoted 
by an asterisk, being estimated for academic study): 


Rated MVA = 160 MVA 
Rated voltage = 15 kV, Y connected 
Excitation voltage = 375 V 
Stator current = 6158 40 A 
Field current = 926 A 
Power factor = 0 85 

L d = 6 341 x 10 “ 5 H 
L f = 2 189 H 
L d = 5 989 x 10 - 3 H* 
L a = 6 118 x IQ " 3 H 


l Q = 1 423 x 10- 3 H* 
£ d = ■£ 9 (unsaturated) = 0 5595 x 10“ 3 H 
kM D = 5 782 x 10- 3 H* 
k M q = 2 779 x 10~ 3 H* 
r( 125°C) - 1.542 x 10~ 3 U 
r F { 125°C) = 0 371 Q 

r D = 18.421 x 10- 3 tt* 
r Q = 18 969 x 10" 3 ft* 
Inertia constant = 1.765 kW s/hp 


From the no-load magnetization curve, the value of field current corresponding to the 
rated voltage on ihe air gap line is 365 A 

Solution 

Stator Base Quantities: 


S B = 160/3 = 53.333.3 MVA/phase 
V B = 15000/V3 = 8660 25 V 
I B = 6158 40 A 
t B = 2 6526 x lO " 3 s 

X B = 8660 x 2 65 x 10 " 3 = 22 972 Wb turn/phase 
R b = 8660 25/6158 40 = 1.406 ft 
L B = 8660/(377 x 6158) = 3..730 x 10 “ 3 H 
L md = L d -l d = (6 341 - 0 5595) 10 - 3 - 5.79 x 10 “ 3 H 

To obtain M f , we use (4.11), (4.16), and (4 23) At open circuit the mutual in¬ 
ductance L af and the flux linkage in phase a are given by 


L aF = M f cos 6 = i F M F cos 6 


The instantaneous voltage of phase a is v a = if<j) R M F sin Q, where w R is the rated syn¬ 
chronous speed Thus the peak phase voltage corresponds to the product i F oj R M F .. 
From the air gap line of the no-load saturation curve, the value of the field current at 
rated voltage is 365 A Therefore, 

M f = 8660 V2/(377 x 365) = 89.006 x 10 " 3 H 
k M f = VJ/2 X 89 006 X 10 " 3 = 109 01 x 10 “ 3 H 

Then/c f = k M f /L md = 18 854 

Then we compute, from (4 55)—(4 57), 

I FB = 6158.4/18.854 = 326.64 A 
M fb = 18 854 x 3.73 x 10 “ 3 = 70 329 x 10 " 3 H 
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V FB = (5 3 3 3 x 10 6 )/326 64 = 163280 68 V 
R FS = 163280 68/326 64 = 499 89 fl 
I, B = (18 845) 2 x 3 73 x 10 - 3 = 1.326 H 
Amortisseur Base Quantities (estimated for this example): 

k M D /L. md = 5.781/5 781 = 1.00 L D b = Eb H 

M= L B H Rd b = Rr 12 

k M Q jl mq = 2 779/5 782 = 0 5 7? eB = /? B / 4 = 0 352 Q 

L QB = L B /4 = 0 933 X 10 - 3 H 
Inertia Constant: 

77 = 1.765(1 0/0 746) = 2 .37 kW s/kVA 
The pu parameters are thus given by: 

L d = 6 .34/3.7.3 = 1.70 
L f = 2 189/1 326 = 1 651 
T-o = 5.989/3 730 = 1 605 
l d = %„ = 0 5595/3.73 = 0.15 
7. ? = 6 118/3.73 = 1 64 
L q = 1 42.3/0.9.3.3 = 1 526 
L ad = k M d = kM, = M* = 1.70 - 0.15 = 1.55 
L aq = kM e = 1 64 - 0 15 = 1 49 
r = 0 001542/1 406 = 0 001096 
r f = 0 371/499 9 = 0 000742 
r D = 0 018/1 406 = 0 01.31 

= 18 969 x 10 _3 /0 .351 = 0 0540 
The quantities L AD and L AQ are defined in Section 4 11 

4 7,4 The correspondence of per unit stator EMF to rotor quantities 

We have seen that the particular choice of base quantities used here gives pu values 
of d and q axis stator currents and voltages that are VT times the rms values We also 
note that the coupling between the d axis rotor and stator involves the factor k = a/ 3/2, 
and similarly for the q axis For example, the contribution to the d axis stator flux link¬ 
age \ d due to the field current i f is k M F i F and so on In synchronous machine 
equations it is often desirable to convert a rotor current, flux linkage, or voltage to an 
equivalent stator EMF These expressions are developed in this section. 

The basis for converting a field quantity to an equivalent stator EMF is that at open 
circuit a field current i F A corresponds to an EMF of i F a> R M F V peak If the rms 
value of this EMF is E, then i F u> R M F = y/lE and / f o> R kA/ f = -\/3 £ in MKS units 2 

2. The choice of symbol for the EMF due to i f is not clearly decided The American National Stan¬ 
dards Institute (ANSI) uses the symbol E, [16J. A new proposed standard uses£ a y[17]. The International 
Electrotechnical Commission (IEC) in a discussion of [17], favors E q for this voltage The authors leave 
this voltage unsubscripted until a new standard is adopted 
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Since M F and o> R are known constants for a given machine, the field current corresponds 
to a given EMF by a simple scaling factor Thus £ is the stator air gap rms voltage in 
pu corresponding to the field current i F in pu 

We can also convert a field flux linkage X F to a corresponding stator EMF At 
steady-state open circuit conditions X F = L f i f , and this value of field current i f , when 
multiplied by id r M f , gives a peak stator voltage the rms value of which is denoted by 
£'. We can show that the d axis stator EMF corresponding to the field flux linkage X f 
is given by 

X,(o. R k M f /L f ) = V3 E' (4.58) 

By the same reasoning a field voltage v F corresponds (at steady state) to a field cur¬ 
rent v F lr f This in turn corresponds to a peak stator EMF (v F /r F ) u R M F , If the rms 
value of this EMF is denoted by E fD , the d axis stator EMF corresponds to a field volt¬ 
age v F or 

(v F /r F )u R kM f = VT E fd (4.59) 


4.8 Normalizing the Voltage Equations 

Having chosen appropriate base values, we may normalize the voltage equations 
(4 39) Having done this, the stator equations should be numerically easier to deal with, 
as all values of voltage and current will normally be in the neighborhood of unity For 
the following computations we add the subscript u to all pu quantities to emphasize 
their dimensionless character Later this subscript will be omitted when all values have 
been normalized 

The normalization process is based on (4 51) and a similar relation for the rotor, 
which may be substituted into (4 39) to give 



T-o + 3 L„ 

0 

0 

0 

0 

0 


0 

A# 

0 

kA7 f 

kM D 

0 

l dul B 

0 

0 


0 

0 

k M q 

'qu 

0 

k M f 

0 

Lf 

M r 

0 

hu h B 

0 

k M d 

0 

M r 

L d 

0 

iDu^DH 

0 

0 

kA7 0 

0 

0 

Lq 

1 q u Iqb 


(4 60) 


where the first three equations are on a stator base and the last three are on a rotor base 
Examine the second equation more closely. Dividing through by V B and setting 
a) = o) u co R , we have 
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V du r v idu VuWfrLq i qu — a> u <a R k Mq -25. 

y B y B V B 


L d jr L - kM f ^ i fu - k M d ^5 i Du pu (4 61) 


Incorporating base values from (4 50), we rewrite (4 61) as 
= - j- hu ~ <* u y- V - <*>* ^ ^^qIqu - - L 

■*' B *-R Vn WdLd 


kM f oj R / fB k M d o) r / db ; 

Wp V D Fu o! d F„ Du P (4 62) 


w R F B o) R F B 

We now recognize the following pu quantities 

T u = r /Rs i-du = A/Mb = M f u) R I fB /V B 

Lqu = L q /L B M Du = M d o) r I db / F b Mq u = M Q co R l QB /V s 


(4 63) 


Incorporating (4 63), the axis equation (4 62) may be rewritten with all values except 
time in pu; i.e , 

^du ~ ~ r uidu ~~ L. qu i qu — k <*> u Mq u Iq u — — i du — k —— i fu — k —— i Du (4 64) 

U) R co R co R 

The third equation of (4 60) may be analyzed in a similar way to write 

L M 

v ou = UuLdJdu - r u i qu + v u kM fu i fu + co„k M Du i Du - - i qu - k — q - i Qu pu (4 65) 

a> R C0 R 

where all pu coefficients have been previously defined The first equation is uncoupled 
from the others and may be written as 

„ _ r + . L q + 3 L„ 

U 0u - rj l 0u — } '0u 

k b WrZ. b 

= -('' + 3r n ) a i 0u - ^ {L 0 + 3I„) U i 0u pu (4 66) 

If the currents are balanced, it is easy to show that this equation vanishes. 

The fourth equation is normalized on a rotor basis and may be written from (4 60) 


»v - r , /. + y w R^b ■ . L f co R I fB : M r co r / ob ; 

Vfu r f hu + K -rr- ldu + — lfu + -— hu pu 

y FB V FB 'FB W R 'FB 

We now incorporate the base rotor inductance to normalize the last two terms as 

L fu = L F /L f Q M Ru = M R /M RR 

The normalized field circuit equation becomes 

V — r i I ^ Mp u j . L>Fu - . M Ru : 

u Fu ~ ' Fu l Fu - l du + - l Fu '- 1 Du 

U) R W R 


(4 67) 


(4 68 ) 


(4 69) 


The damper winding equations can be normalized by a similar procedure The 
following equations are then obtained, 


Vnu — 0 - + 


M„„ ; Ln.. 


l du + - If.,, + 


(4 70) 
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• . kMq u : Lq u : 

VQu = 0 = fQulQu + - -- l qu + 7~ l Qu 

CiJr CO R 


(4 71) 


These normalized equations are in a form suitable for solution in the time domain with 
time in seconds However, some engineers prefer to rid the equations of the awkward 
l/to R that accompanies every term containing a time derivative This may be done by 
normalizing time We do this by setting 

-L = A. (4 72) 

o? R dt dr 

where 

r = w R r (4.73) 

is the normalized time in rad 

Incorporating all normalized equations in a matrix expression and dropping the 
subscript u since all values are in pu, we write 


r 

0 

0 

! 

a>k M~ q 

id 

0 

r F 

0 

\ 0 

0 

h 

0 

0 

r D 

! 0 

0 

i[) 

•<3 

-4 

3 

1 

— uikMf 

-u)kMp 

i 

' r 

i 

0 


0 

0 

0 

[ 0 

r Q 

i<Q 


Ld 

kM f 

kMp 

1 

1 

0 

0 

i d 

kM f 

Lf 

Mr 

1 

1 

0 

0 

i f 

k M D 

m r 

L-d 

1 

1 

J- 

0 

0 

Id 

0 

0 

0 

1 

1 

Lq 

k M q 

4 

0 

0 

0 

1 

1 

k M q 

Lq _ 

Jq_ 


(4.74) 


where we have omitted the u 0 equation, since we are interested in balanced system con¬ 
ditions in stability studies, and have rearranged the equations to show the d and q cou¬ 
pling more clearly It is important to notice that (4 74) is identical in notation to (4 39) 
This is always possible if base quantities are carefully chosen and is highly desirable, as 
the same equation symbolically serves both as a pu and a “system quantity ’ equation 
Using matrix notation, we write (4 74) as 

v = -(R + toN) i - Li pu (4 75) 

where R is the resistance matrix and is a diagonal matrix of constants, N is the matrix 
of speed voltage inductance coefficients, and L is a symmetric matrix of constant in¬ 
ductances. If we assume that the inverse of the inductance matrix exists, we may write 

i = -L -1 (R + coN)i - L”‘v pu (4 76) 

This equation has the desired state-space form It does not express the entire system be¬ 
havior, however, so we have additional equations to write 

Equation (4.76) may be depicted schematically by the equivalent circuit shown in 

















102 


Chapter 4 



Fig 4 3 Synchronous generator d-q equivalent circuit 


Figure 4 3. Note that all self and mutual inductances in the equivalent circuit are con¬ 
stants, and pu quantities are implied for all quantities, including time Note also the 
presence of controlled sources in the equivalent These are due to speed voltage terms 
in the equations 

Equation (4 74) and the circuit in Figure 4 3 differ from similar equations found i*n 
the literature in two important ways In this chapter we use the symbols L and M for 
self and mutual inductances respectively Some authors and most manufacturers refer 
to these same quantities by the symbol x or X This is sometimes confusing to one 
learning synchronous machine theory because a term XI that appears to be a voltage 
may be a flux linkage The use of X for L or M is based on the rationale that is nearly 
constant at 10 pu so that, in pu, X = c oL ^ L However, as we shall indicate in the 
sections to follow, cu is certainly not a constant; it is a state variable in our equations, 
and we must treat it as a variable Later, in a linearized model we will let a> be ap¬ 
proximated as a constant and will simplify other terms in the equations as well 

For convenience of those acquainted with other references we list a comparison of 
these inductances in Table 4 2. Here the subscript notation kd and kq for D and Q re¬ 
spectively is seen These symbols are quite common in the literature in reference to the 
damper windings 


Table 4.2. Comparison of Per Unit Inductance Symbols 


Chapter 4 L d L q L F L D L Q k M f M R k M D k M Q 

Kimbark [2] L d L q L ff L gg M f M g 

Concordia [1] x d x q x ff x kdd x kqq x of Xjkd x okd x akq 


Example 4.2 

Consider a 60-Hz synchronous machine with the following pu parameters: 


L d = 1 70 
L q = 1 64 
L f = 1 65 
L D = 1 605 
L q = 1 526 

k Mp = M r = k M D = 1 55 
% d = i q = 0 15 


\lM q = 1 49 
r = 0 001096 
r f = 0 000742 
r D = 00131 
r Q = 0 0540 
H = 2 37 s 
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4 9 Normalizing the Torque Equations 

In Chapter 2 the swing equation 

.16 = (2 J/p)6> = T a N m (4.77) 

is normalized by dividing both sides of the equation by a shaft torque that corresponds 
to the rated three-phase power at rated speed (base three-phase torque) The result of 
this normalization was found to be 
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(2 H/g> k )w = T a pu(30) (4 78) 

where a) = angular velocity of the revolving magnetic field in elec rad/s 
T a = accelerating torque in pu on a three-phase base 
H = ^ R /S B .3 s 

and the derivative is with respect to time in seconds This normalization takes into 
account the change in angular measurements from mechanical to electrical radians and 
divides the equations by the base three-phase torque Equation (4 78) is the swing equa¬ 
tion used to determine the speed of the stator revolving MMF wave as a function of 
time We need to couple the electromagnetic torque T e , determined by the generator 
equations, to the form of (4 78) Since (4 78) is normalized to a three-phase base torque 
and our chosen generator VA base is a per phase basis, we must use care in combining 
the pu swing equation and the pu generator torque equation Rewriting (4 78) as 

(2H/co B )cb = T m - T t pu(30) (4.79) 

the expression used for 7 e must be in pu on a three-phase VA base 
Suppose we define 

T t * m P u generator electromagnetic torque defined on a per phase VA base 

= 7,(N m)/(S h /co B ) pu (4 80) 

Then 


= W 3 pu(30) (4 81) 

(A similar definition could be used for the mechanical torque; viz, T m * = 3 7 w Usu¬ 
ally, 7 m is normalized on a three-phase basis) 

The procedure that must be used is clear We compute the generator electromag¬ 
netic torque in N m This torque is normalized along with other generator quantities 
on a basis of S B , V B , / B , and t B to give T e<tl Thus for a fully loaded machine at rated 
speed, we would expect to compute 7^ = 3 0 Equation (4 81) transforms this pu 
torque to the new value T t , which is the pu torque on a three-phase basis 


4 9 1 The normalized swing equation 

In (4 79), while the torque is normalized, the angular speed <o and the time are given 
in MKS units Thus the equation is not completely normalized 
The normalized swing equation is of the form given in (2.66) 



7 - 7 = 

mu 1 eu 


pu 


(4 82) 


where all the terms in the swing equation, including time and angular speed, are in pu 
Beginning with (4 79) and substituting 


t u = 03 B t C0„ = u/co B 

we have for the normalized swing equation 


(4 83) 


thus, when time is in pu, 


2 Hco f 


dco u 

dt.. 


= 7 n 


(4 84) 


Tj = 2//03 B 


(4 85) 
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4 9 2 Forms of the swing equation 

There are many forms of the swing equation appearing in the literature of power 
system dynamics While the torque is almost always given in pu, it is often not clear 
which units of o> and t are being used. To avoid confusion, a summary of the different 
forms of the swing equation is given in this section 

We begin with co in rad/s and t in s, (2H/co B )co = 7 au If t and 7 a are in pu (and 
in rad/s), by substituting t u - co B t in (4 79), 

yL — = 2H — = 7 au pu (4 86) 

dt dt u 


If co and T a are in pu (and t in s), by substituting in (4.79), 


2 ffd(co u co B ) u dco u , T 

-T- = ztf — = l au pu 

co B dt dt 


If t, co, and 7 are all in pu, 


_ „ d co u dco u T 

2H “‘ T - pu 


If co is given in elec deg/s, (4.79) and (4 86) are modified as follows: 

H dco _ T nu 
j. ~ ' au P U 


180/ b dt 
7 tH dco , T 

WdT’ r “ pu 


(4.87) 

(4.88) 

(4.89) 
(4 90) 


It would be tempting to normalize the swing equation on a per phase basis such 
that all terms in (4.79) are in pu based on S B rather than S B3 . This could indeed be 
done with the result that all values in the swing equation would be multiplied by three 
This is not done here because it is common to express both 7 m and T e in pu on a three- 
phase base Therefore, even though S B is a convenient base to use in normalizing the 
generator circuits it is considered wise to convert the generator terminal power and 
torque to a three-phase base S Bi to match the basis normally used in computing the 
machine terminal conditions from the viewpoint of the network (e g , in load-flow stud¬ 
ies) Note there is not a similar problem with the voltage being based on V B , the 
phase-to-neutral voltage, since a phase voltage of k pu means that the line-to-line volt¬ 
age is also k pu on a line-to-line basis 


4 10 Torque and Power 

The total three-phase power output of a synchronous machine is given by 

Pout - v a i a + u b i b + v c i c = y' ab X b c pu (4 91) 

where the superscript t indicates the transpose of v abc But from (4.8) we may write 
\ abc = p- 1 i 0(/? with a similar expression for the voltage vector Then (4 91) becomes 

Pout = v 0d?(P P \dq 

Performing the indicated operation and recalling that P is orthogonal, we find that 
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the power output of a synchronous generator is invariant under the transformation P; 
i e , 

Pout = v d i d + v q i q + iy 0 (4.92) 

For simplicity we will assume balanced but not necessarily steady-state conditions 
Thus v 0 = i 0 = 0 and 

Pout “ v Jd + v q i q (balanced condition) (4 93) 

Substituting for v d and v q from (4 36), 

fl»t (*A + iq\) + (iq Arf - i d \)u - r(i 2 d + £) (4.94) 

Concordia [1] observes that the three terms are identifiable as the rate of change of 
stator magnetic field energy, the power transferred across the air gap, and the stator 
ohmic losses respectively.. The machine torque is obtained from the second term, 

7 *+ = dW M /dd = dP M /du = d/dui [{i q \ d - i d \ q )<a] = i q \ d - i d \ pu (4 95) . 

The same result can be obtained from a more rigorous derivation Starting with 
the three armature circuits and the three rotor circuits, the energy in the field is given by 

6 

W* - Z \ (Vji*,) (4 96) 

k.\ 1 
i -1 

which is a function of 8 Then using T = dW u /dd and simplifying, we can obtain 
the above relation (see Appendix B of [ 1 ]) 

Now, recalling that the flux linkages can be expressed in terms of the currents, we 
write from (4.20), expressed in pu, 

^d = L d i d + k M F if + kM D i D \ q = L q i q + k M Q i Q (4 97) 

Then (4.95) can be written as 

i, 


which we recognize to be a bilinear term 

Suppose we express the total accelerating torque in the swing equation as 

7 a=T m - T e J3 - T d = T m - 7 t - T d (4.99) 

where T m is the mechanical torque, T e is the electrical torque, and T d is the damping 
torque It is often convenient to write the damping torque as 

T d = Dec pu (4 100) 

where D is a damping constant Then by using (4 81) and (4.98), the swing equation 
may be written as 



7 ?<t> \f-di q k M/, i q kM D i q ^ I q i d ~ k Mq i d \ 
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(4.101) 


where r y is defined by (4.85) and depends on the units used for <c and t Finally, the 
following relation between 6 and cc may be derived from (4 6) 


5 = o)—l (4 102) 

Incorporating (4 101) and (4 102) into (4 76), we obtain 



(4 103) 


This matrix equation is in the desired state-space form x = f(x,u,r) as given by 
(4.37). It is clear from (4 101) that the system is nonlinear Note that the “inputs” are 
v and T m . 


4 ,11 Equivalent Circuit of a Synchronous Machine 

For balanced conditions the normalized flux linkage equations are obtained from 
(4 20) with the row for \ 0 omitted 



(4.104) 


We may rewrite the d axis flux linkages as 
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Xd — [(L d — •£<*) + 'tdVid + kM f i f + k M D i D 
X f = kM f i d + [(I F — -£p) + ZAh + M R i D 
X D = k M D i d + M R i f + [(L d — -t d ) + 


(4 105) 


where £ d , -£p, and -£ c are the leakage inductances of the d , I, and £> circuits respec¬ 
tively Let i F = i„ = 0, and the flux linkage that will be mutually coupled to the 
other circuits is X d - or (L d - ■i d )i d As stated in Section 4 7 2, L d - -l d is the 
magnetizing inductance L md The flux linkage mutually coupled to the other d axis 
circuits is then L md i d . The flux linkages in the I and D circuits, X f and X D , are given 
in this particular case by X f = kM f i d , and X D = k M D i d From the choice of the base 
rotor current, to give equal mutual flux, we can see that the pu values of L md i d , X f , and 
\ D must be equal Therefore, the pu values of L md , k M f , and k M D are equal This can 
be verified by using (4 57) and (4 55), 


vm - f = F = = / 

Fu ' M fB (k M f /L md )U L B “ 

In pu, we usually call this quantity L AD \ i e., 

Lad = La - = k M, = k M„ pu 

We can also prove that, in pu, 

Lad = Lo ~ - L f - = L d - l 4 = k M f = k M D = M R 

Similarly, for the q axis we define 


i i 

l aq ~ L q 


■Z q = L q - i Q = k M q pu 


(4 106) 


(4 107) 


(4 108) 


(4 109) 


If in each circuit the pu leakage flux linkage is subtracted, the remaining flux linkage 
is the same as for all other circuits coupled to it Thus 


'Xd ~ - X f - -ifif = X D - Zd‘d = X 


AD pu 


(4 110) 


where 


X d o - id(L d —'{’</) + k Mfif + k M D i D - L AD (i d + i f + i D ) pu (4.111) 

Similarly, the pu q axis mutual flux linkage is given by 

Xaq = ( L q - £ q )ig + k MqIq - L AQ (i q + i Q ) (4 112) 

Following the procedure used in developing the equivalent circuit of transformers, we 
can represent the above relations by the circuits shown in Figure 4 4, where we note 
that the currents add in the mutual branch To complete the equivalent circuit, we 



Fig 4 4 Flux linkage inductances of a synchronous machine 
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a)Xq 

Fig 4 5 Direct axis equivalent circuit 


consider the voltage equations 

v d = -ri d - X d - oiX q 

= -ri d ~ tJd ~ K L d - Id)L + k M F i f + kM D i D \ - u>X q 

or 

v d = -ri d - i d i d - L AD {i d + i F + i D ) - uX q (4 113) 

Similarly, we can show that 

-Vf = -r F if - ipif - i AD (id + h + io) (4 114) 

v D = 0 = - r D i D - i D i D - L AD (i d + i f + i D ) (4.115) 

The above voltage equations are satisfied by the equivalent circuit shown in Fig¬ 
ure 4 5 The three d axis circuits (d t F y and D) are coupled through the common mag¬ 
netizing inductance L AD , which carries the sum of the currents i d , i F , and i D The d axis 
circuit contains a controlled voltage source wX q with the polarity as shown 
Similarly, for the q axis circuits 

v q = —r i q - £ q i q - L AQ (i q + i Q ) + <*>X d (4 116) 

Vq = 0 = ~ r qiQ — •£ q 1 q ~ L AQ (i q + ig ) (4 117) 

These two equations are satisfied by the equivalent circuit shown in Figure 4 6 Note 
the presence of the controlled source (ii\ d in the stator q circuit 

4 12 The Flux Linkage State-Space Model 

We now develop an alternate state-space model where the state variables chosen are 
X d , X fJ X D , and A e From (4 110) 

i d = (1 Hd)(X d - X AD ) if = (1 Hf)(X f - X AD ) i D = (1 H D ){X D - X AD ) (4 118) 

but from (4.111) X AD = (i d + i F + i D ) l AD , which we can incorporate into (4 118) to get 
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^Ad(\/LaD + 1 /'id + W'tf + l/'to) = K/'id + + X 0 /£ D 

Now define 

^/Lmd = ^/Lad + ^/■id + !/*£/ + V'Se 

then 

^•*0 = (t-MD/'ld)^d + (I-MD/'tf)^-* + (^W^o)^o 
Similarly, we can show that 

~ (^w<?A 6 ,?)A 9 + (W^e)^ 

where we define 

V^a/0 = + 1/^? + l/'fg 

and the <7 axis currents are given by 

U = — ^g) Iq = (l/^g)(^g — A^) 

Writing (4 118) and (4 123) in matrix form, 


id 


VJU 0 o -l/^ 



~K~ 

if 


o i / 'if o ~\/if 

0 



io 


0 0 \/i D -1 /l D 



^D 


= 




A AD 

iq 


0 

iA i q o -\/i q 


\ 

X n 

l Q 



0 \Hq -\/t Q 



- _ 


_ 



\lQ 


4 12.1 The voltage equations 

The voltage equations are derived as follows from (4.36) For the d equation 

V d - — t id — K ~~ 

Using (4 124) and rearranging, 


or 

Also from (4 36) 
Substituting for i f 


K = 

K = 

K 


~ r (^d/'Ed ~ ^Ao/'id) — °>\ ~ V d 
~( r /'td)K + ( r /'td)^AD ~ V\ q - V d 

~v f = —tfif — \ f 
= -I’fiXf/'tf — X AD f^ f ) + u f 


or 


(4 119) 
(4 120) 
(4 121) 
(4 122) 
(4 123) 

(4.124) 


(4 125) 

(4 126) 
(4 127) 


V - ~( r fHf)K + {r f /'tf)\ A D — (~ U f) 


(4 128) 
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Repeating the procedure for the D circuit, 

A D = ~{r D H D )\ D + {r D /l D )\ AD (4129) 

The procedure is repeated for the q axis circuits For the v q equations we compute 

\ = -('AW \ + W q )X AQ + <x>X d - v q (41.30) 

and from the q axis damper-winding equation, 

Xq = — ('gA£g)Ag + (JqI'^q) ^aq (4 131) 

Note that X AD or X AQ appears in the above equations This form is convenient if satura¬ 
tion is to be included in the model since the mutual inductances L AD and L AQ are the 
only inductances that saturate. If saturation can be neglected the X AD and X AQ terms 
can be eliminated (see Section 4.12 .3). 


4 12 2 The torque equation 

From (4 95) T e + = i q X d - i d X q Using (4 124), we substitute for the currents to com¬ 
pute 


e<t> 



+ K 



x 

<7 



— ^d^AQ 


+ ^q^AD 


+ 


i ■ i )XA 


(4132) 


We may also take advantage of the relation t q = 'id (called <t a in many references) 
The new electromechanical equation is given by 

w = -(AW^TtjK + {X AQ /l q 1 Tj)X d - ( D/Tj)<a + TJtj (4 13.3) 

Finally the equation for 5 is given by (4 102) Equations (4 126)—(4 131), (4.133), and 
(4 102) are in state-space form. The auxiliary equations (4 120) and (4 121) are needed 
to relate X AD and X AQ to the state variables The state variables are X d , X f , A 0 , X q , X Q , 
to, and 5 The forcing functions, are v d , v q ,v F , and T m This form of the equations is 
particularly convenient for solution where saturation is required, since saturation affects 
only X AD and X AQ .. 


4 12 3 Machine equations with saturation neglected 

If saturation is neglected, L AD and L AQ are constant Therefore, l MD and L MQ 
are also constant The magnetizing flux linkages X AD and X AQ will have constant re¬ 
lationships to the state variables as given by (4 120) and (4 121) We can therefore 
eliminate \ AD and X AQ from the machine equations 

Substituting for X AD , as given in (4 120), in (4 118) and rearranging, 


_ L MO \ X d _ L md X f _ L md X d 
■ id j 'id -id 'if 'id ■io 
L M p A d , /1 _ L md \ X F ~ L md X d 
ltld \ 'ifj'if If l D 

Lmd A d _ L M p , /1 _ L MD \ X D 
'to 'id 'to 'if \ to J 'to 


(4.1.34) 
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These currents are substituted in the d axis voltage equations of (4 36) to get 

\ . - — r (1 L MD \ X d L md \ f L md \p 


\ . - _y ) MD \ d I , -V 

' l 1 z)Z + r 17Z + r 17Z-“ x ' 

L ~ rL LmH hi , {\ L md \ X f L md X d 

' ' Z ''l 1 T7)T f + ,f T7T D + Vf 


X^ - r D 


h + r„ h!S. ht - r Jl - h>°\hlL 


^MD n d . f >-MD A 

Id ° lo l 


't D ) 'i D 


Similarly, the q axis equations are 


and the equation for the electrical torque is given by 


T e <t> X rf X^ 


l md - Lmq\ . L mo L Ml) 

, i\ r Ke wr e Kf ia, 


^ + a„a„ h 


The state-space model now becomes 


(4135) 


(4.136) 


(4.137) 




A e 

*0 

IX] 


-2L.fi- 

r L md 

r L md 



3d \ 3d I 

3d 3 f 

3d 3 d 

A f 


r r t-Mo 




3 f 3d 

3f (' 3 f ) 

3 f 3 d 

^D 


r o L„ 0 

3„ 3d 

r D Lmd 

3 d 3 f 

r D f, L md \ 

3 d \ 3d) 

K 


d) 

0 

0 

A e 


0 

0 

0 



Lmd i 

Lmd , 

Lmd » 



~ 3 T,V ^ 

3 r i 3d3 f ■’ 

3 t,3<3d 

j 


0 

0 

0 


h M <* 


Lmq . 

i~3f “ 


— 

3, 3q 

_ !s_ (, _ l »q \ 

41 U) 

Lmq . 


^3, -to 
0 


0 0 A, 
0 0 A f 


0 0 A, + ~v, 

0 0 A e 0 

D „ T 


D 

- - 0 


. d J L u o o -o o ! i oj [_5 J [_-i_ 

(4 138)1 

The system described by (4.138) is in the form x = f(x,u,Z) Again the description 
of the system is not complete since v d and v q are functions of the currents and will de¬ 
pend on the external load connections The 7 x 7 matrix on the right side of (4 138) 
contains state variables in several terms, and this matrix form of the equation is not an 
appropriate form for solution It does, however, serve to illustrate the nonlinear nature 
of the system 


Example 4 3 

Repeat Example 4 2 for the flux linkage model 
Solution 

From the data of Example 4 1: 
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4 12 4 Treatment of saturation 

The flux linkage state-space model is convenient for considering the effect of satura¬ 
tion because all the terms in the state equations (4 126)—(4,133) are linear except for the 
magnetizing flux linkages X AD and X a q These are affected by saturation of the mutual 
inductances L AD and L a q, and only these terms need to be corrected for saturation In 
the simulation of the machine, either by digital or analog computer , this can be accom- 
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Fig 4 7 Saturation curve for \ AD 

plished by computing a saturation function to adjust (4 120) and (4 121) at all times to 
reflect the state of the mutual inductances As a practical matter, the q axis inductance 
L aq seldom saturates, so it is usually necessary to adjust only X AD for saturation > 

The procedure for including the magnetic circuit saturation is given below [18] Let 
the unsaturated values of the magnetizing inductances be L ADQ and L AQ0 . The compu¬ 
tations for saturated values of these inductances follow 
For salient pole machines, 

Lad - K s L AD0 L A q = L AQ q K s = f(X AD ) (4 139) 

where K s is a saturation factor determined from the magnetization curve of the machine 
For a round-rotor machine, we compute, according to [16] 

Lad = L s L AD{j L A q = K S L AQ0 

- f(X) A = (A^o + A ^)'/ 2 (4 140) 

To determine K s for the d axis in (4 139), the following procedure is suggested Let 
the magnetizing current, which is the sum of i d 4 - i f + i D , be i M The relation be¬ 
tween \ AD and i M is given by the saturation curve shown in Figure 4 7 For a given 
value of X AD the unsaturated magnetizing current is i M0 , corresponding to L AD0 , 
while the saturated value is i MS The saturation function AT, is a function of this mag¬ 
netizing current, which in turn is a function of \ AD 

To calculate the saturated magnetizing current i MS , the current increment needed to 
satisfy saturation, i MA = i MS ~ i M0 , is first calculated Note that saturation be¬ 
gins at the threshold value X ADT corresponding to a magnetizing current i MJ For flux 
linkages greater than X AD7 the current i MA increases monotonically in an almost expo¬ 
nential way Thus we may write approximately 

4/a = A s ^[B s {X ad - A^py)] A A d > X A dj (4 141) 

where A s and B s are constants to be determined from the actual saturation curve 

Knowing i MA for a given value of X AD , the value of i MS is calculated, and hence 
K s is determined The solution is obtained by an iterative process so that the relation 
L A dKs(^ad) — L ado i ms is satisfied. 

4 13 Load Equations 

From (4 103) and (4.138) we have a set of equations for each machine in the form 

X = f (x, v, T m ) (4.142) 
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where x is a vector of order seven (five currents, u> and 5 for the current model, or five 
flux linkages, to and <5 for the flux linkage model), and v is a vector of voltages that 
includes v d , v q , and v F 

Assuming that v f and T m are known, the set (4 142) does not completely describe 
the synchronous machine since there are two additional variables v d and v q appear¬ 
ing in the equations Therefore two additional equations are needed to relate v d and 
v q to the state variables These are auxiliary equations, which may or may not increase 
the order of the system depending upon whether the relations obtained are algebraic 
equations or differential equations and whether new variables are introduced To ob¬ 
tain equations for v d and v q in terms of the state variables, the terminal conditions 
of the machine must be known In other words, equations describing the load are 
required 

There are a number of ways of representing the electrical load on a synchronous 
generator For example, we could consider the load to be constant impedance, con¬ 
stant power, constant current, or some composite of all three For the present we re¬ 
quire a load representation that will illustrate the constraints between the generator 
voltages, currents, and angular velocity These constraints are found by solving the net¬ 
work, including loads, given the machine terminal voltages For illustrative purposes 
here, the load constraint is satisfied by the simple one machine-infinite bus problem 
illustrated below . 


4 13 1 Synchronous machine connected to an infinite bus 

Consider the system of Figure 4 8 where a synchronous machine is connected to an 
infinite bus through a transmission line having resistance R e and inductance L e The 
voltages and current for phase a only are shown, assuming no mutual coupling between 
phases By inspection of Figure 4 8 we can writer = v„ a + R e i a + L t i a oi 


(4 143) 


v b = 4 + L e U 4 


In matrix notation (4 143) becomes 

T abc ~ ' x>abc 4" -+■ L e \J\ a h c 

which we transform to the 0-d-q frame of reference by Park’s transformation: 


(4.144) 


v 0 do = = P\„ ab < + R e i 0d + L. e Pi obc V or pu 


(4.145) 


The first term on the right side we may call v w0dq and may determine its value by as¬ 
suming that \ xabc is a set of balanced three-phase voltages, or 



Fig 4 8 Synchronous generator loaded by an infinite bus 
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C0S(a> R / + a) 

f x,abc = V2 V k cos (cor* + a ~ 120°) 
cos(oj r / 4- a 4- 120°) 


(4 146) 


where V x is the magnitude of the rms phase voltage. Using the identities in Appendix A 
and using 6 = u> K t + <5 + ir/2, we can show that 


(4 147) 


= Pv„ a6 , = V n \/T -sin (5 - a) 
cos (6 — a) 


The last term on the right side of (4 145) may be computed as follows From the 
definition of Park’s transformation = Pi oA( , we compute the derivative \ Qdq = 
P icbc + Pi abc Thus 

I 

Pioftr = *0< iq ~ Pi,iif — ^Qdq — PP ' '^Qdq (4.148) 

where the quantity PP" 1 is known from (4 32) Thus (4 145) may be written as 


v o dq = Kv'J -sin (5 - a) 4- R e i 0dq + L e \ 0dq - toL e -i q V or pu (4 149) 
__cos(5 - a)J [j rf _ 

which gives the constraint between the generator terminal voltage v 0dq and the gen¬ 
erator current i 0dq for a given torque angle <5 Note that (4 149) is exactly the same 
whether in MKS units or pu due to our choice of P and base quantities Note also that 
there are two nonlinearities in (4 149) The first is due to the speed voltage term, the 
oiL e i product. There is also a nonlinearity in the trigonometric functions of the first 
term 

The angle 8 is related to the speed by 8 = a> - 1 pu or, in radians, 


= &0 + i (co 


u> K )dt 


(4 150) 


Thus even this simple load representation introduces new nonlinearities, but the order 
of the system remains at seven 

4.13,2 Current model 

Incorporating (4 149) into system (4 75), we may write 

[— X sin 7 -f R e i d + L e i d 4 - coL e i„ \ 


-Li = (R + «N)i 4- 


K cos 7 + R e i q + L e i q - wL e i d 


(4 151) 
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where X = \/3V x , and 7 = 8 — a. Now let 


R — r 4 " R e L d — L d 4- L. e L q — L q 4- L e 


(4.152) 


A A 

Using (4 152), we may replace the r, L d , and L q terms in L, R, and N by R, L di and 
L q to obtain the new matrices L and (R 4 - ojN). Thus 


- K sin 7 


Li = (R 4- wN)i + 0 


(4 153) 


K cos 7 


Premultiplying by -L" 1 and adding the equations for to and <5, 


— L ~ 1 (R + o>N) 


L d i q V.M F i q k M 0 i q L q i d k M 0 i d 


1 0 5 


- K sin y 


K cos 7 


0 1 -I 


(4 154) 


The system described by (4 154) is now in the form of (4.37), namely, x = f(x, u, /), 
where x' = [i d i F i D i q i Q o)8] 

The function f is a nonlinear function of the state variables and t, and u contains 
the system driving functions, which are Vf and 7",« The loading effect of the transmis¬ 
sion line is incorporated in the matrices R, L, and N The infinite bus voltage V„ appears 
in the terms K sin 7 and K cos 7 Note also that these latter terms are not driving 
functions, but rather nonlinear functions of the state variable 8 

Because the system (4 154) is nonlinear, determination of its stability depends upon 
finding a suitable Liapunov function or some equivalent method This is explored in 
greater depth in Volume 2 


4 13,3 The flux linkage model 

From (4 149) and substituting for i d and i q in terms of flux linkages (see Sec¬ 
tion 4.12.3), 


v d = - V'T sin (5 - a) + ^ (\ - 


Rel-MD ^ R e d-M D v 

lA* F Md ° 


e^MQ ^ /j 


'tg tfsQ 


* ' J-'gL.MD : 

Kd ~ 77" Af “ ~TY" D 

't d'Lf 'Ld'LD 

(4.155) 
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v, = V3V. cos05 - “> + !; (> - ~ x 2 - 

+ -£4- a, + -?b- \ B + b (i - bbx, - bbz x„ 


(' - t) 


'id'tf 'td'to / t, 

Combining (4 155) with (4 135), 




(4 156) 


i , L e (. L md 

l+ TA l ~l 7 


\ L e E MD { L e L MD : R ( 

Xd ~ Ta 7 Xr ~ ^17 Xd ~ tA ~ 


~ mu I \ , ,x ‘-‘ MD 

J7) Xi + 77Z 


+ ^\„-4l +b(\ -^)1a. + ^4^x 0 + VJK.si 


77To k ‘ - a V + rA l - T7 b + At[? k ° + V3F - si "<* - “> 


(4 157) 


Similarly, we combine (4 156) with (4 136) to get 


1 +Ml - MU -:^x Q = -A(, _^x + 4^X 


U 11 9 


o 1 ? J> J> A c 
/ iol-O 


+ - [' * r. (' - t)]*- - =ra“ T^f »• -^»<• - «i 

(4 158) 

Equations (4 157) and (4 158) replace the first and fourth rows in (4 138) to give 
the complete state-space model The resulting equation is of the form 


lx = Cx + D 


where x' = [A, X f \ D \ g \ Q w 5 ], 


(4 159) 


"tA-tt 


L'Lmd 

'td't* 


LtL-MD 

'id'to 


1 + hi (i _ L*2L 


L r L M Q 

■iq'iQ 


(4 160 ) 
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and the matrix C is given by 


l* v i* ) 

RL UD 

lAr 

Rt-MD 

-i j-Id 



0 

0 


i"f /, r. wo \ 
-t, V •£, 

r fLmo 

0 

0 

0 

0 

r ot-MD 

r D L UD 

-to-ir 

r D f, t-uo\ 

0 

0 

0 

0 


u>L t L MP 

-tj-tr 

uLfLuo 

R /, r Me \ 

Rt-MQ 

IiIq 

0 

0 

0 

0 

0 

r oJ~»Q 

■loi. 

rQ A t-MQ \ 

-tel U) 

0 

0 

t-MD > 

t-UD \ 

3 Tj-tAf ‘ 

t-MD •, 

3 rj-lAn * 

blA 

„ l " g X, 

D 

T J 

0 

0 

0 

0 

0 

0 

1 

0_ 


(4 161) 


\/3K.sin(6 - a) 
v f 
0 

D« -\/3F«cos(S - a) (4 162) 

0 

T'm/rj 
- 1 

If T _l exists, premultiply (4 159) by T -1 to get 

x = T’Cx + T‘D (4 163) 

Equation (4 163) is in the desired form, i e , in the form of x = f(x,u,r) and completely 
describes the system It contains two types of nonlinearities, product nonlinearities 
and trigonometric functions 


Example 4 4 

Extend Examples 4 2 and 4.3 to include the effect of the transmission line and 
torque equations The line constants are R e - 0, L e = 0.4 pu, tj - 2Hco R = 1786.94 
rad The infinite bus voltage constant K and the damping torque coefficient D are left 
unspecified 

Solution 

R = r + R e = 0 001096 L d = L d + L e = 2 10 L q = L, q + L e = 2.04 
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R + a>N = 



“0 0011 

0 


o ; 

2 04a> 


0 

0 00074 

0 

0 

= 

0 

0 

00131 ! 

I 

0 


— 2.1 Oco 

-1 55a; - 

1 55a> 

0 0011 


0 

0 


o ! 

0 


“2.100 

1.550 

1 550 

! 0 

0 


1 550 

1 651 

I 550 

! o 

0 

= 

1 550 

1 550 

1 605 

! o 

i 

0 


0 

0 

0 

! 2 040 

i 

1 490 


0 

0 

0 

! 1.490 

1.526. 


0 

0 0540 


By digital computer we find 


1.709 

-0.591 

-1.080 | 


-0 591 

6 668 

-5 867 ! 

0 

-1 080 

-5 867 

-7.3.30 | 

i 



0 

i 

i 

i 

i 

i 

1710 -1669 

- 1 669 2 286 


0 00187 

-0 00044 

-00141 

1 3 487a; 

2.547a;” 

-0.00065 

0 00495 

-0 0769 

i — 1 206a; 

0 881a; 

-0.00118 

-0 00436 

0 0960 

| -2 202a; 

i 

-1 609a; 

- 3 590a; 

-2 650a; 

-2 650a; 

000187 

i 

-0 09007 

_ 3 506a; 

2 588a; 

2.588a; 

I -0 00183 

0.12332_ 


and we compute 


-K sin y 


- 1 71A sin 7 + 0 589 17 

-v f 


0 589 A'sin 7 - 6 69^ 

0 

= 

1.08 A sin 7 + 5.891!/ 

A cos 7 


1 71A cos 7 

0 


- 1 67 A cos 7 


Therefore the state-space current model is given by 


The Synchronous Machine 


121 

































122 


Chapter 4 


The Synchronous Machine 


123 


-5 927 

2 050 

3.74.3 | 

-3162a; 

2112a; | 



1 388 

— 5.278 

3.756 ! 

0 

1 

0 1 

0 


44 720 

66 282 

-115 .330 | 

1 

0 

0 ! 

1 



3162a; 

0 

-747 lw 

0 

-1366a; ! 

0 ! 

1 

-5 928 

284.854 

5 789 1 

1 

-313 530 ! 

1 

0 


-0 7058 A, 

1 046A ? 

-1 910A, | 

0 705 \ d 

2 954 A^ - 

0 5596 D 

0 

0 

0 

0 ! 

0 

0 

1 

0_ 



1 

17.766 

28024 

-47.733 | 1000a; 

667 8a; j 





1 388 

-5 278 

.3 756 1 0 

0 ! 

0 


^ D 


44 720 

66 282 

/ 

-115.330 | 0 

i 

0 



K 

= 10- 3 

1000a; 

-2.36 4a; 

-431 8a> ! 188.337 

1 

-207.529 ! 

1 

0 



0 

0 

0 ,284.854 

1 

-313 5.30 J 

1 







1 

1 



<b 


-0 706A, 

-1 046A, 

-1 910A, | 0 705A, 

2 954A rf | 

-0 5596D 

0 

L 3 j 


0 

0 

0 ! 0 

0 ! 

1 

0 




0 316 K sin 7 + 0 229 v f 

0 

-0 316 /Ceos y 
0 

0 000559 T m 


4..14 Subtransient and Transient Inductances and Time Constants 

If all the rotor circuits are short circuited and balanced three-phase voltages are 
suddenly impressed upon the stator terminals, the flux linking the d axis circuit will de¬ 
pend initially on the subtransient inductances, and after a few cycles on the transient 
inductances 

Let the phase voltages suddenly applied to the stator be given by 




cos 6 

v b 

= V 2 V 

cos (8 - 120 ) 

3_ 


cos (0 + 120 ) 


u{t) 


(4 164) 


where u(t) is a unit step function and V is the rms phase voltage Then from (4 7) we 



can show that 


^ 0 " 


0 “ 


= 

a/3 Vu(t) 



0 


(4 165) 


Immediately after the voltage is applied, the flux linkages A a and X D are still zero, 
since they cannot change instantly,. Thus at t = 0 + 


A f - 0 - k M f ij + L F i F + M r i d \ D = 0 = k M D i d + M R i F + L D i D (4 166) 
Therefore 


u = - 


kM F L D - kM D M R . 




M\ 


In — 


kM D L F - k M f M r . 


L f L d — M\ 

Substituting in (4 20) for \ d , we get (at t = 0 + ) 

a ( T k 2 M F L D + L F k 2 M 2 D - 2kM F kM D M R \ . 
d= \ d L f L D -M\ ) ld 


i d (4 167) 


(4.168) 


The subtransient inductance is defined as the initial stator flux linkage per unit of 
stator current, with all the rotor circuits shorted (and previously unenergized) Thus 
by definition 


K - L 'ji d 

where L'j is the d axis subtransient reactance From (4 168) and (4 169) 
r „ _ T (kM F ) 2 L D + (k M D ) 2 L f - 2kM F kMpM R 

l d ~ *-d --- 

L f L D - M\ 

_ j_ _ L D + L F — 2 L ad 
( L f L d jL\p) — 1 


(4 169) 

(4 170) 
(4 171) 


where L AD is defined in (4 108) 

If the balanced voltages described by (4 164) are suddenly applied to a machine with 
no damper winding, the same procedure will yield (at t = 0 + ) 


i F - — (k Mp/L F )i d 
\ d = [L d - (k Mf) 2 /L f )i d = L d i d 
where L d is the d axis transient inductance; i.e... 


(4 172) 
(4 173) 


L' d = L d - (k MffjLp - L d - L\p/L f (4.174) 

In a machine with damper windings, after a few cycles from the start of the transient 
described in this section, the damper winding current decays rapidly to zero and the 
effective stator inductance is the transient inductance 

If the phase of the impressed voltages in (4 164) is changed by 90° ( v a = Vf V 
sin 8), v d becomes zero and v q will have a magnitude of VT V 

Before we examine the q axis inductances, some clarification of the circuits that may 
exist in the q axis is needed For a salient pole machine with amortisseur windings a q 
axis damper circuit exists, but there is no other q axis rotor winding For such a ma¬ 
chine the stator flux linkage after the initial subtransient dies out is determined by es- 
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sentially the same circuit as that of the steady-state q axis flux linkage. Thus for a 
salient pole machine it is customary to consider the q axis transient inductance to be the 
same as the q axis synchronous inductance.. 

The situation for a round rotor machine is different Here the solid iron rotor pro¬ 
vides multiple paths for circulating eddy currents, which act as equivalent windings 
during both transient and subtransient periods. Such a machine will have effective q 
axis rotor circuits that will determine the q axis transient and subtransient inductances 
Thus for such a machine it is important to recognize that a q axis transient inductance 
(much smaller in magnitude than L q ) exists. 

Repeating the previous procedure for the q axis circuits of a salient pole machine, 

= 0 = k M Q i q + L Q i Q (4 175) 

or 

Iq = — (k MQ/Lg)i Q 
Substituting in the equation for A,, 

\ = L q i q + k M qIq 

or 

A, = [L q - (k M Q f/L Q ]i q A L''i q (4 178) 

where L” is the q axis subtransient inductance 

L' q = L q - (k M Q f/L Q = L q - L\ q /L q (4 179) 

We can also see that when i Q decays to zero after a few cycles, the q axis effective in¬ 
ductance in the “transient period” is the same as L q Thus for this type of machine 

L' q = L q (4 180) 

Since the reactance is the product of the rated angular speed and the inductance and 
since in pu u R = 1 , the subtransient and transient reactances are numerically equal to 
the corresponding values of inductances in pu 

We should again point out that for a round rotor machine L q < L' q < L q To 
identify these inductances would require that two q axis rotor windings be defined This 
procedure has not been followed in this book but could be developed in a straight¬ 
forward way [ 21 , 22 ], 

4 14 1 Time constants 

We start with the stator circuits open circuited Consider a step change in the field 
voltage; i.e., = V P u(t) The voltage equations are given by 

r f i f + A, = V F u(t) r D i D + A c = 0 (4 181) 

and the flux linkages are given by (note that i d = 0 ) 

A D = L D i D + M R i f A f = Lfif -I- M R i D (4.182) 

Again at t = 0 + , A D = 0 , which gives for that instant 

ip = -(L D /M R )i D 

Substituting for the flux linkages using (4 182) in (4 181), 


(4 176) 

(4 177) 


(4 183) 
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Vf/Lf = ( r f/L f )if + ip + (M R /L f )i D 0 - {r D /M R )i D + if + ( L D /M R )i D (4.184) 

Subtracting and substituting for i f using (4 183), 

■ , r o L F + r pL D . _ r/ _ Mr _ (4.185) 


: i _ _ y _ —R _ 

D L f L„ - Ml ° ' L f L D - M\ 


Usually in pu r D » r f , while L D and L f are of similar magnitude Therefore we can 
write, approximately, 


■ + r o i = _ y M R /L F 

L d — M\/Lp L D — M 2 R /L f 

Equation (4 186) shows that i D decays with a time constant 

,, Lp - M\/L f 


(4.186) 


(4.187) 


This is the d axis open circuit subtransient time constant It is denoted open circuit 
because by definition the stator circuits are open 

When the damper winding is not available or after the decay of the subtransient 
current, we can show that the field current is affected only by the parameters of the 
field circuit; i e , 


r f i f + Lfip = Vpu{t) 


(4 188) 


The time constant of this transient is the d axis transient open circuit time constant 
r'do, where 

ri o = L f /r f (4 189) 

Kimbark [2] and Anderson [8] show that when the stator is short circuited, the cor¬ 
responding d axis time constants are given by 

TS = (4 190) 

r' d = t'M/L, (4.191) 

A similar analysis of the transient in the q axis circuits of a salient pole machine 
shows that the time constants are given by 

Tq'o = Lq/Fq (4192) 

Tq = T q oL' q /L q (4 193) 

For a round rotor machine both transient and subtransient time constants are present. 

Another time constant is associated with the rate of change of direct current in the 
stator or with the envelope of alternating currents in the field winding, when the ma¬ 
chine is subjected to a three-phase short circuit. This time constant is r a and is given 
by (see [8], Ch 6) 

= L 2 jr (4 194) 

where L 2 is the negative-sequence inductance, which is given by 

L 2 = (Li + Lq)/ 2 (4.195) 

Typical values for the synchronous machine constants are shown in Tables 4 .3, 4.4, 
and 4 5 
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Table 4.3. Typical Synchronous Machine Time Constants in Seconds 


Time 

Turbogenerators 

Waterwheel generators 

Synchronous condensers 

constant 

Low 

Avg. 

High 

Low 

Avg. 

High 

Low 

Avg. 

High 

T d0 

2.8 

5.6 

9.2 

1.5 

5 6 

9.5 

60 

90 

11 5 

Td 

0 4 

1 1 

1 8 

05 

1 8 

3 3 

1 2 

2.0 

2 8 

T d = Tq 

0 02 

0 035 

0 05 

0 01 

0 035 

005 

0 02 

0035 

0 05 

?a 

0.04 

0.16 

0.35 

0.03 

0.15 

0.25 

0.10 

0.17 

0.30 


Source: Reprinted by permission from Power System Stability vol 3, by E W Kimbark © Wiley, 1956 

Table 4.4. Typical Turbogenerator and Synchronous Condenser Characteristics 

Generators Synchronous condensers 


Parameter 

Range 

Recom¬ 

mended 

average 

Range 

Recom¬ 

mended 

average 

Nominal rating 

300-1000 MW 

50-100 MVA 

Power factor 

0 80-0.95 

0 90 



Direct axis synchronous reactance x d 

140-180 

160 

170-270 

220 

Transient reactance x d 

23-35 

25 

45-65 

55 

Subtransient reactance x’J 

15-23 

20 

35-45 

40 

Quadrature axis synchronous reactance x q 

150-160 

155 

100-130 

115 

Negative-sequence reactance x 2 

18-20 

19 

35-45 

40 

Zero-sequence reactance x 0 

12-14 

13 

15-25 

20 

Short circuit ratio 

0.50-0 72 

0 64 

0 35-0.65 

0 50 

Inertia constant H, (^-s) (3600 t/min 

3 0-5 0 

40 



(kVA) [1800 r/min 

5.0-8.0 

6.0 




Source: From the 1964 National Power Survey made by the U S Federal Power Commission USGPO 
Note: All reactances in percent on rated voltage and kVA base kW losses for typical synchronous 
condensers in the range of sizes shown, excluding losses associated with step-up transformers, are in the 
order of 1 2-1 5% on rated kVA base No attempt has been made to show kW losses associated with gen¬ 
erators, since generating plants are generally rated on a net power output basis and losses vary widely de¬ 
pendent on the generator plant design 

Table 4.5. Typical Hydrogenerator Characteristics 


Parameter 

Small 

units 

Large 

units 

Nominal rating (MVA) 

0-40 

40-200 

Power factor 

0 80-0.95* 

0 80-0.95* 

Speed (r/min) 

70-350 

70-200 

Inertia constant H, (^W-s) 

1 5-4 0 

3 0-5 5 

(kVA) 

Direct axis synchronous reactance x d 

90-110 

80-100 

Transient reactance x’ d 

25-45 

20-40 

Subtransient reactance x'J 

20-35 

15-30 

Quadrature axis synchronous reactance x„ 

Negative-sequence reactance x 2 

20-45 

20-35 

Zero-sequence reactance x 0 

10-35 

10-25 

Short circuit ratio 

1.0-2.0 

1.0-2.0 


Source: From the 1964 National Power Survey made by the U S Federal Power Commission USGPO 
Note: All reactances in percent on rated voltage and kVA base No attempt has been made to show 
kW losses associated with generators, since generating plants are generally rated on a net power output 
basis and losses vary widely dependent on the generator plant design 

♦These power factors cover conditions for generators installed either close to or remote from load cen¬ 


ters 
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4.15 Simplified Models of the Synchronous Machine 

In previous sections we have dealt with a mathematical model of the synchronous 
machine, taking into account the various effects introduced by different rotor circuits, 
i.e., both field effects and damper-winding effects The model includes seven nonlinear 
differential equations for each machine In addition to these, other equations describing 
the load (or network) constraints, the excitation system, and the mechanical torque must 
be included in the mathematical model Thus the complete mathematical description 
of a large power system is exceedingly complex, and simplifications are often used in 
modeling the system 

In a stability study the response of a large number of synchronous machines to a 
given disturbance is investigated The complete mathematical description of the system 
would therefore be very complicated unless some simplifications were used Often only 
a few machines are modeled in detail, usually those nearest the disturbance, while 
others are described by simpler models The simplifications adopted depend upon the 
location of the machine with respect to the disturbance causing the transient and upon 
the type of disturbance being investigated Some of the more commonly used simplified 
models are given in this section The underlying assumptions as well as the justifica¬ 
tions for their use are briefly outlined In general, they are presented in the order of 
their complexity 

Some simplified models have already been presented In Chapter 2 the classical 
representation was introduced In this chapter, when the saturation is neglected as 
tacitly assumed in the current model, the model is also somewhat simplified An ex¬ 
cellent reference on simplified models is Young [19] 

4 15 1 Neglecting damper windings—the E' q model 

The mathematical models given in Sections 4 10 and 4 12 assume the presence of 
three rotor circuits Situations arise in which some of these circuits or their effects can 
be neglected 

Machine with solid round rotor [2] The solid round rotor acts as a q axis damper 
winding, even with the d axis damper winding omitted,. The mathematical model for 
this type of machine will be the same as given in Sections 4 10 and 4 12 with i D or 
\ D omitted For example, in (4 10.3) and (4 138) the third row and column are omitted. 

Amortisseur effects neglected This assumption assumes that the effect of the 
damper windings on the transient under study is small enough to be negligible This is 
particularly true in system studies where the damping between closely coupled machines 
is not of interest In this case the effect of the amortisseur windings may be included 
in the damping torque, i e , by increasing the damping coefficient D in the torque equa¬ 
tion Neglecting the amortisseur windings can be simulated by omitting i D and i Q 
in (4 103) or \ D and \ Q in (4,138), Another model using familiar machine param¬ 
eters is given below From (4.118), (4.123), (4.120), and (4 121) with the D and Q cir¬ 
cuits omitted, 


id 

if 


i 


{'id ~ LMo)f'id —I~MD/'id'i-‘F 
~~ T. MD I "i d'i F {'if — t-MD )a a 


0 X, 

0 x f 


\/LA \ 


(4 196) 


0 


0 
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; P -i 

l dF ^ D 


0 X, 


(4 197) 


We can show that£ 0 ' is given by 


£5' = 


\/L q \\ X 


\ / E' d ~ Lad/L jLf 

— L/io/L^Lf L d /L' d L^ 


(4 198) 


Therefore, the currents are given by 


id f / L' d — L AD /L' d L F 0 X d 

if - ~L AD /L' d L f L d /L' d Lf 0 X F 
i q 0 0 \/L q X q 


(4 199) 


The above equations may be in pu or in MKS units This follows, since the choice 
of the rotor base quantities is based upon equal flux linkages for base rotor and stator 
currents From the stator equation (4.36) and rearranging, 


X d « -ri d - ojA, - v d pu 

or from (4 199) and (4 200) 

Xd — —{r/L' d )X d + ( rL AD /L' d Lf)X f - coX ¥ - v d pu 
From (4 58) we define 

VI E' q ± m{kMf/Lf)Xf V 

and converting to pu 

Vl£' u V B = w R (k M Fu M FB /L Fu L FB )(X Fu L 
Vl£^ u = (kM Fu X Fu /L Fu )[w R (M fB I fB / V B )\ 

or in pu 


(4 200) 


(4 201) 


(4 202) 


(4 204) 


L AD X f /Lf = V3E q pu (4 203) 

Now, from (4 201) and (4.203) we compute 

X d = -{r/L' d )X d + ( r/L' d )V3E' q - wX q - v d pu (4 204) 

In a similar way we compute X q from (4 .36), substituting for i q from (4 199) to write 

X q = {r/L q )X q + coX d - v q pu (4 205) 

Note that in (4 204) and (4.205) all quantities, including time, are in pu For the 
field voltage, from (4.36) v F = r F i F + X F pu, and substituting for i f from (4 199), 

vp = ff [ — (E AD /L d L F )X d + (L d /L d L F )X F ] + X F pu (4.206) 

Now from (4 20.3) 

X f /L f = V3E’/L AD pu (4 207) 

Also from (4 59) we define 


Vlf/o - to R (k M f /rf)Uf V 


(4.208) 
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and converting to pu 


V3£ fDu V B - w R [(k M Fu M FB /r Fu R FR )v Fu V F B] 

Vi E FDu = ikM Fu v Fu /r Fu ){u> R M FB Vf B {V B R fa ) 
VT E fd = L AD v F /r F pu 


From (4 207), (4 209), and (4 206) we compute 


E in — — 


X, + ^ 7 ^vT£; + pu 

Ed i-F Ld L AF) L ad 


L d r F 


Rearranging and using L 2 AD /L F = L d - L' d and r d0 = E f /r F , 


Efd - ~E' + 


L'd V3 


(4.209) 


(4 210) 


(4 211) 


We now define rms stator equivalent flux linkages and voltages 

A „ = X d /VJ A q = X q /VJ V d = u„/VI V q = v„/V3 (4.212) 

Then (4 204), (4 205), and (4 211) become 

A d = -{r/L' d )A d + (i r/L' d )E' q - a>A„ - V d pu (4 21.3) 

A q = <oA d - (r/L q )A q - V q pu (4 214) 


k = -tV £ « + V £fo pu 

L 'd T d0 Td0L d T d0 


(4.215) 


Note that in the above equations all the variables (including time) and all the param¬ 
eters are in pu Thus the time constants must be in radians, or 


^pu — inx^R rad 


(4 216) 


Now we derive the torque equation From (4 95) I ei , = i q X d - i d X q Substituting for 
r'^and from (4 199) we get 


e$ X q X d /L q X d /L d (E ad X f /L d L f )X q pu 
and by using (4.203) and (4 212), 

T e = E' q A q /L' d - (1 /U d - \/L q )A d A q 


From the swing equation 


TyO) = T m - T e - Deo pu 
8 = cc - 1 pu 


(4.217) 
(4 218) 

(4.219) 

(4.220) 


Equations (4 213)-(4 215), (4 219), and (4 220) along with the torque equation 
(4.218) describe the E' q model It is a jrfth -order system with “free” inputs E FD 
and T m The signals k^and V q depend upon the external network. 

Block diagrams of the system equations are found as follows. From (4 213) we 
write, in the 5 domain, 


(r/L'd )[1 + {L' d /r)s]A d = ( r/L' d )E' - coA ? - V d pu 


(4.221) 


Similarly, from (4 214) 


(r/L q )[ 1 + {L q /r)s]A q = a>A rf - V q pu 


(4.222) 
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Fig 4 9 Block diagram representation of the E' q model 


and fiom (4 215) 

{L d /L' d )[\ + r'MI L d )s)E' q = E fD + [(£„ - L' d )/L' d ) A, pu (4 223) 

Now define r Xd = L' d /r,T Xq = L q /r,an6r d = T d0 L' d /L d The above equations are repre¬ 
sented by the block diagram shown in Figure 4 9 The remaining system equations 
can be represented by the block diagrams of Figure 4 10 The block diagrams in Fig¬ 
ures 4 9 and 4 10 can be combined to give the block diagram of the complete model 
Note that T m and E FD are assumed to be known and V d and V q depend upon the load 
The model developed to this point is for an unsaturated machine The effect of 
saturation may be added by computing the additional field current required under 
saturated operating conditions From \ d = L d i d + L AD i F and substituting for i d from 
(4 199), 



Fig 4 10 Block diagram representation of (4 218)-(4 220). 
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^d — L d \h d II-'d — (L-ao/L' d L F ) X/r] + ifL AD pu (4.224) 

then 

h^-AD = X rf (l — L d /L ' d ) + [(L d /L d )(L AD /L F )]X F pu (4 225) 

Also, from to R M F i F = \/2E in Section 4 7 4 we can show that 

i F L ad = V3E pu (4 226) 

Now from (4 212), (4 203), (4 226), and (4 225) 

E = ( L d /ld)E' q - {(L d - L' d )/L' d ]A d (4.227) 

Substituting (4 227) into (4 215), 

TdoE' q = E FD - E (4 228) 


For the treatment of saturation, Young [19] suggests the modification of (4 227) to the 
form 


^ - {L d /L d )E' q — [( L d — L d )/L d ] A d +- £ A (4 229) 

where £ A corresponds to the additional field current needed to obtain the same EMF 
on the no-load saturation curve This additional current is a function of the saturation 
index and can be determined by a procedure similar to that of Section 4.12 4 

Another method of treating saturation is to consider a saturation function that de¬ 
pends upon E q ; i.e , let £ A = / A (£^) This leads to a solution for E' q amounting to a 
negative feedback term and provides a useful insight as to the effect of saturation (see 
[20] and Problem 4.33). 

Equations (4 229) and (4 228) can be represented by the block diagram shown in 
Figure 4 11 We note that if saturation is to be taken into account, the portion of Fig¬ 
ure 4 9 that produces the signal E' q should be modified according to the Figure 4 11 

Example 4.5 

Determine the numerical constants of the E' q model of Figures 4 9 and 4 10, using 
the data of Examples 4 1 and 4 2 It is also given that L'J = 0 185 pu and L.' d = 0.245 pu 

Solution 

From the given data we compute the time constants required for the model. 




Tom = 0 03046 s - 72 149 
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From this we may also compute the short circuit subtransient time constant as 
r'J = r; 0 L'jm = r^(0.185/0 245) = 0.023 s = 8 671 rad 
The fictitious time constants r Xd and T Xq are computed as 

r Xd = L' d /r = (0 245)(3.73 x 10" 3 )/1 542 x 10~ 3 = 0 593 s = 223 446 rad 
T\ q = Lq/r = 6 118 X 10“ 3 /1 542 x 10~ 3 = 3 967 s = 1495 718 rad 

This large time constant indicates that A q will respond relatively slowly to a change in 
terminal conditions 

The various gains needed in the model are as follows: 

L' d jL d = 0 245/1.7 - 0.114 
(L d - L' d )/L' d = (1.7 - 0 245)/0.245 = 3 939 
1 m - 1 /L q = 1/0.245 - 1/1.64 = 3 473 
\/L' d = 4 08 

l/r Ad = 1/0 593 w R = 0.00447 
Note the wide range of gain constants required 


4 15 2 Voltage behind subtransient reactance—the E" model 

In this model the transformer voltage terms in the stator voltage equations are 
neglected compared to the speed voltage terms [19] In other words, in the equations for 
v d and v q , the terms \ d and \ q are neglected since they are numerically small com¬ 
pared to the terms toA ? and oj\ d respectively. In addition, it is assumed in the stator 
voltage equations that w g* w R , and L d = L” Note that while some simplifying as¬ 
sumptions are used in this model, the field effects and the effects of the damper circuits 
are included in the machine representation 

Stator subtransient flux linkages are defined by the equations 

a; = a, - LSi d a; - a, - v q i q (4.230) 

where L'J and L q are defined by (4 170) and (4 179) respectively Note that (4.2.30) 

represents the more general case of (4 169), which represents a special case of zero 

initial flux linkage. These flux linkages produce EMF’s that lag 90° behind them These 
EMF’s are defined by 

< & a>\” = c r a; e'j 4 _ w a; = -c r a; (4.231) 

(See [ 8 ] for a complete derivation ) 

From (4 .36) the stator voltage equations, under the assumptions stated above, are 
given by 

v d = -rid ~ u R \ q u q = -ri q + u R \ d (4 232) 

Combining (4 230) and (4.2.32), 

v d = -ri d - a : R i q L; - w r A; v q = -ri q + u K i d L'J + a> R A; (4.23.3) 

Now from (4 231) and (4.233), 

v d = -rid ~ i, x " + e 'd v q = -riq + i d x" + e/ (4,234) 
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Fig 4 12 Voltage behind subtransient reactance equivalent 


where, under the assumptions used in this model, 

x" A = 0 ) R I" (4 235) 

The voltages e d and e q are the d and q axis components of the EMF e" produced 
by the subtransient flux linkage, the d and q axis components of which are given by 
(4 230) This EMF is called the voltage behind the subtransient reactance 

Equations (4 234) when transformed to the a-b-c frame of reference may be repre¬ 
sented by the equivalent circuit of Figure 4 12 If quasi-steady-state conditions are 
assumed to apply at any instant, the relations expressed in (4-234) may be represented 
by the phasor diagram shown in Figure 4 1.3 In this diagram the q and d axes represent 
the real and imaginary axes respectively. “Projections” of the different phasors on these 
axes give the q and d components of these phasors For example the voltage E" is repre¬ 
sented by the phasor E" shown Its components are E q and E d respectively From 
the above we can see that if at any instant the terminal voltage and current of the ma¬ 
chine are known, the voltage E" can be determined. Also if E d and £" are known, E" 
can be calculated; and if the current is also known, the terminal voltage can be deter¬ 
mined 

We now develop the dynamic model for the subtransient case. Substituting (4 230) 
into (4 134), we compute 


a; = i - 


1 _ ^MD 

Id 


'MD L-d \ , r-MD^d 

on A f + n o 


(4 236) 


We can show that 


_ ^ Ip + + 4) 

Edl-tf^D + { o)l — ^Api^F + £p) 

T _ ^ad(^f T- ^o) 1 _ I IT H 

. ^io+lAoUf+lo) ld 


(4 237) 



Fig 4 13 Phasor diagram for the quasi-static subtransient case 
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'tf't’-D + L AD (Zf + 't D ) 

Therefore we may write (4.236) as 

^d = (L d L MD /■£ d -£ f )A f + (Lj L MD /'l d t D )X D 

Using (4 203), we can rewrite in terms of E q as 

V - a; A^I,/•£, £,!,,,) VT£; + (L^L MD /i d -t D )X„ 

Now we can compute the constants 


(4 238) 

(4 239) 
(4 240) 


I " T [ 

L -d L MD 

L d ~ l d x'J - 

- x i 

(A 1A 1 \ 

£ d if Lao 

L'd — £ d x d - 

- x i 


L'd L md j 

^d^D 

L'JL md L f 

*A,La B 

1 

ii 

x >? 

1 1 

l 

(4 242) 


Substituting in (4.240) and using (4 231), we compute in pu 

< = IW ~ x i )/W - x K )] (vT E’ q - A*) + \ D (4.243) 

Similarly from (4 230) and (4 104), 

= (L q i q + L AQ i Q ) - L q i q = (L q - L q ) i q + L AQ i Q (4 244) 

which can be substituted into (4 231) to compute 

(4 245) 

where we define the voltage 

e d = w r L A qIq (4 246) 

We can also show that 

A; - A, - L q i q = (Lw/LJXq (4 247) 

Now from the field flux linkage equation (4 104) in pu, we incorporate (4.20.3) and 
(4.226) to compute 

E = E' q - (x d - x d ){i d + i D )/VJ (4 248) 

From the definition of L' d (4.174) we can show that 

L d - L' d = L AD /L f (4.249) 

We can also show that 

(L' d ~ L'J)/(L d - U = L f /(L f L D ~L 2 ad ) (4 250) 

Then from (4 104) in pu 

= L AD i d + E A pi F + L D i D \ f = L AD i d + L f i f + L AD i D (4.251) 
Eliminating i F from (4 251), 

. /L?„ . \ 


‘-AD \ \ 

Af — Ap — 


Lad id + 


(4.252) 
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Now substituting (4 20.3), (4 249), and (4.250) into (4 252), 

VTfi; - A„ - (L d - V d - L AD )i d - <£' - l ‘f i D 

E d — L d 


which can be put in the form 


*d ~ x d 

(x' d - x.) 2 


[A fl - vT E' - (x' d - x.)i d \ 


(4 253) 


(4.254) 


In addition to the above auxiliary equations, the following differential equations are 
obtained From (4...36) we write 


r D l D + = 0 

Substituting (4 187) and (4 250) in (4 255), 


Similarly, from (4 36) we have 


a = - ~ x *y i 

D W - *d')rd'o ° 


Iq + A 0 = 0 


(4 255) 


(4 256) 


(4 259) 


which may be written as 

l w R r Q(L AQ fL Q )\iQ + [(co R L A q)/Lq]\ q = 0 (4 257) 

Now from (4 246), (4.247), (4 231), (4 192), and (4.257) we get the differential equation 

e'd = e d /T q0 (4 258) 

The voltage equation for the field circuit comes from (4.36) 

v f = r f i f + A f (4 259) 

which can be put in the same form as (4 228) 

r'doE' q - E fo - E (4 260) 

where E is given by (4 248) 

Equations (4 256), (4 258), and (4.260) give the time rate of change X D , e d \ and 
E' q in terms of i D , e d , and E The auxiliary equations (4 245), (4.248), and (4 254) re¬ 
late these quantities to i d and i q , which in turn depend upon the load configuration The 
voltage e q is calculated from (4 24.3). 

To complete the model, the torque equation is needed From (4 95), 

Le 4* ~ IqL d — I d A q 

By using (4 230) and recalling that in this model it is assumed that L'J = L ”, 

T <* = iq K - i d a; (4 261) 

and if a> in pu is approximately equal to the synchronous speed, (4.261) becomes 

Let = < i q + e'J id (4 262) 

If saturation is neglected, the system equations can be reduced to the following: 

# - - 4r --t - *;k (4 263) 

T q0 T q 0 


(4 262) 



(4 263) 

























136 


Chapter 4 


The Synchronous Machine 


137 


K = T ~ T + T ( x i " *{)'</ 

T d0 T d0 T d0 


(4 264) 


vT £ (x rf - x;)(x; - Xj) . yT 


V3 £; = £« + 

T d0 


Td 0 ( X d - *f) 


TdO 


1 + 


- 4)w - *;) 


+ 


W - *fc) 2 

fa - *;)fa - * 2 ) 

Tdo( X d - X i) 2 


f 


(4 265) 


Now from (4 243) and using A, and K 2 as defined in (4.241) and (4 242) respectively, we 
may write 

< = VT K { E' q + K 2 X d (4 266) 

To complete the description of the system, we add the inertial equations 

* = 0 h)T m - e;i,/3Tj - ide'dl^Tj - Du/tj (4 267) 

5 = o)— 1 (4 268) 

The currents i d and i q are determined from the load equations 

The block diagrams for the system may be obtained by rearranging the above equa¬ 
tions In doing so, we eliminate the VT from all equations by using the rms equivalents, 
similar to (4 212), 

A * = X 0 /VT E" = e"/VT = E” + )E'J (4 269) 

Then (4 263)-(4 266) become 

(1 + r; 0 s)£; = ~{x v - 04 
(i + t; 0 s)a o = E' q + (x' d - 04 
(1 + r rfo s )£? = &FD ~ K- d E’ q 4- x xd l d + A^A 0 

£; = A.£; + K 2 A d (4 270) 






Fig 4 15 Block diagram for computation of torque and speed in the E” model 


where we have defined 

K = x * ~ ** k = ^ x d)i x d - x d) 

x 'd - \e * fa “ h) 2 

K 2 = 1 - ATj x* = ~ X M X * - ^ (4 271) 

.x; - ,x^ 

The block diagram for (4.270) is shown in Figure 4 14 
The remaining equations are given by 

(D + rjs )to = 7 m - (£ f % + £;4) s5 = to - 1 (4 272) 

The block diagram for equation (4.272) is given in Figure 4 15. Also the block diagram 
of the complete system can be obtained by combining Figures 4,14 and 4 15.. 

If saturation is to be included, a voltage increment £ A , corresponding to the in¬ 
crease in the field current due to saturation, is to be added to (4 248), 

E - E' q + £„ - (x d - x' d )(i d + l D )/V7 ( 4 273) 


£ xample 4 6 

Use the machine data from Examples 4.1-4 5 to derive the time constants and gains 
for the E" model 

Solution 

The time constant T d'o - 0 03046 s = 72 149 rad is already known from Exam¬ 
ple 4 5 For the £" model we also need the following additional time constants. 

From (4 192) the q axis subtransient open circuit time constant is 

r " 0 = L Q /r Q = 1.42.3 x 10“ 3 /18 969 x 10 ' 3 = 0 075 s = 28.279 rad 

which is about twice the d axis subtransient open circuit time constant. 

We also need the d axis transient open circuit time constant It is computed from 
(4.189) 


Fig 4 14 Block diagram for the£" model 


= l f/ t f = 2 189/0 371 = 5 90 s = 2224 25 rad 
Note that this time constant is about 30 times the subtransient time constant in the d 
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axis This means that the integration associated with t'J 0 will be accomplished very fast 
compared to that associated with T d0 

To compute the gains, the constant x' d or L d is needed It is computed from 
(4 174): 



L'd 

- L d - L ad /L f 

= 1 70 - 

- (1 55)71.651 = 

0 245 

low 

compute from (4 271) 




K { 

_ V 

- x l 0.185 - 

0.15 

0 368 



x 'd 

- Xl 0 245 - 

0.15 


*2 

= 1 - 

- K x = 0 6,32 




K, 

= (Xd_ 

- Xd)(x' d - V) 

(1.70 

- 0.245)(0.245 - 

0.185) 



(x'd - O 2 


(0 245 - 0 150) 2 


v 


~ x’ d ){x'J - Xl ) 

(1.70 

- 0.245)(0.185 - 

0.150) 

X xd 

= 

Xd - 


0 245 - 0 150 



From (4 179) we compute 

L' q ' = L q - L 2 aq /L q = 1 64 - (1 49) 2 /1 526 = 0 185 pu 
Then, from (4.270), we compute the gain, x q - x" = 1 64 - 0 185 = 1 455 pu 


4 15,3 Neglecting X rf and for a cylindrical rotor machine—the two-axis model 

In the two-axis model the transient effects are accounted for, while the subtransient 
effects are neglected [18] The transient effects are dominated by the rotor circuits, 
which are the field circuit in the d axis and an equivalent circuit in the q axis formed 
by the solid rotor An additional assumption made in this model is that in the stator 
voltage equations the terms \ d and \ are negligible compared to the speed voltage terms 
and that co ^ a> R - 1 pu 

The machine will thus have two stator circuits and two rotor circuits However, the 
number of differential equations describing these circuits is reduced by two since X d and 
\ are neglected in the stator voltage equations (the stator voltage equations are now 
algebraic equations) 

The stator transient flux linkages are defined by 

K = K ~ L' d i d K = \ - L' q i q (4 274) 

and the corresponding stator voltages are defined by 

e' d £ -u\' q = -w R \' q e' q = u\' d = o) R X; (4 275) 

Following a procedure similar to that used in Section 4 15 2, 

v d = -n d ~ + e'd v q = -ri q + w R L' d i d + e' q (4 276) 

or 


e 'd = v d + rid + x di q + (•< - x' d )i q 
e'q = v q + ri q - x' d i d 

Since the term {x' q - x d )i q is usually small, we can write, approximately, 


(4.277) 
(4 278) 
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Fig 4 16 Transient equivalent circuit of a generator 


The voltages e' q and e' d are the q and d components of a voltage e' behind transient re¬ 
actance Equations (4 279) and (4 278) indicate that during the transient the machine 
can be represented by the circuit diagram shown in Figure 4 16 It is interesting to note 
that since e d and e' q are d and q axis stator voltages, they represent \/3 times the equiva¬ 
lent stator rms voltages For example, we can verify that e' q = VJE' q , as given by 
(4 203) Also, in this model the voltage e', which corresponds to the transient flux link¬ 
ages in the machine, is not a constant Rather, it will change due to the changes in the 
flux linkage of the d and q axis rotor circuits 

We now develop the differential equations for the voltages e' d and e' q The d axis 
flux linkage equations for this model are 


K = L d i d + L A oif P u 7 = L AD i d + Lpi F pu 
By eliminating i f and using (4 174) and (4 203), 

X, - VT£' = L' d i d pu 

and by using (4.275), 

< = vT£; pu 

Similarly, for the q axis 

\ ~ L q i q + E AQ i Q pu X Q = L AQ i q + LqIq pu 
Eliminating i Q , we compute 

\ ~ (L A q/Lq)\q = (L q — L a q/Lq) i q pu 

by defining 

Lq = Lq - L 2 aq /L q pu 
and by using (4. 284) and (4 275) we get 

= VT E' d = ~(L aq /L q )\ q pu 


(4 280) 


We also define 


\/l£ = e q = L AD i f pu VIE d = e d = L AQ i Q pu 


We can show that 


£ + x d I d — £' + x'J d 


E d + x n I n = E d + x”I n 


(4,281) 


(4.282) 


(4,28.3) 


(4 284) 


(4.285) 


(4 286) 


(4.287) 


From the Q circuit voltage equation r Q i Q + d\ Q /dt = 0, and by using (4 282) with 
(4.286), 

r'qoL'd = -L'd - (Xq - 04 


where, for uniformity, we adopt the notation 


(4.288) 
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Fig 4 17 Block diagram representation of the two-axis model 


r<o = t" 0 = L Q fr Q (4 289) 

Similarly, from the field voltage equation we get a relation similar to (4 228) 

K = - 7 - (£,„ - £) (4 290) 

T d0 

Equations (4 288), (4 290), and (4 287) can be represented by the block diagram shown 
in Figure 4 17 To complete the description of the system, the electrical torque is ob¬ 
tained from (4 95), T e<j> = XJq - \ q i d , which is combined with (4 274) and (4 275) to 
compute 

T e = E' d l d + E' q I q - (L' q - L' d )I d I q (4 291) 


Example 4 7 

Determine the time constants and gains for the two-axis model of Figure 4 17, 
based on the machine data of Examples 4 1-46 In addition we obtain from the manu¬ 
facturer's data the constant x q = 0 380 pu 

i 

Solution 

Both time constants are known from Example 4 7 The gains are simply the pu re¬ 
actances 

x q - = 1.64 - 0 380 = 1 260 pu x, - x' d = 1 70 - 0 245 = 1 455 pu 


The remaining system equations are given by 

- T m -Du- [E'J d + E' q I q - (i; - L' d )l d I q ] 

5 = u - 1 (4 292) 

The block diagram for (4 292) is shown in Figure 4,18. 

By combining Figures 4 17 and 4 18, the block diagram for the complete model is 
obtained Again saturation can be accounted for by modifying (4 287), 

E = E' q - (x d - x' d )I d + E a (4 29.3) 

where £ A is a voltage increment that corresponds to the increase in the field current due 
to saturation (see Young [19]) The procedure for incorporating this modification in 
the block diagram is similar to that discussed in Section 4 15.2. 



Fig 4 18 Block diagram representation of (4 292). 


4 15.4 Neglecting amortisseur effects and A d and A_ terms—the one-axis model 

This model is sometimes referred to in the literature as the one-axis model. It is 
similar to the model presented in the previous section except that the absence of the Q 
circuit eliminates the differential equation for E d or e d (which is a function of the 
current/^). The voltage behind transient reactance e' shown in Figure 4 16 has only 
the component e' q changing by the field effects according to (4 290) and (4 293) The 
component e' d is completely determined from the currents and v d Thus, the system 
equations are 

T d0 E' q = E fD - E pu E = E' q - (x d - x' d )I d pu (4 294) 

The voltage E' d is obtained from (4 36) with \ d = 0, and using (4.274) and (4 275), 

E' d = V d + x' q I q + rl d pu (4 295) 

The torque equation is derived from (4.95), T t<i = \ d i q - \ q i d Substituting (4 274) and 


E 



Fig 4 19 Block diagram representation of the one-axis model 
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noting that, in the absence of the Q circuit, \ q = L q i q , 

h = % - H q ~ L ' d )I d I q pu (4 296) 

Thus the remaining system equations are 

TjU = T m - Dw - [E' q I q - {L q - L' d )I d I q ] pu 5 = 0 - 1 pu (4.297) 
The block diagram representation of the system is given in Figure 4 19 

4 15 5 Assuming constant flux linkage in the main field winding 

From (4.228) we note that the voltage E' q , which corresponds to the d axis field flux 
linkage, changes at a rate that depends upon r d0 This time constant is on the order of 
several seconds The voltage E FD depends on the excitation system characteristics If 
E fD does not change very fast and if the impact initiating the transient is short, in some 
cases the assumption that the voltage E q (or e q ) remains constant during the transient 
can be justified Under this assumption the voltage behind transient reactance E' or e' 
has a q axis component E' q or e q that is always constant. The system equation to be 
solved is (4 296) with the network constraints (to determine the currents) and the condi¬ 
tion that E' q is constant 

The next step in simplifying the mathematical model of the machine is to assume 
that£^ and E' are approximately equal in magnitude and that their angles with respect 
to the reference voltage are approximately equal (or differ by a small angle that is con¬ 
stant) Under these assumptions E' is considered constant This is the constant voltage 
behind transient reactance representation used in the classical model of the synchronous 
machine 

Example 4 8 

The simplified model used in Section 4 15 2 (voltage behind subtransient reactance) 
is to be used in the system of one machine connected to an infinite bus through a trans¬ 
mission line discussed previously in Section 4 13 The system equations neglecting 
saturation are to be developed 

Solution 

For the case where saturation is neglected, the system equations are given by 
(4 263)-(4 268). This set of differential equations is a function of the state variables e'J, 
\ D , E' q , a>, and 5 and the currents i d and i q Equation (4 266) expresses e'J as a linear 
combination of the variables E' q and \ D 

For the mathematical description of the system to be complete, equations for i d and 
i q in terms of the state variables are needed These equations are obtained from the 
load constraints 

From the assumptions used in the model, i e., by neglecting the terms in \ d and 
in the stator voltage equations (compared to the speed voltage terms) and also by as- 



Fig 4.20 Network representation of the system in Example 4 8 
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suming that o> ^ w K , the system reduces to the equivalent network shown in Fig¬ 
ure 4 20. 

By following a procedure similar to that in Section 4 15 2, equations (4 2.34) are 
given by 

K d = ~RI d -\X"I q + E'J V xq = ~RI q + X"l d + £" (4 298) 

where 

R = r + R e X" = x" + X e (4 299) 

and 

V xd = ~\/3 U^sin(5 - a) V aoq = \/3 Fcos(<5 - a) (4.300) 

From (4 298) I d and I q are determined 

l “ ~ (Rf l (X'Y ~ ES) + - £ ’ )] 

- - w l iX „y ~ £ i') + *(V., - (4 301) 

Equations (4 147) and (4 301) along with the set (4 263)-(4 268) complete the mathe¬ 
matical description of the system,. 

4 16 Turbine Generator Dynamic Models 

The synchronous machine models used in this chapter, which are in common use 
by power system engineers, are based on a classical machine with discrete physical 
windings on the stator and rotor. As mentioned in Section 4 14, the solid iron rotor 
used in large steam turbine generators provides multiple paths for circulating eddy cur¬ 
rents that act as equivalent damper windings under dynamic conditions The represen¬ 
tation of these paths by one discrete circuit on each axis has been questioned for some 
time Another source of concern to the power engineer is that the value of the machine 
constants (such as L d , L'J, etc) used in dynamic studies are derived from data ob¬ 
tained from ANSI Standard C42 10 [16] This implicitly assumes two rotor circuits in 
each axis—the field, one d axis amortisseur, and two q axis amortisseurs This in turn 
implies the existence of inductances L d , L d , L'J, L q , L q , and L'J and time constants t' m , 
T 'Jo> T ' q oi an d 7 Jo* a *l °f which are intended to define fault current magnitudes and decre¬ 
ments In some stability studies, discrepancies between computer simulation and field 
data have been observed It is now suspected that the reason for these discrepancies is 
the inadequate definition of machine inductances in the frequency ranges encountered in 
stability studies 

Studies have been made to ascertain the accuracy of available dynamic models and 
data for turbine generators [21-25] These studies show that a detailed representation of 
the rotor circuits can be more accurately simulated by up to three discrete rotor circuits 
on th ed axis and three on the q axis Data for these circuits can be obtained from f re¬ 
quency tests conducted with the machine at standstill To fit the “conventional” view of 
rotor circuits that influence the so-called subtransient and transient dynamic behavior 
of the machine, it is found that two rotor circuits (on each axis) are sometimes adequate 
but the inductances and time constants are not exactly the same as those defined in 
IEEE Standard No 115 

The procedure for determining the constants for these circuits is to assume equiva- 
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(4 303) 


lent circuits on each axis made up of a number of circuits in parallel The transfer func¬ 
tion for each is called an operational inductance of the form 

Z(s) = [AT($)//)(j)]L (4 302) 

where L is the synchronous reactance, and N(s) and D( s) are polynomials in s Thus 
for the d axis we write 

LAs) = L d (1 + a ' S ' }( ' ] + 6|5)(1 + C — (4 30.3) 

d (\ + a 2 s)(l + MU + c 2 s) 

and the constants L d , a,, a 2 , b { , b 2 , c„ and c 2 are determined from the frequency do¬ 
main response 

If the operational inductance is to be approximated by quadratic polynomials, the 
constants can be identified approximately with the transient and subtransient param¬ 
eters. Thus, for the d axis, L d (s) becomes 

r / \ _ t [1 + (L d /L d )r d0 s][\ + {L d /L d )r d0 s] 

A) * (1 + 'rjosHl + rJlf) 


Us) = L d - 


(4 304) 


The time constants in (4.304) are different from those associated with the exponential 
decay of d or q axis open circuit voltages, hence the discrepancy with IEEE Standard 
No. 115. 

An example of the data obtained by standstill frequency tests is given in [24] and is 
reproduced in Figure 4 21. Both third-order and second-order polynomial representa¬ 
tions are given Machine data thus obtained differ from standard data previously ob¬ 
tained by the manufacturer from short circuit tests Reference [24] gives a comparison 
between the two sets of data for a 555-MVA turbogenerator. This comparison is given 
in Table 4.6 


o.ooooi 
3.01-r 


Speed, pu 
0.001 


,,*(!+ 0.69s) (1 + 0.072s) (1 + 0.004s) 
<1 0 (1 + 1.23s) (1 + 0.162s) (1 + 0.007s) 


(1 + 1.28s) (1 + 0.016s) s*\\ 
(l + 7.75s) (1 + 0.022s) \ 


Vv s) 

V\ 


, (1 + 0.3U) (1 + 0.031s~j j 


(l + 1,69s) (1 + 0.18s) (1 + 0.0038s) 


(1 + 8.57s) (1 + 0.24s) (1 + 0.0047s) 


Frequency response plots 555 5 -MVA unit 
-Test results 

-Adjusted results for simulation of 

two rotor windings in each axis 


0.06 0 6 
Frequency, Hz 


Fig 4 21 Frequency response plot for a 555-MVA turboalternator {© IEEE Reprinted from IEEE Trans 
vol PAS-93, May/June 1974 ) 
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I able 4, 6. Comparison of Standar d Data with 
Data Obtained from Frequency Tests for a 
555-MVA turboaltemator 


Constants 

Standard data 

Adjusted data 


pu 

1 97 

1 81 

I'd 

pu 

0 27 

0 .30 


pu 

0 175 

0 217 


pu 

1 867 

1.76 

K 

pu 

0473 

061 

K 

pu 

0.21.3 

0.254 

L, 

pu 

0 16 

0.16 

T d0 

s 

4.3 

7.8 

T d0 

s 

0031 

0 022 

T q0 

s 

0 56 

0 90 

T q0 

s 

0.061 

0.074 


Source:©IEEE Reprinted from IEEE Trans vol 
PAS-93. 1974 


The inductance versus frequency plot given in Figure 4,21 is nothing more than the 
amplitude portion of the familiar Bode plot with the amplitude given in pu rather than 
in decibels The transfer functions plotted in Figure 4 21 can be approximated by the 
superposition of multiple first-order asymptotic approximations If this is done, the 
break frequencies should give the constants of (4 304). The machine constants thus ob¬ 
tained are given in the third column of Table 4 6 If, however, the machine constants 
obtained from the standard data are used to obtain the breakpoints for the straight-line 
approximation of the amplitude-frequency plots, the approximated curve does not pro¬ 
vide a good fit to the experimental data For example, the d axis time constant r d0 of the 
machine, as obtained by standard methods, is 4 3 s If this is used to obtain the first 
break frequency for log [1/(1 + T do s)], the computed break frequency is 

1 / T d0 = 1/4 3 = 0 2.326 rad/s = 0 00062 pu (4.305) 

The break point that gives a better fit of the experimental data corresponds to a 
frequency of 0 1282 rad/s or 0 00034 pu Since the amplitude at this frequency is the 
reciprocal of the d axis transient time constant, this corresponds to an adjusted value, 
denoted by r d *, given by 

T d* = 1/0.1282 = 7 8 s (4 306) 

Reference [24] notes that the proper ajustment of r d0 , r q0 , and L' q are all particu¬ 
larly important in stability studies 

A study conducted by the Northeast Power Coordinating Council [26] concludes 
that, in general, it is more important in stability studies to use accurate machine data 
than to use more elaborate machine models Also, the accuracy of any dynamic ma¬ 
chine model is greatly improved when the so-called standard machine data are modified 
to match the results of a frequency analysis of the solid iron rotor equivalent circuit. 
At the time of this writing no extensive studies have been reported in the literature to 
support or dispute these results 

Finally, a comparison of these results and the machine models presented in this 
chapter are in order. The full model presented here is one of the models investigated in 
theNPCC study [26] for solid rotor machines.. It was found to be inferior to the more 
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elaborate model based on two rotor windings in each axis This is not surprising since 
the added detail due to the extra q axis amortisseur should result in an improved simula¬ 
tion. Perhaps more surprising is the fact that the model developed here with F, D, and 
Q windings provided practically no improvement over a simpler model with only F and 
Q windings Furthermore, with the F-Q model based on time constants T d0 and r qQ , 
larger digital integration time steps are possible than with models that use the much 
shorter time constants t'J q and r" 0 , as done in this chapter 

As a general conclusion it is apparent that additional studies are needed to identify 
the best machine data for stability studies and the proper means for testing or estimating 
these data This is not to imply that the work of the past is without merit. The tra¬ 
ditional models, including those developed in this chapter, are often acceptable But, 
as in many technical areas, improvements can and are constantly being made to pro¬ 
vide mathematical formulations that better describe the physical apparatus 

Problems 

4 1 Park’s transformation P as defined by (4.5) is an orthogonal transformation Why? But 
the transformation Q suggested originally by Park (10,11] is that given by (4 22) and 
is not orthogonal Use the transformation Q to find voltage equations similar to (4 39). 

4 2 Verify (4 9) by finding the inverse of (4 5) 

4 3 Verify (4 12) by sketching the stator coils as in Figure 4 1 and observing how the induc¬ 
tance changes with rotor position 
4 4 Verify the following equations: 

(a) Equation (4 13) Can you explain why these inductances are constant? 

(b) Equation (4 14) Why is the sign of M, negative? Why is \M S \ > L m l 

(c) Explain (4 15) in terms of the coefficient of coupling of these coils. 

4 5 Verify (4.16)-(4 18) Explain the signs on these equations by referring to the currents 
given on Figures 4 1 and 4 2 
4 6 Verify (4 20) 

4 7 Explain the signs on all terms of (4 23). Why is the A term negative? 

4 8 Consider a machine consisting only of the phase winding sa-fa .shown in Figure 4.1 and 

the field winding F Sketch a new physical arrangement where the field flux is stationary 
and coil sa-fa turns clockwise Are these two physical arrangements equivalent? Explain 
4 9 For the new physical machine proposed in Problem 4 8 we wish to compute the induced 
EMF in coil sa-fa Do this by two methods and compare your results, including the 
polarity of the induced voltage 

(a) Use the rate of change of flux linkages A 

(b) Compute the Blv or speed voltage and the transformer-induced voltage 
Do the results agree? They should! 

4 10 Verify (4 24) for the neutral voltage drop 
4 11 Check the computation of PP~'given in (4 32) 

4 12 The quantities \ d and X q are given in (4 20) Substitute these quantities into (4 32) and 
compute the speed voltage terms Check your result against (4 39). 

4 13 Verify (4 34) and explain its meaning 

4 14 Extend Table 4 1 by including the actual dimensions of the voltage equations in an MLi\l 
system Repeat for an FL tQ system 
4 15 Let v a (t) = V m cos (w R / + a) 

ty(0 = k^cosjwR/ + a —2rr/3) 
u f (0 = K m cos(w R ? + a + 2tt/3) 

(a) For the pu system used in this book find the pu voltages v d and v q as related to 
the rms voltage V 

(b) Repeat part (a) using a pu system based on the following base quantities: S B = three- 
phase voltampere and V B = line-to-line voltage 

(c) For part (b) find the pu power in the d and q circuits and i d and i q in pu 
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4 16 Using the transformation Q of (4 22) (originally used by Park) and the MKS system of 
units (volt, ampere, etc ), find: 

(a) T he d and q axis voltages and currents in relation to the rms quantities 

(b) I he d and q axis circuit power in relation to the three-phase power 

4 17 Normalize the voltage equations as in Section 4 8 but where the equations are those found 
from the Q transformation of Problem 4 1 

4 18 Show that the choice of a common time base in any coupled circuit automatically forces 
the equality of VA base in all circuit parts and requires that the base mutual inductance be 
the geometric mean of the self-inductance bases of the coupled windings; i e , 

= S 2 b ^i2B = (W2B) 17 - 

4 19 Show that the constraint among base currents (4 54) based upon equal mutual flux linkages 
is the same as equal MMF’s in each winding 

4 20 Show that the 1 /to R factors may be eliminated from (4 62) by choosing a pu time r = co R / 
rad 

4 21 Develop the voltage equations for a cylindrical rotor machine, i e.., a machine in which 
the inductances are not a function of rotor angle except for rotor-stator inductances that 
are as given in (4 16)-(4 18) 

4 22 Consider a synchronous generator for which the following data are given: 2 poles, 2 
slots/pole/phase, 3 phases, 6 slots/pole, 12 slots, 5/6 pitch. Sketch the slots and show two 
coils of the phase a winding, coil 1 beginning in slot 1 (0°) and coil 2 beginning in slot 
7 (180‘). Label coil 1 sa r fa { (start a, and finish a,) and coil 2 sa 2 -fa 2 Show the position 
of N and S salient poles and indicate the direction of pole motion. 

Now assume the machine is operating at 1 0 PF (internal PF) and note by + and 
notation, looking in at the coil ends, the direction of currents at time r 0 , where at t Q 

A — Anax A = — (l/2)Anax A ~ — (f/2)/ ma x 

Plot the MMF as positive when radially outward +i a enters sa, and +i b enters s6, but 
+ A enters/c, Assume the MMF changes abruptly at the center line of the slot The 
MMF wave should be a stepwise sine wave Is it radially outward along d or ql 
4 23 Verify (4 138) 

4.24 Derive formulas for computing the saturation function parameters A i and B s defined in 
(4 141), given two different values of the variables \ AD , i M0 , and i MS 
4 25 Compute the saturation function parameters A s and B s given that when 

^ad = V5, (‘ms - ‘mo)/<mq = 0 13 

\ d o ~ 1 2 \/3, (i' MS - 1 2i M0 )/ 1 2 i M0 = 0 40 

where i MS and i m correspond to \ AD = y/3 and i' MS is the saturated current at \ AD = 

1 2VJ. 

4 26 Compute the saturation function K, at X AD = 1.8, using the data and results of the 
previous problem LetX^ = 0 8 Vl 

4 27 The synchronous machine described in Examples 4 2 and 4 3 is connected to a resistive load 
of R L - 1 0 pu Derive the equations for the state-space current model using v f and 
T m as forcing functions Use the current model 
4 28 Repeat Problem 4 27 using the flux linkage mode! 

4 29 Derive the state-space model for a synchronous machine connected to an infinite bus with 
a local load at the machine terminal The load is to be simulated by a passive resistance 
4 30 Repeat Problem 4 29 for a local load simulated by a passive impedance The load has a 
reactive component 

4 31 Obtain the slate-space model for a synchronous machine connected to an infinite bus 
through a series resistance, inductance, and capacitance. Hint: Add two state variables 
related to the voltage (or charge) across the capacitance. 

4 32 Incorporate the load equations for the system of one machine against an infinite bus 
(shown in Figure 4 8) in the simplified models given in Section 4 15: 

(a) Neglecting damper effects. 
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(b) Neglecting X d and X q for a machine with solid round rotor 

(c) Neglecting damper effects and the terms X d and X q 

4 33 Show that the voltage-behind-subtransient-reactance model of Figure 4 14 can be rear¬ 
ranged to give the model of Schulz [20] given in Figure P4 33 



Fig P4.33 


4.34 Using the third-order transfer functions for L d (s) and L q (s) given in Figure 4.21, sketch 
Bode diagrams by making straight-line asymptotic approximations and compare with the 
given test results 

4 35 Repeat Problem 4 34 using the second-order transfer functions for L d (s) and L. q (s) 

4 36 Repeat Problem 4 35 using the second-order transfer functions of (4 304) and substituting 
the standard data rather than the adjusted data 
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chapter 


The Simulation 
of Synchronous Machines 


5 1 Introduction 

This chapter covers some practical considerations in the use of the mathematical 
models of synchronous machines in stability studies Among these considerations are 
the determination of initial conditions, determination of the parameters of the machine 
from available data, and construction of simulation models for the machine 

In all dynamic studies the initial conditions of the system are required This in¬ 
cludes all the currents, flux linkages, and EMF’s for the different machine circuits The 
number of these circuits depends upon the model of the machine adopted for the study 
The initial position of the rotor with respect to the system reference axis must also be 
known. These quantities will be determined from the data available at the terminals 
of the machine 

The machine models used in Chapter 4 require some data not usually supplied by 
the manufacturer Here we show how to obtain the required machine parameters from 
typical manufacturer’s data The remainder of the chapter is devoted to the construc¬ 
tion of simulation models for the synchronous machine Both analog and digital 
simulation* are discussed 


5 2 Steady-State Equations and Phasor Diagrams 

The equations of the synchronous machine derived in Chapter 4 are differential 
equations that describe machine behavior as a function of time When the machine 
operates in a steady-state condition, differential equations are not necessary since all 
variables are either constants or sinusoidal variations with time. For this situation 
phasor equations are appropriate, and these will be derived It is common to tacitly 
assume all machines to be in a steady-state condition prior to a disturbance The so- 
9 alled “stability study” examines the system behavior following the disturbance The 
phasor equations derived here permit the solution of the initial conditions that exist 
prior to the application of the disturbance This is a necessary part of any stability 
investigation. 

From (4 74) at steady state all currents are constant or, mathematically, 


id — ip = i d = iq = in = 0 


Then from (4 74) 


0 — io r D 


InT 


Q'Q 


(5 1 ) 


(5 2 ) 
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or at steady state 


Id - fg = 0 

Using (5 1) we may write the stator voltage equation from (4 74) as 


(5 3 ) 


v d = -ri d - a>L q i q v q = -ri q + uL d i d + k M F coi F (5.4) 

From (4 5) with balanced conditions, u 0 = 0 Therefore, from (4 9) we may compute 

v a = V'2/3(u rf cos 6 + u 9 sin0) (5.5) 

where by definition 6 = co R ? + 5 4- x/2 Then from (5 4) and (5 5) 

v 0 = V2/3 [~{ri d + ojT,/ 9 )cos(( 0 r/ + 8 + x/2) 

+ ( — n q + coL d i d + kMfOiif) sin (co R / + 5 + x/2)] 

= V2/3 [~(ri d + wLgiq) cos (&> R r + 8 + x/2) 

+ (-//* + uLdid + kM f o>i F ) cos (<o R Z + 5)] (5.6) 

At steady state the angular speed is constant, co = co R , and 10 L products may be de¬ 
noted as reactances, or 


wL q = x q oiL d = x d 


(57) 


From (4 226) we also identify 

oj R Mfi f = V2E (5 8) 

where £ is the stator equivalent EMF corresponding to i f Using phasor notation, 1 
the a/ 2 multiplier of (5 6) is conveniently used to define the rms voltage phasor 


F ‘ = i S + -^ + ^ ~ *' ^ /» + >/2 + ^ 11 + E[S 

(59) 

where the superior bar indicates a total phasor quantity in magnitude and angle (a com¬ 
plex number) 

By using the relation j = 1 /x/2 in (5 9), 

+ + + ^ ( 510 ) 

Note that in this equation V a and £ are stator rms phase voltages in pu, while i d 
and i q are dc currents obtained from the modified Park transformation The choice 
of this particular transformation introduced the factor \jy/h in the equation To 
simplify the notation we define the rms equivalent d and q axis currents as 

I d =i d (V 3 I g = iq/V^ ( 511 ) 

The stator current i a expressed as a phasor will have the two rectangular components 
/, and I d Thus if the phasor reference is the q axis, 

T a = Ig + )I d (5.12) 


1 We define the phasor A = Ae )a as a complex number that is related to the corresponding time do¬ 
main quantity a{i) by the relation a(i) = (Re (\/2 Ae }ul ) = \/2A cos (lot + a). 
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q axis 



Substituting (5 12) and (5 11) in (5 10) and rearranging, 

E IL = K + rT a + }x q I q [b - x d I d [b (5 13) 

and by using E = E[8 t T q = I q /j>, and l d = j I d [8, 

E = V a + r7 a + \xj q + )x d 7 d (5 14) 

The phasor diagram representing (5 14) is shown in Figure 5 1 [1] Note that the 
phasor )x q 7 q leads the q axis by 90° The phasor j xj d makes a 90° angle with the nega¬ 
tive d axis since I d is numerically negative for the case illustrated in Figure 5 1 To ob¬ 
tain v d and v q from (5 4), we compute the rms stator equivalent voltages 

V d 4 v d /V3 = -rl d - x q l q V q = v q jV 3 = -rl q + x d I d + E (5 15) 

Note that V q and V d are the projection of V a along the q and d axes respectively 
Also note that in the phasor diagram in Figure 5.1 both V d and I d are illustrated as 
negative quantities Thus the magnitude of rl d is subtracted from x q I q to obtain 
the magnitude of V d This situation is shown in Figure 5 1 since lagging current (nega¬ 
tive I d ) is commonly encountered in practice Examining Figure 5 1 and (5.15), we 
note that if the angle <5 is known the phasor diagram can be constructed quite readily 
If the position of the q axis is not known but the terminal conditions of the machine 

q axis 



Fig 5 2 Location of the q axis from a known terminal current and voltage 


are given (i.e , if V a , I a , and the angle between them are known), construction of 
the phasor diagram requires some manipulation of (5 15) However, an alternate pro¬ 
cedure for locating the position of the q axis is illustrated in Figure 5.2, where it is 
assumed that V a , I a , and the power factor angle are known Starting with V a (used 
here as reference) the voltage drop rl a is drawn parallel to l a Then the voltage 
drop j.x 9 7 a is added (this is a phasor perpendicular to /„).. The end of that phasor ( E qa 
in Figure 5 2) is located on the q axis This can be verified by noting that the d axis 
component of the phasor j x q T a is x 9 / 9 , which is similar to that shown in Figure 5 1 Its 
q axis component however is x q T d , which is different from that shown in Figure 5.1 
Thus to locate the phasor E in Figure 5 2, we add the phasor (x rf - x q )I d to the phasor 
E 

qa 

5 3 Machine Connected to an Infinite Bus through a Transmission Line 

To illustrate more fully the procedure for finding the machine steady-state condi¬ 
tions, we solve the simple problem of one machine connected to an infinite bus through 
a transmission line Although this one-machine problem is far simpler than actual 
systems, it serves well to illustrate the procedure of finding initial conditions for any 
machine As we shall see later, this simple problem helps us concentrate on concepts 
without becoming engulfed in details 

The differential equations for one machine connected to an infinite bus through a 
transmission line with impedance Z e = R e + jis given by (4 149) Under bal¬ 
anced steady-state conditions with zero derivatives, (4 149) becomes 

v d = -V3V„ sin (5 - a) + R e i d + coL e i q 

v q = \/3 K*, cos (<5 - a) + R e i q - uL e i d (5. 16) 

Substituting for v d and v q from (5 4) into (5.16), 

-ri d - a>L q i q = - \/3 V x sin (5 - a) + R e i d + (*>L e i q 
-ri q + a )L d i d + kM F wi f = v / 3K 00 cos(5 - a) + R e i q - uL e i d 
By using (5 7) and (5 11) and rearranging the above equations, we compute 
E = V x cos(5 - a) + (a + R e )/ q - ( x d + X e )/ d 
0 = - V x sin (5 - a) + {r + R e )I d + (x q + X e )I q (5 17) 

where X e = a iL e Equations (5 17) represent the components of the voltages along 
the q and d axes respectively The phasor diagram described by these equations is 
shown in Figure 5.3, where the phasor representing the infinite bus voltage with 
the q axis as reference, is given by 

F„ = V* q + jV^d = V x cos(S - a) - j sin (5 - a) (5.18) 

Note that Figures 5 1 and 5.2 can be combined since the same q and d axes, the 
same EMF E, and the same current I a are applicable to both Thus in Figure 5.3 the 
machine terminal voltage components V d and V q can be obtained using (5.15) An 
alternate procedure would be to start with the phasor V x in Figure 5.3, then add the 
voltage drop R e I q - X e I d in the q axis direction and the voltage drop RJ d + X e I q in 
th cd axis direction to obtain the phasor V a , 

Again remember that in Figure 5.3 both I d and V«, d are shown as negative quanti¬ 
ties The remarks concerning the location of the q axis starting from and l a 
are also applicable here 
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Fig 5 3 Phasor diagram of (5 17) 


5 4 Machine Connected to an Infinite Bus with Local Load at Machine Terminal 

The equations that relate the infinite bus voltage V x to the stator equivalent EMF 
E are given by (5 17). Note that this form of the equations does not give the machine 
terminal voltage explicitly Since the terminal voltage is a quantity of considerable 
interest, we seek a solution in which V d and V q are given explicitly One convenient 
method is to add a local load at the machine terminals, as shown in Figure 5 4 

For the system shown in Figure 5.4, the steady-state equations for the machine 
voltages, EMF’s, and currents are the same as given by (5.14), (5 15), and (5 12) re¬ 
spectively Equations (4 149), which at steady-state conditions are the same as (5 16), 
are still applicable except that the currents i d and i q should be replaced by the currents 
i ld and i tq These are the d and q axis components of the transmission line current i, 
In other words, with the q axis as a reference, 

1 = I, q + j l ld (5 19) 

where we define 

- <„/V5 I, d - i„/V 3 (5.20) 

The transmission line equations are then given by 



Fig 5 4 One machine with a local load connected to an infinite bus through a transmission line 
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v d = - \/3 V K sin (5 - a) + R e i ld + a )L e i lq 
v q = vTF^cos^ - a) + R e i, q - wL e i ld 


which can be stated in the form 


V d = -V x sin (5 - a) + R e I ld + XJ lg 
V q = K^cos^ - a) + R e l lq - X e I, d 


(5 21) 


(5 22) 


To obtain a relation between /, and I a , we refer to Figure 5 4 By inspection we 
can write the phasor relations 

Tl =T a -l 0 L - l)(Ri + j X L ) - v q + j V d (5 23) 

where we define Z L = R L + jX L . Separating the real and imaginary components, 

(Iq — Itq)K l - (Id ~ ltd)Xi = V q 

(I d ~I,d)R L +(Iq~I,q)X L = V d (5 24) 

From (5 24) we can solve for I lq and I td> 

V q X L - V d R L V q R L + V d X L 

~ ^ + Rl + XI " 4 " Rl + XI (5 25) 


I,q - I q 


(5 25) 


The equations for the q and d axis voltage drops can then be obtained from (5.25), 
(5.15), and (5 22) 


5 4 1 Special case: the resistive load, Z L = R L + jO 

For this case X L = 0 From (5 25) 

ltd = ld~ Vd/Ri Itq = Iq~ Vq/Ri 

Substituting (5 26) into (5 22), 

V d = - V x sin (5 - a) + R t {I d - V d /R L ) + X e (I q - VJR L ) 
V q = V„cos (8 - a) + R e (Iq - VJR l ) - X e (I d - V d /R L ) 


(5 26) 


Kf(l + RJRl) + V q (X e /R L ) = - V n sin (5 - a) + R e I d + X e I q 
- Vd(XJR L ) + Vq( 1 + RJR l ) = V K cos (8 - a) + R e I q - X e I d (5 27) 
Substituting (5 15) into (5 27) and rearranging, 

+ (*• + r k + x ) 4 

( l+ k) E = K cos(5 - a) - {*• + r t l + Hr ) 4 

+ L +r 1^^\ lt (5 28 ) 


Now define 
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' ^ 8 1 
Vd qq 


Fig 5 5 Phasor diagram of a synchronous machine connected to an infinite bus with local resistive load 


R d = R e + r 


R-e + Rl X e X d 


fc q = R e + r 


Re + Rl X e X q 


Rl Rl * ' R l ~rT 

X q = A4(l + r/R L ) + x 9 (l + RJRl) X d = X e {\ + r/R t ) + *,,(1 + RJR L ) 
Then (5 28) can be written as 

{XJR l )E = - *4 sin (5 - a) + R d ! d + X\l q 
(1 + R e /R L )F = V„ cos(5 - a) - X d I d + R q I q (5 29) 

Let us define a phasor £,: 

= (1 + R e /R L )E + ){X e /R L )E (5 3 

where the phasor £, makes an angle y with the q axis 

y = arctan [*,/(/?, + /? z )] (5 3 

The phasor diagram for (5 29)-(5 31) is shown in Figure 5 . 5 . 


(5 30) 


(5.31) 


5 4 2 The general case: Z L arbitrary 

For Z £ arbitrary the equations are more complicated Substituting (5 25) into 
(5 22) and rearranging, 

y /, , r lR* + X L X\ „ (R l X, - X L R e \ r , . /r , . 

d \ - Zj - j - Y\ -) = ‘^ S,n(5 “ «) + R ' 1 * + X,l, 

(R L X e - X\R\ u ( R L R e + X L X e \ „ 

Vd \~Zi / + ^ \ + - Y\ - j = C0S ( 5 ~ «) + R * f 1 ~ X t I d 


q s* e 1 d 


(5 32) 


K( 1 + A t ) + V q \ 2 = — V x sin (8 — a) + R e I d + X e l q 
- V d \ 2 + V q ({ + A,) = v m cos (8 - a) - XJ d + R e I q 


where 


Ai = (R t R e + X L X e )(Z\ X 2 = (R l X e - X L R e )fZ\ 
Combining (5.33) and (5 15), 


(5 33) 


(5 34) 
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A 2 £ = -K„sin(5 - a) + [R e + r(l + A,) - x d \ 2 ]I d 
+ [X e + x 9 (l + A,) + fA 2 ]/ 9 

(1 + A,)£ = V*> cos(6 - a) + [~X e - rX 2 - ,x rf (l + A,)]4 

+ [£« — x q X 2 + r(l + A,)]/, (5.35) 

Again, by defining £, = (1 + Aj)£ + jA 2 £, 

R d = R e + /■ (1 + A t ) — x d X 2 R q = R e 4- r(l + Ai) — x 9 A 2 

X d = X e + x d {\ + A ( ) + aA 2 X q = X e + x 9 (l + Ai) + t A 2 (5.36) 

we may write (5 35) in the form 

A 2 £ = -V x sin {5 - a) + R d / d + X q l q 
(1 + A|)£ = V„ cos(5 — a) — X d I d + R q I q (5 37) 

Since (5 37) is of the same form as (5 29), it can be represented by the same phasor 
diagram in Figure 5 5 

5 5 Determining Steady-State Conditions 

The most common boundary conditions are the terminal voltage V a and either the 
current I 0 and the power factor F p or the generated power P and the reactive power 
£>(per phase) In either case V a , I a , and 0 (the power factor angle) are assumed to be 
known 

Resolving J a into components with V a as a reference, we write 

la = lr + j /* (5.38) 

where/, is the component of I a in phase with V a , and l x is the quadrature component 
(which carries its own sign) We also define the power factor F p as 

F p = cos 0 (5.39) 

where 0 is the angle by which I a lags V a . Then 

/, = 4 cos 0 /, = -I a sin 0 (5 40) 

The phasor E qa in Figure 5 2 is given by 

£ q a = K + (r + j x q )T a = K + (/, + j I x )(r + j x q ) 

= (K ~ x f / x + rl r ) + j (x q I r + rl x ) (5 41) 

The angle between the q axis and the terminal voltage V a (i.e , the angle b - /3 in 
Figures 5 1 and 5.2) is given by 

' 8 - 0 = tan -1 {{x q I r + rI x )/(V a + rl r - x q l x )) (5 42) 

The above relations are illustrated in Figure 5 6 Then we compute 

V d = -F fl sin(5 - 0) V q = V a cos (5 ~ 0) (5 43) 

and v d and v q can then be determined from their relationship to V d and V q given by 
(5 15). 

The currents are obtained from 

I d = -4 sin (8 - 0 + 0) / 9 = 4cos(5 - 0 + 0) (5 44) 

and the rotor quantities i d and i q can be determined from (5 11).. The remaining 
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Fig 5.6 Phasor diagram illustrating (5 41) and (5 42) 

currents and flux linkages can readily be determined once these basic quantities are 
known 

In the case of a synchronous machine connected to an infinite bus the same pro¬ 
cedure is followed if the conditions at the machine terminals are given. The voltage 
of the infinite bus is then determined by subtracting the appropriate voltage drops to 
the machine terminal voltage V a 

If the terminal conditions at the infinite bus are given as the boundary conditions, 
the position of the q axis is determined by a procedure similar to the above The 
machine d and q axis currents and voltages and the machine terminal voltage can then 
be determined. This is illustrated in Examples 5.1 and 5.2 

5 5.1 Machine connected to an infinite bus with local load 

Case 1: V x , E, and the machine load angle <5 - a are known. 

In this case l d and I q can be determined directly from (5.37) Then from (5 15) we 
can determine V d and V q The three-phase power of the machine can be determined 
from the relation P u = 3 (V d I d + V q I q ) The terminal current I, is determined from 
(5 25), and knowing V x we can also determine the power and power factor at the in¬ 
finite bus 

Case 2: Machine terminal conditions V a ,/ a , and power factor are known 

From I a , V„, and the power factor the position of the quadrature axis is deter¬ 
mined (see Figure 5 2). From this information I d , V d , I q , and V q can be found Also £ 
can be calculated from (5.1.3). From (5 .36) and (5 .37) the phasor £, can be constructed 
The infinite bus voltage can then be determined by drawing R d l d + X q l q parallel to the 
d axis and R q f q - X d I d parallel to the q axis, as shown in Figure 5.7 Thus V x and the 
angle <5 - a are found, from which we can determine V„ d and V„ q , The current I, is 
determined from (5.25), and the power at the infinite bus is given by 3 (V„ d I ld + V xq l, q ). 

Case 3: Conditions at infinite bus are known 

From V x , and Z e the machine terminal voltage V a is calculated Then from V 
and Z £ we can determine T L From T L and /,, T a is found Now the conditions at the 
terminals of the machine are known and the complete phasor diagram can be con¬ 
structed 
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Fig 5 7 Construction of the phasor diagram for Case 2 


5 6 Examples 

The procedures described are illustrated by several examples where different initial 
conditions are given 


Example 5 l 

The machine described in Examples 4 1, 4 2, and 4 3 is to be examined at rated 
power and 0 85 PF lagging conditions (nameplate loading) The terminal voltage is 
1 0 pu Calculate the steady-state operating conditions If this machine is connected 
by a transmission line of 0 02 + jO 40 pu impedance to a large system, find the infinite 
bus voltage 

Solution 

From previous examples and the prescribed boundary conditions the following 
data are available: 

x d = 1 700 pu V a = 1 000 pu 

x q = 1 640 pu R e = 0 02 pu 

r = 0 001096 pu L e = 0 4 pu 

F p = cos0 = 0 850 Z f = 0 4005 /87.138° 

From the given power, power factor, and voltage we compute 

I a = I 0/0 85 = 1 176 pu 

The angle 4> is computed from F p as <p = cos -1 0 85 = .31 788° Then from (5 40) 

I r = l a cos0 = 1 000 I x = / a sin <p = -0 620 
From (5 42) and Figure 5 7 


(<5 - /3) = arctan 


1.00 x 1.64 - 0,001096 x 0.620 
1 000 + 0 620 x 1 64 + 1 00 x 0.001096 


= arctan 0 8126 = 39.096° 


and S - ft + 0 = .31 788 + 39 096 = 70 884° = angle by which I a lags the q axis 
Then from (5 44) 
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4 = / a cos (5 - /3 + 0) = 0 .385 pu i = 0 667 pu 


4 = -/ a sin(5 - /3 + 0) = - 1.112 pu i d = -1 925 pu 


From (5 42) 


4, = 4, cos 39 09° = 0 776 pu v q = 1344 pu 
V d = - 4, sin 39 09° = -0 6.31 pu = -1 092 pu 

From Figure 5 1 by inspection 

£ = V q + rl q - *^ 4 , 

= 0 776 + 0 001096 x 0 .385 + 1 70 x 1 112 
= 2.666 = E fD at steady state [from (4 209) and (5 8)] 

Now using (5 8) in pu, i f = VlE/L AD where, from Example 4 1, L AD = 1 55 pu 
Then 

i F = (\/3 x 2 666)/1 55 = 2.979 pu 
The currents i D and i Q are both zero The flux linkages are given in pu by 

A, = L d i d + k Mfi f = 1 70( — 1.925) + (1 55)(2 979) = 1.345 
X AD = (4 + i f )kM f = (2.979 - 1 925)(1 55) = 1 634 
\ = L q i q = 1 64 x 0 667 = 1 094 

X AQ = k M Q i q = 1 49 x 0 667 = 0 994 

A f = k M f i d + Lfip = 1.55 (— 1.925) + (1 651) (2.979) = 1 935 

A c = k M D i d + M K i f = 1 55(2 979 - 1.925) = 1.634 = X AD 

X Q = k M Q i q = 0 994 = A, e 

As a check we calculate the electrical torque T e , which should be numerically equal to 
the three-phase power in pu. 

— ^ 4 

= 0.667 x 1 .345 + 1.925 x 1 094 = .3.004 

Then T e = 1 001 pu 

If we subtract the three-phase I 2 r losses, we confirm the generated power to be 
exactly P = T e - rl\ = 1 000 We also calculate the infinite bus voltage for this 
operating condition. We can write V x = V a - Z e T a 
Let V a = V a [[3= 1 0//3 Then 

l = LIB - 6 = 1 176 IB - 31.788° 


4 = 4 /jfl - 0 = 1 176 /jg - 31.788° 

= 10/^- (0 4005 /87.138°)(1 176 /& - 31.788°) 


! a ~ & = 1 0 - 0 4712 /55.349° = 0 828 /-27.899° pu 


Thus we have V„ = 0 828 pu, and /3 — a = 27 899° = the angle by which V a leads 
V n The angle between the infinite bus and the q axis is computed as 

8 - a = (6 - p) + (/? - a) = .39 096 + 27 899 = 66.995° 
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Example 5 2 

Let the same synchronous machine as in Example 5 1 be connected to an infinite 
bus through a transmission line having R e = 0 02pu, and L e = X f = 0 4pu Ihe in¬ 
finite bus voltage is 1 0 pu The machine loading remains the same as before 
(P = 1 0 pu at 0 85 PE) 

The boundary conditions given in this example are “mixed”; i.e, the voltage is 
known at one point (the infinite bus), while the power and reactive power are known at 
a different point (the machine terminal) A slight modification of the procedure of 
Example 5 1 is needed 

Solution 

A good approximation is to assume that the power at the infinite bus is the same as 
at the machine terminals by neglecting the ohmic power loss in the transmission line 
(since R e is small) A better approximation'^ to assume a power loss in the transmis¬ 
sion line based on some estimate of current (say 1 0 pu current) 

Let I 2 a R e = (1 00) 2 (0,020) = 0 02 pu Then the power at the infinite bus is 0 980 
pu and the component of the current in phase with V x is 4 = 0.980pu The angle 0 
between T a and is given by 

tan 6 = 4/4 = 1 020 4 

The angle 0 between V a and V m is given by an equation similar to (5.32), viz., 

„ X e I r + R e I x 0.392 + 0.024 
- XJ x + R e 4 1 020 - 0 44 

The power factor angle at the machine terminal 0 is given by 

0 = 8 + 0 = cos" 1 0.85 = 31.788° 

These angles are shown in Figure 5 8, with used as reference; i.e , a = 0. Then 
tan 0 = tan (cos -1 0 85) = 0 620 Using the identity 

tan 0 = (tan/3 + tan0)/(l - tan/3tan 0) 

we compute 

= -1.0204 + (0.392 + 0.024)/(1 -020 - 0.44) 

1 + [1 020(0.392 + 0 024)41/(1 020 - 0 44) 

from which we get 4 = -0.217 pu 



Fig 5 8 Phasor diagram of V a and V, 
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From the known value of I x we can now determine 0. 


^tan-‘r^ 3 - 92 - O' 004 )! , 19 310° 
[(1 020 + 0 082) 


6 = tan ‘(0 213/0.980) = 12 483° <£ = 19 310 + 12.483 = 31.793° 

which is a good check (see above) 

The terminal voltage V a is given by 

K - (K - X e I x + RJ r ) + j (X e I r + R e I x ) 

= 1.106 + jO 388 = 1 172 /19,31° pu 
The generator phasor current is 

T 0 = 0 980 - jO 217 = 1 003 /-12,48° pu 

and P = V a I a cos<t> = 1 0001 pu (on a three-phase basis) 

The position of the q axis can be determined from an equation similar to (5 41) 
With a = 0, 


6 = tan -1 + X e )l r + (a + R e )I x 

K - (x q + X e )I x + (r + R e )l r 


53 736° 


The currents, voltages, and flux linkages can then be calculated as in Example 5 1 
The results are given below in pu: 


i d = -1 591 
i q = 0 701 
i f = 2.826 
E = 2.529 
v d = — 1 148 
v q = 1.675 


X,, = 1 676 
A 0 = \ AD = 1 914 
\ = 1150 
A<> = X AQ = 1 045 
T,* = 3.004 
T e = 1 001 


In steady-state system studies (often called load-flow studies) it is common to spec¬ 
ify the generator boundary conditions in terms of generated power and terminal voltage 
magnitude, i e., P and V r (Both V a and V t are commonly used for the terminal volt¬ 
age and both are used in this book ) In studies of large systems these boundary condi¬ 
tions are satisfied by iterative techniques, using a digital computer For the one 
machine-infinite bus problem the system may be solved explicitly We now consider the 
one machine-infinite bus problem with a local load connected to the V, bus consisting 
of a shunt resistance R L and a shunt capacitance C L , representing the transmission line 
susceptance. 

The system of generator, local load, and line may_be conveniently described as a 
two-port network (Figure 5 9) for which we write, with V„ as reference (a = 0), 


h = Y u Y I2 V t 
h Y2i V 2 

The apparent power injected at node 1 may be computed as 

§ - Pi + iQ, - yJr = V 2 J* + ^F*F* 


(5 45) 


(5 46) 
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Fig 5 9 One-machine system as a (wo-port network 


Then we may compute 

p \ = Gn^r 2 + V,V„(G l2 cos(3 + B n sin/?) (5.47) 

where we define Y km = G km + j B km for all k and m In (5 47) P lt V„ and are speci¬ 
fied, while G,„ G l2 , and B l2 are known or computed system parameters. Thus we 
may solve (5 47) for the angle 0 In doing so, it is convenient to define a constant 
angle y related to the admittance element Y u = Y n [y. Then from (5 47) we define 

F = cos(r - 0) = (P] - G n V])IY n V t V^ (5.48) 

from which 0 can be found Obviously, there are limits on the magnitude of P { that 
can be specified in any physical situation, as the cosine function is bounded in (5 48) 

Example 5 3 

Compute the steady-state conditions for the system of Examples 5 1 and 5.2, where 
the given boundary conditions in pu are 

^=10 (on a three-phase basis) V ( = 1 17 V x = 1 00 

and where the local load is given in pu as 

R l = 100 B L = C L = 0 01 

Solution 

For the numerical data and boundary conditions given, we compute 

z e - Re + )X e = 0 02 + jO 4 = 0.4005 /87.138° pu 
Y n = -y i2 = -\/Z e = Y l2 [y_ 

= -0 1247 + J2 4938 = 2 4969 /92.862° pu 

or y = 92 862° 

We are also given that R L = 100 pu and B L = 0 01 pu Thus the admittance from 
node 1 to reference is y l0 = 001+ jO 01 pu We then compute 

Y n = Fi 0 + Fi 2 = G]i + j5 M = 0 1347 - j2 4838 pu 

We now compute the quantity F defined in (5 48) as 

P ^ (Pi ~ G n V*)/Y n V,V„ = 0 2792 

Then 

y - 0 = cos ~'F = 73 788° 0 = 92 862 - 7.3 788 = 19.074° 
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To find the currents, we note from Figure 5 9 that/ c = I, + I L . Now 

h = I R + Tc = (V t /R l )H+ (V'/X c ) /f3 + 90° 

= 0 0072 + jO 0149 pu 

We also write 

l-<7,- K)/z e 

= [R e (V,cosf3 - VJ + X e V r sin/3] + j[R e V f sin/3 - X,(V r cos(3 - KJ] 

zl 

= 0 9667 — jO 2161 pu 

Then, noting that T a lies at an angle 6 from V «, (Figure 5 8), 

T a = l, + T l = I a H*= 0 9739 - jO 2012 
= 0 9945 /-11.672° pu 
We may now compute, as a check, 

P + )Q = VJ* = 1 000 + jO 595 
= 1.164 /30.746° pu 

The power factor is 

F p = tan ~'(Q/P) = 0.859 

The quantity E qa of Figure 5.2 may be computed as a means of finding 8 Thus with 
a = 0 we compute, as in Figure 5 6, 

= E c,a 11 = V l H+ r K H. + .) 11. 

= 2 446 /54.Q24 0 pu 

and b = 54 024° Then we compute 


8 - 0 = .34 950° 


= 6 + 0 = .30 746° 8 - 0 + <t> = 65.696° 


With all the above quantities known, we compute d-q currents, voltages, arid flux 
linkages in pu as in Example 5.1, with the result 


i d = -1 570 
i q = 0 709 
v d = —1161 
v q = 1.661 
E = 2 500 
i f = 2 794 


= 1 662 
= A 0 = 1 897 
A 9 = I 163 
A aq ~ A q = 1 056 
\ F = 2 180 
T e , = 3 003 
P. = 1 000 


Example .5 4 

The same machine at the same loading as in Example 5 1 has a local load of 0 4 pu 
power at 0 8 PE It is connected to an infinite bus through a transmission line having 
R e = 0 1 pu and X ( = 0 4pu, Find the conditions at the infinite bus 

Solution 

The internal machine currents, flux linkages, and voltages are the same as in 
Example 5 1. Thus, in pu. 
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I d = - 1.112 V q = 0 776 

I q = 0 385 V d = -0 631 

8 - p = 39 096° E = 2 666 

From the local load information 

\I L | = 0 4/(1 0 x 0 8) = 0.5 pu 

Therefore I L = 0 4 - jO 3 pu 

We can also determine that, in pu, 

R l = 16 X L = 12 Z z = 2 0 
Thus we compute from (5.34) 

A, = (1.6 x 0 1 + 1.2 x 0 4)/(2 0) 2 = 0 16 
A 2 = (16x04- 1.2x0 l)/(2 0) 2 = 0 1.3 

Then 


^ = 01+ 0001096 x 1 16 - 0 1.3 x 1 7 = -0 1197 
R q = 0 1+ 0 001096 x 1.16 - 0 13 x 1 64 = -0 119 
X d = 0 4 + 1 7 x 1 16 + 0.001096 x 0 13 = 2 372 
X q - 0.4 + 1 64 x 1 16 + 0 001096 x 0 13 = 2 303 

From (5.37) 

V xd = V x sin (6 - a) = -(-1112)(-0 1197) - (0.385)(2 303) + (0 13)(2 666) 
= -0 673 

V xq = F„cos(,5 -«) = (-! 112)(2 372) - (0 385)(—0.119) + (1 16)(2 666) 

= 0 501 

V n = [(0 673) 2 + (0 501 ) 2 ] 1/2 = 0 839 
From (5.25) 


- —1112 + 


0.776 x 1.2 + 0.631 x 1.6 
4 


= -0 6268 


I, q = 0 .385 - 


0.776 x 1.6 - 0.631 x 1.2 
4 


0.2639 


The power delivered to the infinite bus is 

P K = (-0 673)(-0 6268) + 0 2639 x 0 501 = 0 554 pu 

The power delivered to the local load is P L = 0 4 pu Then the transmission losses are 
0 14 pu, which is verified by computing RJ] 


5 7 Initial Conditions for a Multimachine System 

To initialize the system for a dynamic performance study, the conditions prior to 
the start of the transient must be known These are the steady-state conditions that exist 
before the impact From the knowledge of these conditions we can assume that the 
power output, power factor, terminal voltage, and current are known for each machine. 
If they are not specifically known, a load-flow study is run to determine them 

Assume that a reference frame is adopted for the power system This reference can 
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be chosen quite arbitrarily. Once it is chosen, however, it should not be changed during 
the course of the study. In addition, during the study it will be assumed that this refer¬ 
ence frame is maintained at synchronous speed 

Consider the ;th machine Let its terminal voltage phasor V ai be at an angle ft 
with respect to the arbitrary reference frame, and let the q axis be at an angle ft with 
respect to the same reference Note that ft is determined from the load-flow study’ data, 
while ft is the desired initial angle of the machine q axis, which indicates the rotor 
position The difference between these two angles (8, - ft) is the load angle or the 
angle between the q axis and the terminal voltage 

From the load-flow data we can determine for each machine the component ft of 
the terminal current in phase with the terminal voltage and the quadrature component 
l x By using an equation similar to (5.42), we can determine the angle ft — ft for 
this machine Then by adding the angle ft, we get the angle ft, which is the initial 
rotor angle of machine 

From V ai and ft we can determine ft,, ft„ V di , and V qi , which can be used in ( 5 . 14) 
or (5 15) to determine E, Then from (5 7) ft, can be determined The flux linkages 
can also be calculated once the d and q components of ft are known 

5 8 Determination of Machine Parameters from Manufacturers' Data 

The machine models given in Chapter 4 are based upon some parameters that are 
very seldom supplied by the manufacturer Furthermore, the pu system used here is 
somewhat different from the manufacturer’s pu system It was noted in Section 4 7.3 
that the pu self-inductances of the stator and rotor circuits are numerically equal to the 
values based on a manufacturer’s system, but the mutual inductances between rotor and 
stator circuits differ by a factor of v'3/2 We shall attempt to clarify these matters in 
this section For a more detailed discussion see Appendix C 

Typical generator data supplied by the manufacturer would include the following 
Ratings 

Three-phase MVA Stator line current 

Frequency and speed Power factor 

Stator line voltage 

Parameters Of the several reactances supplied, the values of primary interest here 
are the so-called unsaturated reactances They are usually given in pu to the base of the 
machine three-phase rating, peak- rated stator voltage to neutral, peak-iate<\ stator cur¬ 
rent, and with the base rotor quantities chosen to force reciprocity in the nonreciprocal 
Park’s transformed equations.. This is necessary because of the choice of Park trans¬ 
formation Q (4 22) traditionally used by the manufacturers The following data are 
commonly supplied 
Reactances (in pu) 

Synchronous d axis = x d Subtransient q axis = x q 
Synchronous q axis = x q Negative-sequence = x 2 

Transient d axis = x' d Zero-sequence = x 0 

Transient q axis = x' q Armature-leakage = x^ 

Subtransient d axis = x d 
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Time constants (in s ) 

Field open circuit = r d0 
Subtransient of amortisseur (d axis) = t'J 
Subtransient of amortisseur (q axis) = r" 

Resistances (in 0/ 

Stator resistance at 25°C 
Field circuit resistance at 25°C 

Other data 

Moment of inertia in lbm ft 2 or WR 1 (sometimes separate 
data for generator and turbine are given) 

No-load saturation curve (at rated speed) 

Rated load saturation curve (at rated speed) 

Calculations The base quantities for the stator are readily calculated from the rat¬ 
ing data: 

S B = VA rating/phase VA 

V B = stator-rated line-to-neutral voltage V 

ft, = stator-rated current A 

w B = 27r x rated frequency rad/s 

The remaining stator quantities follow: 

t B = l/w B s R B = V B /I B il 

K = F b / b Wb turn L B = V B t B /I B H 

Also the stator pu inductances are known from the corresponding reactance values 
Thus L d , L d , L'J, L q , L' q , L", L 2 ,I 0 ,and -i d are known 

Rotor base quantities If -i d in pu is known, then L AD in pu is determined from 
L- AD = Td ~ the corresponding value of L AD in H is then calculated The mutual 
field-to-statoT inductance M f in H is determined from the air gap line on the no-load 

saturation curve as y/lV B = u B M F i f , where ft is the field current that gives the rated 

voltage in the air gap line 

The base rotor quantities are then determined from (4 55) and (4 56); the base 
mutual inductance M fB is calculated from (4.57) 

Rotor per unit quantities: Calculation of the rotor circuit leakage inductances is 
made with the aid of the equivalent circuits in Figure 5 10 The field-winding leakage 
inductance Z F is calculated from Figure 5 10(a) by inspection: 

L'd = + k AD ^ F /(L AD + £ f ) pu (5 49) 

which can be put in the form 


= L AD \m - Ul(L d - L' d )\ 


(5-50) 
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AD 




(o) 


f 

d 


l ad 


(t) 

Fig 5 10 Equivalent circuit for d axis inductances: (a) transient inductance (b) subtransient inductance 
Similarly, by inspection of Figure 5.10(b), 


L-'d = 'f-rf + 


1 


^ AD + + 1 /'if 


(5.51) 


from which we can obtain 

= L AD i F {L'J - £ d )/L AD £ F - L f (L'J - l d ) (5 52 ) 

The self-inductances of the field winding L f and of the amortisseur L D are then calcu¬ 
lated from 


£-d d + L AD Lf. - + L ad 

The same procedure is repeated for the q axis circuits 

L 4Q = L q - £ q 

where t q = l d and i Q is determined from Figure 5.11 by inspection: 

L'q = Zq + ^qL a q/{^q + L aq ) 

from which we can obtain 

A - £,< A(.l; - i,)/{L, - L")) 

and the self-inductance of the q axis amortisseur is given by 


L. 


£*0 + 


(5 53) 
(5 54) 
(5 55) 
(5.56) 
(5 57) 


'Q - *-AQ T \,Q 

Resistances The value used for the stator winding resistance should be that which 
corresponds to the generator operating temperature at the rated load If this data is not 
available, a temperature rise of 80 100°C is usually assumed, and the winding resistance 


i 

-v-yVv. 


AQ 


Fig 5.11 Equivalent circuit of the q axis subtransient inductance 
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is calculated accordingly Thus for copper winding the stator resistance for 100°C tern 
perature rise is given by 


'>25 = '*[(234.5 + I25)/(234 5 + 25)] U (5 58) 

The same procedure can be used to estimate the field resistance at an assumed operating 
temperature. However, other information is available to estimate the field resistance. 
From (4 189) we compute 


f f = L f/r' d0 pu (5 59 ) 

where r ^ 0 is given in pu time The damper winding resistances may be estimated from 
the subtransient time constants From (4 187) and (4 190) the d axis subtransient time 
constant is given by 

t'J = [{L D L f - L 2 AD )/r D L f }(L'J/ L' d ) pu (5.60) 

Since all the inductances in (5.60) are known, r D can be determined Similarly, from 
(4 192) and (4 193) r Q can be found, 

T ” = (L’'/L q )(L Q /r Q ) pu (5.61) 

Again note that r d and r" are given in pu 

Finally, data supplied by the manufacturer may not be available in the complete 
form given in this section We should also differentiate between data obtained from 
verified tests and those obtained from manufacturers' quotations. The latter are usually 
estimated for a machine of given size and type, often long before the machine is fabri¬ 
cated This may also explain apparent inconsistencies that may be found in a given set 
of data 

This section illustrates the procedure that can be used to determine the parameters 
of the machine When some of the data is not available, the engineer may find it con¬ 
venient to assign values for this data from typical data available in the literature for 
machines of the same size and type We should always ascertain that the parameters 
thus calculated are self-consistent Actual values for several existing machines are given 
in Appendix D 


Example 5 5 

The data given by the manufacturer for the machine of Example 4 1 are given be¬ 
low The machine parameters are to be calculated and compared to those obtained in 
Example 4 1 

x d ~ L d = 1 70 pu 
Xq = L q = 1 64 pu 
x' d = L' d - 0 245 pu 
x' q = L’ q = 0 .380 pu 
x'J = L'J = 0 185 = L q pu 

Solution 

We begin by calculating the pu d axis mutual inductance 

L ad = 1 70 - 0 15 = 1.55 

This is also the same as k M f , k M D , and M R Similarly, 


x l = 

ld = 


T d0 = 

59 s 


r'd = 

0 023 

s 

T q0 = 

0 075 

s 

T a = 

0 24 

s 
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L aq = k M q = 1 64 - 0 15 = 1 49 pu 

Now, from (5 50) 

l f = 1 55 [(0 245 - 0 15)/(1 70 - 0 245)] = 0 101 pu 
L f = 0 101 + 1 55 = 1.651 pu 

From (5.52) 

^ . _ (1.55)(0.10l)(0.185 - 0.15) _ = 

D (1 55)(0 101) - (1 651)(0 185 - 0 15) F 

L d = 1 550 + 0 055 = 1 605 pu 
Also, from (5 56) 

l Q = 1 49{(0 185 - 0 150)/(1 640 - 0 185)] - 0 036 pu 
L q = 1 490 + 0 036 = 1 526 pu 
From the open circuit time constant 


r; n = 5 .9 s = 2224 25 rad 


We compute from (5 59) 


= 1 651/2224 25 = 7 423 x IQ - 4 pu 


and from (5 60) 


= (1.605 x 1,651 - 1.55 x 1.55)(0.185) 
r ° (1 651)(0 023 x 377)(0 245) 

= 00131 pu 

From r " 0 = 0 075 s we compute 

r; = (/.;/£.„)r ; 0 = 8 46 ms = .3 19 rad 

Then from (5 61) 

= (1.526/3.19)(0 185/1 64) = 0 054 pu 
These values are the same as those calculated in Example 4 1 


5 9 Analog Computer Simulation of the Synchronous Machine 

The mathematical models describing the dynamic behavior of the synchronous ma¬ 
chine were developed in Chapter 4 The remainder of this chapter will be devoted to 
the simulation of these models by both analog and digital computers We begin with 
the analog simulation 

Note that the equations describing the machine are nonlinear For example (4 154) 
and (4 16.3) have two types of nonlinearities, a product nonlinearity of the form x,Xj 
(where x, and x } are state variables) and the trigonometric nonlinearities cos y and 
sin 7 These types of nonlinearities can be conveniently represented by special analog 
computer components Also, the analog computer can be very useful in representing 
other nonlinearities such as limiters (in excitation systems) and saturation (in the mag¬ 
netic circuit) Thus in many ways the analog computer is very well suited for studying 
synchronous machine problems A brief description of analog computers is given in 
Appendix B. 
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To place the matter in the proper perspective, recall that the state-space model of a 
synchronous machine connected to an infinite bus is a set of seven first-order, non¬ 
linear differential equations When the equations for the excitation system (for v f ) and 
the mechanical torque (for T m ) are also added, the system is typically described by 14 
differential equations Complete representation of only one synchronous machine with 
its controls would occupy the major part of a large-size analog computer Thus while 
the analog computer is well adapted for the study of synchronous machine dynamics, 
it is usually limited to problems involving one or two machines with full representation 
or to a small number of machines represented by simplified models [2, .3,4, 5] 

The model most suited for analog computer representation is the flux linkage 
model Thus the equations developed in Section 4 12 are used for the analog simula¬ 
tion The differential equations will be modified, however, to avoid differentiation For 
example the state-space equation of the variable x t is 

Xj = f(x,u,t) (5 62) 

where x ; , /' = 1 , 2 , ,n , are the state variables, and u k , k = 1 , 2 ,. ,r, are the driv¬ 

ing functions 

For analog computer simulation (5 62) is written as 

[ fi(x,uj)dt + x,(0) (5 6.3) 

u j 0 

where a is the computer time scale factor and o> B is required if time is to be in seconds 
(see Appendix B) 


5 9 1 Direct axis equations 

From (4 126) 

K = ~ J &ad ~ K) - w \ ~ °d d* + \*( 0 ) ( 5 . 64 ) 

From (4.128) 

V = ~ f'h (\, D - K) + V f ]dt + X f (0) (5.65) 

a Jo [If J 

and from (4 129) 

K = ~f‘ ~ K)dt + X o (0) (5.66) 

a J 0 Id 

The mutual flux linkage is computed from (4 120) 

^AD = t MD (\ d I Id + KIIf + W Id) (5 67) 

Then from (4 118) th td axis and field currents are given by 

id = 0 /ld)(K - Kd) (5.68) 

h = (1 /lf)(K ~ *ad) (5 69) 

The analog representation of the d axis equations is shown in Figure 5 12 Note that all 
integrand terms are multiplied by to compute time in seconds and divided by the 
time scaling factor a 
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Fig 5 12 Analog representation of the d axis equations 

5 9 2 Quadrature axis equations 

From (4 130) 

K - j- f o [-jr (X.c ~ \) + <A< -v, dt + V 0) (5 70) 

and from (4.1.31) 

Ag = “ / (\ A q - A Q )dt + Ap(0) (5 71) 

“ ^ 0 't'Q 

The mutual flux linkage is computed from 

A aq - L MQ (\ q /J( jq + ^q/^q) (5 72) 

Then the q axis current is given by, from (4 123), 

>,-((5 73) 
The analog simulation of the q axis equations is shown in Figure 5 13 



q 

Fig 5 13 Analog simulation of the q axis equations 
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V 

O 


Fig 5 14 One machine-infinite bus system with local resistive load 

5 9 3 Load equations 

In (4 149) a = 0 will be used for convenience Therefore, 

i d = - it f ' [VT sin 5 + v d - R e i d - uL e i q ]dt + i d ( 0) (5 74) 

QL. e J Q 

i = f cos 5 + v q - R e i q + (oL e i„)dt + /,(0) (5 75) 

4 CiL e J 0 

Equations (5.74) and ( 5 . 75 ) are useful in generating the voltages v d and v q How¬ 
ever, if they are used directly, differentiation of i d and i q will be required, which 
should be avoided in analog computer simulation Io generate v d and u q , the following 
scheme, suggested by Krause [2], is used The machine is assumed to have a very small 
resistive load located at its terminal, as shown in Figure 5 . 14 This load is represented 
by a large resistance R From Figure 5 14 the machine terminal voltage and current for 
phase a are given by 

V. = (4 - iJR < 5 76 > 

where i, a is the phase a current to the infinite bus 






Fig 5 15 Analog simulation of the load equations 
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sentations shown in Figures 5 12, 5.13, and 5 15-5 17 generate the basic signals needed 
to simulate a synchronous machine connected to an infinite bus through a transmission 
line.. However, other auxiliary signals are needed For example to produce the signals 
«X and shown in Figures 5 12 and 5 1.3, additional multipliers are needed. To 
produce the signals sin 5 and V x cos 8, an electronic resolver is needed. The 
complete analog representation of the system is shown in Figure 5.18. It is important to 


Fig 5 16 Simulation of the electrical torque T eij> 

Following a procedure similar to that used in Section 5 4, the current i, can be re¬ 
solved into d and q axis components i d[ and i ql given by (5 74) and (5 75). The cur¬ 
rents i d and i q are given by (5 68) and (5 7.3) The v d and v q signals are obtained from 
Figure 5.14 by inspection, 

v d = Ud - i ld )R V q = (i q - i lq )R (5 77) 

where i ld and i, q are obtained from (5 74) and (5 75) respectively, with subscript t 
added as required by Figure 5 14 The analog computer simulation of the load equa¬ 
tions is shown in Figure 5.15 


5.9 4 Equations for a> and 8 

From (4 90) and (4 99), with co A = to in pu and Tj = 2Hu B , we can write 

2Ha,„ = 2 H d -^L - T m -T,- Z>co 4 „ pu (5 78) 

where T e = (i q X d - i d \ q )/ .3 Equation (5 78) is integrated with time in seconds to 
compute, with zero initial conditions and with a time scale factor of a , 


u Au 



- L 


Dco Au )dt pu 


(5 79) 


Note that the load damping signal used is proportional to o> A (pu slip), requiring appro¬ 
priate values of D 

Most analog computers require that 8 be expressed in degrees to find sin 8 and 
cos 5 [6], Therefore, since 8 = a) B (w„ — 1) = o> B a> A pu, we compute 


8 = -- f a) A dt + 5(0) elec deg (5 80) 

TTQ 'J q TT 

The analog computer simulation of (5 78)-(5 80) is shown in Figures 5 16 and 5 17 
The generation of the signals -o> and -5 is shown in Figure 5.17 The analog repre- 





-100 



Fig. 5 18 Analog computer patching for a synchronous machine connected to an infinite bus through a 
transmission line 


Fig 5 17 Simulation of w A , co, and b 
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note that signals are added by using the appropriate setting for the potentiometers 
associated with the various amplifiers and integrators scaled to operate within the 
analog computer rating This scaling is best illustrated by an example, and in Example 
5.6 the scaling is given in detail for the simulation of the synchronous machine 

The initial conditions may be calculated from the steady-state equations (as in 
Examples 5 1-5 3), and these values may be used to initialize the integrators. However, 
the analog computer may be used to compute these initial conditions To initialize the 
system for analog computation, the following procedure is used. The integrator for the 
speed is kept at hold position, maintaining the speed constant The integrators for the 
flux linkages are allowed to operate with the torque T m at zero This builds the flux 
linkages to values corresponding to the no-load conditions The load T m is then applied 
with the speed integrator in operation The steady-state conditions thus reached cor¬ 
respond to initialization of the system for transient studies 


Example 5 6 

The synchronous machine discussed in Examples 4 1-4 3, 5 1, and 5 2 is to be simu¬ 
lated on an analog computer. The operating conditions as stated in Example 5 1 
represent the steady-state conditions The system response to changes in v F and T m is 
to be examined 

Solution 

The data for the synchronous machine and transmission line in pu is given by: 


L d = 1.700 
L q = 1 640 
L 0 = 1 605 
L q = 1 526 
L ad = 1 550 
L aq = 1.490 


L MD = 0 028.38 
L mq = 0 02836 
f = 0.001096 
r F = 0.00074 
r D = 00131 
r Q = 0 0540 


- 

1 651 

R 

= 1000 

4 = 

t q = 0 150 

Re 

= 0 02 

t f = 

0 101 



to = 

0..055 

H 

= 2.37 

tq = 

0 036 

T d0 

= 5 90 

K - 

0 400 

V „ 

= 0 828 

needed 

is T m = 1 00 pu 

and E fd 

= 2 666 


the steady state This value of E FD with the proper scaling is introduced into the in¬ 
tegrator for \ F 

As explained in Section 5.9 5, the analog computer is made to initialize itself by 
allowing the integrators to reach the steady-state conditions in two steps In the first 
step E fd is applied with T m = 0 and = u R = constant Then T m is switched on 
with all integrators, including the integrator, in operation 

The basic connection diagrams for the analog simulation are given in Figures 5 12- 
5 17 The overall connection diagram is shown in Figure 5.18 In that figure the analog 
unit numbers and the scaling factors for the various signals are given; e g , the scaling 
factor for \ F is 10, which is given in parentheses The time scaling used is 20 The 
settings of the various potentiometers and the scaling are listed in Table 5 1 


Table 5.1. Potentiometer and Gam Settings for Synchronous Machine Simulation by Analog Computer (a = 20) 
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Note: In this table t a is used for either -f^or 
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Fig 5.19 Response of a machine initially at 90% load and 90% excitation to a 20% step change in excita¬ 
tion 

The steady-state conditions reached by the analog computer are listed in Iable 5.2 
They are compared with the values computed in Example 5 1 

Figures 5.19-5.21 show the following analog computer outputs: the change in the 
exciter voltage E FD , the mechanical torque T m<tn the electromagnetic torque T e4l , the 
field flux linkage the stator d axis current i rf , the terminal voltage error V lA , the 
angular velocity error co A , and the rotor angle 5 The results of the simulation are 
shown in Figures 5.19-5.23, where all plotted quantities are given in pu. Example 5 1 is 
used as a base for the computer runs. Thus a 10% change in E fD is 0.2666, which is 
10% of the nominal value computed in Example 5.1 Similarly, 10% T m is 0 3 pu, and 
zero V lA corresponds to a terminal voltage V f of \/Tpu (or V t = 1 0) 
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Fig 5 20 Response of a machine initially at 100% load (Example 5 1 conditions) to a 10% increase in T m 
followed by a 10% increase in E fD to assure stable operation 

Figure 5 19 shows the response of the loaded machine to a 20% change in E f0 The 
generator is initially loaded at 90% of rated load = 2 7) Note that the response 
to this change in E fD does not excite an oscillatory response except for a small, well- 
damped oscillation in oj a The terminal voltage responds nearly as a first-order system 
with a time constant of about 4 s (r^ 0 = 5 9 s) 

Figure 5 20 shows the system response to 10% step changes in both T m and E FD . The 
system is initially in exactly the condition calculated in Example 5.1 with computer 
voltages given in Table 5 2. A 10% increase in T m is the first disturbance This excites a 
well-damped oscillatory response, particularly in T e , i d , V t , oj, and 6 (as well as other 
variables that are not plotted) A good degree of damping is evident However, this 
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Fig 5 2! Response of a machine initially at 90% load to a 20% increase in 7 m followed by a 20% increase 
in Efb to restore stability 


overload on the system results in a gradual increase in <5 with time, which if not arrested 
will cause the machine to fall out of step Repeated runs of the system have indicated 
that corrective action is required before 6 reaches about 95° The corrective action 
chosen was a 10% increase in E fD . This quickly restores the system to a stable operating 
state at about the same angle 5 as the initial angle, but at a higher \ F than the initial 
value 

Figure 5.21 is similar to 5 20 except that the increments of T m and E fD are each 20%. 
The system is initially at 90% load and 90% E FD (0 9 x 2 666 = 2.399) Then a 20% step 
increase in T m is applied The result is a fast movement toward instability, as evidenced 
by the rapid increase in <5 and the drop in terminal voltage A 20% increase in E f0 is 
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I able 5.2. Comparison of Digital and Analog Computed Variables 


Variable 

Computed value pu 

Analog computed values 

Percent 

error 

V 

pu 

v, 

1 732 

68.66 

1 717 

-0 90 

Vd 

-1 092 

-44.12 

-1.103 

-1 01 

v « 

1 344 

52 63 

1 316 

-2.10 


-1 925 

-38 39 

-1 920 

0 29 

iq 

0 667 

13 42 

0 671 

0 60 

if 

2 979 




^AD 

1.634 

48 12 

1 604 

-1.84 

^ AQ 

0 994 

30 10 

1 003 

0.94 

\ d 

1.345 

39 49 

1.316 

-2 13 


1.094 

33 10 

1.103 

0.85 

x. 

1 935 

19.04 

1 904 

-1 60 

T 

3 004 

29 97 

2.997 

-0 10 

5* 

66.995 

33.89 

67.78 

1.17 


♦Angle between q axis and infinite bus = <5 - a 


applied at about the time 5 reaches 100°, and the system is quickly restored to a stable 
operating state Finally, the excess load and excitation are removed 

Figure 5 22 shows a plot in the phase plane, or versus <5, for exactly the same dis¬ 
turbances as shown in Figure 5 20 The system “spirals” to the right, first very fast and 
later very slowly, following the 10% increase in T m Just prior to loss of synchronism a 



Fig 5 22 Phase-plane plot o! A versus 5 for a 10% step increase in T m followed by a 10% step increase in 
E fD (see Figure 5 20) Initial conditions of Example 5 1 
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Fig 5 23 Phase-plane plot versus 6 for a 10% step increase in 7 m with initial conditions T„ = 0 9, 

Efp — 2 666 

10% increase in E fD causes the system to return to about the original 8, following along 
the lower trajectory 

Figure 5.23 shows an example of a stable phase-plane trajectory. The system is 
initially at 90% load but with 100% of the Example 5 1 computed value of E fD , or 2 666 
A 10% increase in T m causes the system to oscillate and to seek a new stable value of 8 
A comparison of Figures 5.22 and 5 23 shows the more rapid convergence to the target 
value of 8 in the stable case. 


5 10 Digital Simulation of Synchronous Machines 

Early efforts in solving synchronous machine behavior by digital computer were 
simply digital applications of the constant-voltage-behind-transient-reactance model, 
using a step-by-step solution method similar to that of Kimbark [7] As larger and 
faster computers became available, engineers quickly realized that the digital computer 
was a powerful tool for handling very large systems of differential equations. This 
caused an expansion in power plant modeling to include exciters, governors, and tur¬ 
bines. It also introduced more detailed synchronous machine models into many com¬ 
puter programs, usually in the form of one of the simplified models of Section 4 15 
More recent research [8,9] has been aimed at finding the best machine model for system 
dynamic studies 

All digital computer simulations must solve the differential equations in a discrete 
manner; i.e., the time domain is broken up into discrete segments of length t A and 
the equations solved for each segment A simple flow chart of the process is shown 



Fig 5 24 Flow chart of digital integration 

in Figure 5 24 There are several proven methods for performing the actual numerical 
integration, some of which are presented in Appendix E Our concern in this book is 
not with numerical methods, although this is important Our principal concern is the 
mathematical model used in the simulation A number of models are given in Chap¬ 
ter 4 We shall use the flux linkage model of Section 4 12 to illustrate a digital pro¬ 
gram for calculating synchronous machine behavior in a numerical exercise 

5 10 1 Digital computation of saturation 

One of the problems in digital calculation of synchronous machine behavior is the 
determination of saturation This is difficult because saturation is an implicit func¬ 
tion; i e , X AD = f{X AD ).. Actually, X AD is a function of i MD = i d + ip + / d , which flows 
in the magnetizing inductance L AD But the currents i d , i f , and i D depend upon X AD , 
as shown clearly in the analog computer representation of Figure 5 12 Each integra¬ 
tion step gives us new X's by integration From these X’s we compute i MD From 
i MD we estimate saturation, which gives a new X AD , and this gives new currents, 
and so on 

The first requirement in computing saturation is to devise some means of deter¬ 
mining the amount of saturation corresponding to any given operating point on the 
saturation curve For this procedure the saturation curve is represented by a table 
of data of stator EMF corresponding to given field current, by a polynomial approxi¬ 
mation, or by an exponential estimate The exponential estimate is often used since 
exponentials are easy to compute It is based upon computing the offset from the air 
gap line in pu based on the field current required to produce rated open circuit voltage, 
shown in Figure 5 25 as i F0 Usually it is assumed there is no saturation at 0 8 pu 
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Vo Vi 'F2 'F3 


Field Currenf, ip, A or pu 

Fig 5 25 Estimating saturation as an exponential function 


voltage We then compute the normalized quantities 


5c, = 


hi ~ ho 


hz - h 2 if 3 - 1.2 i f 


(581) 


Then any saturation may be estimated as an exponential function of the form 

5 C = A G e §aV * 


(5 82) 


where V A = V, - 0 8 Since at open circuit \ AD = \/3K, we can also compute satura¬ 
tion in terms of \ AD , 

S G = A c exp[(\ A D/VT) - 0 8 ] (5 83) 

This is appealing since X AD = (i d + i f + i D )k AD and L AD is the only inductance that 
saturates appreciably 

If Sc, and S G2 are given, these values can be substituted into (5 82) to solve for the 
saturation parameters A c and B G From (5 81) and (5 82) we write 


5c, = A c .e 


1 25g2 *= A c e 


Rearranging, we compute 

\n{S G \ /A g ) = 0 2 B g !n(l 25 G2 /zl G ) = 0 4 B c 


(5 84) 


(5 85) 


0 45 G = ln(l 2S G2 /A G ) = \n(S G] /A G f 


A G = S 2 Gl /\ 2S G2 (5 86 ) 

This result may be substituted into (5 85) to compute 

B G = 5 In(1 25 G2 /S’ G1 ) (5.87) 

Appendix D shows a plot of S G as a function of V t The function S G is always positive 
and satisfies the defined values 5 C1 and 5 G2 at V t = 10 and 1.2 respectively Although 
we define saturation to be zero for V t <08 pu, actually S G assumes a very small posi- 
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tive value in this voltage range The exponential function thus gives a reasonably 
accurate estimate of saturation for any voltage 
From (5 81) we can write for any voltage level, 

5 g = (h ~ ki F o)/ki F o (5 88 ) 

where ip is the field current required to produce an open circuit voltage V,, including 
fhe effect of saturation If the air gap line has a slope (resistance) R we have V t = 
Rki F0 Thefl,* from (5 81) 

S G (V.) = (Ri F - Rkho)/Rki FO = (Ri F - V t )/V' 

from which we may write the nonlinear equation 

V, = Ri F - V,S G (V,) (5 89) 

where Rip is the voltage on the air gap line corresponding to field current i f . Be¬ 
cause of saturation, the actual terminal voltage is not Ri f but is reduced by an amount 
V,S G where S G is a function of V, Equation (5 89) describes only the no-load condi¬ 
tion. However, we usually assume that saturation has a similar effect under load; i e.., 
it reduces the terminal voltage by an amount V,S G from the unsaturated value 


Example 5 7 

Determine the constants A c and B G needed to compute saturation by means of the 
exponential definition, given the following data from the saturation curve 

K, — I 0 pu S GI = 30 A 
V, = 1.2 pu S G2 = 120 A 

The field current corresponding to V t = 1 0 on the air gap line is i F0 = 365 A 
Solution 

From (5 81) we compute in pu 

S G] = 30/365 = 0 08219 5 G2 = 120/1 2(365) = 0 27397 

Then from (5 86 ) 

A g = (0 08219)71 2(0 27397) = 0 0205 

and from (5 87) 

B G = 5 In [1.2(0.27397/0 08219] = 6 9315 


5.10 2 Updating the integrands 

After computing the new value of saturation for each new time step, we are ready 
to update the integrands in preparation for numerical integration This process is 
illustrated by an example 

Example .5 8 

Prepare a FORTRAN computer program to compute the integrands of the flux 
linkage model for one machine against an infinite bus using the machine data of the 
Chapter 4 examples Include in the program a treatment of saturation that can be 
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****CCNTINUGUS SYSTEM MODELING PROGRAM**** 

*** VERSION 1.3 *** 

INITIAL 

MACRO SGsGENSAT (WADS) 

Kfc'XPsBGSAT* ( ( WADS/RT3) -0.8) 

SG = AGSAT*e.XP(KEXP) 

FnDmaC 

INITIAL. 

CONSTANT Pf = 3.1415 y?B5.RLD= 100.Q*CLD=0.01 

* MUST SPFCTFY GF 'Jb R A TQR POWER,P(iEN AMO GENERA TOR TERMINAL VO( T AGF 

* VT AND INFINITE BUS voltage* vine 

* 

PGFN=1.00 

vr = i. 17 
VIMFS1.uoo 

TITLE SATURATED SYNCHRONOUS GENERATOR WITHOUT EXCITER 

CONST NP = 2 • 0 * HC*?•3 7 ,R m V A s l ft 0 • 0 * R K V = 3 5 . 0 • R PF *= 0 « HS * XO — 1 . 70*T0OC>=S.9 

CONST XO = l.54 * XDP = 0.?45*XDPP=<) .105* XiJRp = 0. 1«5*XLA = U. 15 , R AOHMsfi . Q 0 11 ] 3 

CONST RFOWM«0.2ft7871554,IFLO-365.0* TDPPs.0?3*TOPPsU.008*603650 

PAKAM X F = 0•4 

PARAM WE=n.U2 

CONST SATGl0=0.0822*5ATG1?=0.3288 

PARAM EXCON=0.01 

PARAM TSTARTsO.2 

PARAM K fM = 0,0*KE.Fsl .0 

FIXED KKK 

4 

* SATURATION FUNCTION FOR GENERATOR 
PROCEOIJWM AGS A T » HGS AT =S A TlJK {S A TG1 0 * SATGl 2) 

IF (SATGlO.EO.O.O) GO TO 20 
AGSAT=(SATGl0**?)/U,2«SATG1?) 

HGS A T =5 • 0 4 AL.OG ( ( 1 .Z<*SATtil?) /SATGl 0) 

GO TO 30 
20 AGSAT=0.0 
BGSAT =0*0 
30 CONTINUE 
ENOPRO 

4 

4 

* COMPUTE INITIAL CUNOITIONS 

L A = XLA 
L AD = XD-LA 
L AQ-XO-I. A 

LF=LAIU> (XDP-LA)/ (LAD-XDP+LA) 

LFF«LAf)*LF 

lcon=xdpp-la 

l.KO=Lf *LC<)n*LAO/ <LF*LAD«LFF*1 COM) 

LKO = LAU«{XWPP-LA)/(LAO-XOPP*L A) 

I H ASF. el .0/ (2.*F»l*ftU, ) 

VBASES=RKV»1000.0/PT3 
SBASEsRMVA*1000000.0/3.0 
IHASES = SBASe/V H A S E S 
RHASES=VHASES/lRASES 
WBASES = VHASES»TR AbE 
LHASES=kPASES 4 THAbE 
L')H = Xl)4LHASES 
t flMrXL A«L.B A$ES 
LAOHSLOH-LAH 
RT?=SQRT(2.0) 

MF HsRT 2<*VHASFS*7 BASE/ I F'LO 

KmFh=rt3«mFh/rT2 

IF’l DB = IGASES»l AOrt/KMFH 


Fig 5 26 CSMP program for computing initial conditions. 
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VF1 nttsSHASE/IFLOil 
RF1 OH = VFLOB/[FLUB 

lfldb=rflor* r base 

MFRASE=SORT<LHASES*LFLOB) 

v»FLDH=VFLDH«THASE 

WAS(PA0HM4359.5)/<RBASES*2bV.5) 

I.Ml)=I .0 / ( (l.d/LAD) ♦ (1.0/l.AU (1,0/I.F) + (1 .D/LKD) ) 
lMO=l.0/< (1.0/1 AO)♦(1.0/LA)♦{1.O/LKO) ) 

L E = X E 

4 

* PROVI OF LOGIC FOR CASE WHERE TDPP AND TOPP ARE MISSING 
PROCEDURAL PKO*RKO = TFnN (LKD*LK(J»OMB* Tl)PP«TOPp*L AD»LaO»I A*l.F ) 

IF(TDPP ,EQ. 0.0) GO TO 104 

RKDsl KO/ (0MH4T0RP) ♦ (LAD"»l A«L.F ) /(OMR*TDPP* (LA0*LA+LAO*LF *L.A*LF) ) 
GO TO 105 

104 rk 0=1. Ob +8 

105 IFtTQPP .£0. 0.0) GO TO 10ft 

RKOsLKO/(0M34T0PP)♦(LAQ*LA)/(OMP4TOPP4(LAO + LA) ) 

GO TO 110 
1 0 ft RKO=1.0b*H 

lin omu- 1♦o 

fnd^ro 

* PROyIHE LOGIC FOR CALCULATING BEST POSSIBLE PE 
PROCEDURAL KF = TRFD ( TUOP ♦ LEE « LFLD6 » RFL. OH «PF OHM) 

IF(TOOP.£0.0.0) GO TO 120 
PF=(LFF*LFL»B)/(TDOP*RFLUH) 

GO TO 125 

120 RF = (RF0)’M435R,5) / (PF LDH425y.S) 

125 CONTINUE 
FnDPRO 

RT3sSORT(3,0) 

[)PR= 1 HO . O/PI 
OMb=120 . U*PI 
ZESsRE**2*XF**2 
G12=-PE//E5 
B12*XE/7F.S 

GAMMAsPl+ATAN(H12/G12) 

GIGsl.O/KLO 
G11=G1G-G12 

Y 1 2*SORT {Gl?442*Ltl24<*2) 

NUMspGE N—G 1 l*VT**2 
DEN=T12*V T *VINF 
F AC = NLIm/i)EN 
DllM = SORT ( 1 . - F AC**2) 

ZtTA sATAn(DUM/EAC) 

BETA=GAMM A -/f: I A 

COSAL=COS(RET A) 

SINAL^SfN(HE I A) 

IL.PE.sVT* ( (COSAL/RL0) -(SINAL*CLD> ) 

IL.lwsVT* ( (STNAl./RLD) ♦ ( COS fl L* OLD) ) 

ITREs(»E4(vr*U»SAl - VINE > *XF'*VT*STNAI > /7PS 
ITTMs{RE*vr*SINAL-XE*(VT*COSAL-VTNF))/ZFS 
IAWESILRE*IT RE 
I A t M= T LI M ♦ I TIM 
THETAsATAN(I AIM/1 ARE) 

IA=SORT(IARE**2*IAIM4«?) 

EQREsVT*COSAL*«A*IA*COS(THETA)-X0 *IA*SIN(THETa) 
EOIMsVT«SrNAL*RA»IA*SIN(THETA)*XO*IA*C0S<THETA) 

EQOsSOwT(E0RE**2*EoI m**2) 

TECHKs.l*PGEN43*RA*I A*«? 

01.SATAN (EOIM/EORE ) 

PROCEDURE VO* VO* ID* TO * WD♦WO » W ADS * WADS * SGD * SGO »I FUN* I MU, T EOF I.. ,1)^1. OL * . . . 
TE*NN = FUNC (DL* VT ♦ I A ,RF TA * THE T A * RT 3 * R A * L AO * L A * L.F ♦ LAQ * T F CH“ ) 

NN s 0 


Fig 5 26 ( continued ) 
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100 Vl)=-R T3<*VT*STN ( DL“HET A) 

V0=RT3*VT»C'JS (Dt.-HUTA ) 

Il)*-WT3*I A*StlM U>L-THETA> 

I0=RT3*I A<*CUS (DL-THKTA) 

* unsatura r fd field current * ifun 

I FI ins ( (Vtt*RA»IU) /LAD) - ( (LA+LAf)) *10) /LAI) 

J Mi Is 10 + IE" UN 

WADS=LAO*INU 

* SATURATED Lt-AXIS FLUX LINKAGES 

SGD=GENSAT (WADS) 

W[)sLA*IU*WAOS 

* SATURATED U-aXIS FL.UX LINKAGES 

wa02bLAQ«IQ 

WAOS=IMRL(WAQZ*0.00001*GAMS) 

SGOsGENSA T{WAQS) 

GAOS=LAQ« [0/ ( 1.0*SG'3) 

WU=l A*I(J + wAOS 
TL = RD<i I (J-RO* TO 
TEnEL=Tfc-TECHK 

DEI IU = 0.1 * < TEDEl /1ECHK) <*1 AN (0L> 

IF(DfcLDL.GT.O.noOOl) GO TO 200 
IF(DFLDL.LT.-0.0000 1 ) Go TO 20 0 
GO TO 400 
200 OL sDL ♦QFLDl 
MM*NN♦ 1 

IF(NN.GT.SO) GOTO 400 
GO TO 100 
4Q0 CONTINUE 
FNUPPO 

* FINAL INITIAL COMPUTATIONS 

IFF=IFun + SGU*I MU 
WF=l_F*IFF + WAI.)S 
WKOsWADS 
WKOsWAOS 

VF sWFMf F 
Ul.D = DRR«*UL 

0 M s 0 M H 
Df)MU = 0.0 

TTRAG = SORT (TTRfc««?*I T !*■**?> 

PSI=ATAN(I IIm/IThE) 

IOT = -K r i*ITMAG*SIN(DL-PSI> 

IOT = RT3<> j t»’AG#C«S (l)L-PSI ) 

Tint)* ID-TUT 
ILDOstM-lOT 
TM= TE 
TA=0.0 

VTCHK=(I./RT3)*SORT{VD**g>V9**2) 
w[)Z = wD 
WFZ=wF 
WKOZ=WKD 
WO?=RO 
WKOZ=WKQ 

OOHZsOOMU 
Dl.Z=OL 
IDTZ= ID T 
JQTZ=IQT 
Tm2=TM 
VDZ=VD 
Vriz = vo 

KFn=RT3*RF/LAO 
ftFOsVF /KFij 
EF07=EFU 

» 

NOSORT 
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executed prior to integration at each time step Include a local load on the generator 
bus in the computation Use the Continuous System Modeling Program (CSMP) 
[10] for solving the equations and plotting the results 

Solution 

An essential part of the computer program is a routine to compute the initial condi¬ 
tions As noted in Examples 5.1-5 3, this computation depends upon the boundary 
conditions that are specified The boundary conditions chosen for this example are 
those of Example 5 3, viz , P and V, at the generator terminals. The FORTRAN 
coding for this section of the program is included in the portion of the program listing 
in Figure 5 26 called INITIAL Note that the statement of the problem does not give 
any explicit numerical boundary condition This is one of the advantages of a com¬ 
puter program; once it is written and verified, problems with different boundary condi¬ 
tions but of the same type can be solved with ease The boundary conditions specified 
in Figure 5.26 give P = 1.00 (PGEN), V, = 117 (VT), and V x = 1 00(VINF) 

1 Make a preliminary estimate of X AD ( X AD is named WADS in the program; W being 
used for X and S meaning “saturated”) 

= ^AD [last Af = WADS] lastA/ (5 90) 

2 Compute the new currents From the equations 

id = ~ X AD)/-td If - 

Id = (^o ~ ^ad)/-£d Imd = id + h + (5 91 ) 

we compute an estimate of the new currents This estimate is not exact because the 
value of X AD used in (5 91) is the value computed at the start of the last At, 
whereas the flux linkages X d , X F , and X D are the integrated new values. Thus i MD 
computed by (5 91) does not correspond to point A of Figure 5 27, but to some new 
point B Since X AD is a function of the currents and of saturation, we must find the 
correct new X AD iteratively. We do this by changing our estimated X AD slightly 
until i MD agrees with X AD on the saturation curve, or until points A and B of Figure 
5 27 coincide 

3 To estimate the new X AD , we compute the saturation function S GD = f(X AD ) in the 



Fig 5 27 Saturation curve for the magnetizing inductance L 4D 


Fig 5.26 ( continued ) 





















Chapter 5 


DYNAMIC 
M() SORT 

* 

* GENFRA TDR COMMENTS 

WAOSO*WA»)S 

WADS=IMPI_ < * AOSO *<1.0 001 *F WAD) 

TO® (WO-wAuS ) /LA 
IFF®(WF-WAOS>/LF 
IKO® < wHI)-w AOti)/LKO 
IMU-IO* IFF* I M) 

SGD=GENSAT ( w A l> S > 

6AnS=LAD*I^U/ (1 . 0+SGO) 

FWADawAOS* ((• AOS-WADS) ofcXCON 

WA(JSO = WA()S 

WAC)S = I M HL (wAOSO.O.'JOOl *FWAO) 

TO® (RU-wAUS) /LA 
IK(J= ! WK )-WAUS > A.KO 
IMU=I»* IKO 
SGO=GENbAT<WAwS> 

GAOS=LAU"IMO/(1«0*SiiG) 

FwA0=<-AUS* («AOS-‘rfAOS) *f XCOM 

SORT 

* 

* T OROUE 

Tfc ®R0* Ju-wij* T U 
TA=TM-re 

• 

* RREFn 

iguombTa/ ih.o^MC) 

D(IMli=INt‘i»L ( X'MZi lfiOOM) 
f)RU®dO*U*1.o 

« 

* AN«I E 

0L = INTORL(ULZ’IGI>L) 

OLU=i>ph*UL 

« 

* LOCAL LOAD 

IRVI'S (OMU/Cl 0) * {IO-Il)T»(V0/Ht D»-tOMll*CLO*VO) > 
V|)*INT«HL (VO/* KiVo) 

IGV10= (OMU/Cl 0>* ( IO-I'JT- (VO/RLD) * <omu*clu*vo) ) 
vij=TNrc;F!L (vo/« iuV'j) 

« 

» TRANSMISSION 1.1 Jfc. 

IGIDT® (OMH/l.f ) *( Vl)*Rr3«iINtr)L)- B F*IOT-OMU*LE*JOT> 
I [)T = tNTf-'RL I Il'TZ* IGIDT) 

* 

T f* 10 T = (OMR/Lf >* (VO-R13**tOS (DU ) -RE *10 1 ♦omii*lF * IMT) 
IOT=INT0RL(TUTZ*IGIOT) 

• 

« 0-AXT5 FLUX LINKAGES 

IG(J = OMH* (-V0- (RA»IO) -l)MU*WQ) 

WO®1NTGRL (wDZ* IGIJ) 

VF *KFO*tF0 

e 

IGF =(>«&*(VF-kF“IFF) 

WF = I N TGRL <RFZ«IGF) 

» 

IGKU = OMH<* ( —WKU* I KL)) 

RK(J=IUTGKL (WKDZ» IGKf)) 

* 

* O-AXTS flux linkages 

IG(J*OMH* ( — VO — ( R A ° IO ) *OMU*WD> 

W(J=INTPRL (ROZt I GO) 

* 

IGKO = OUM<* (-RKOMKO) 

WKU® INI GWL < wf.UZ* 3 GKO> 

<* 

« 

« TERMINAL VOLTAGE 

Vl = ( ( VI)"V0**2 ) **0 i.b) /RT3 
I A® ( (I0*<»2* 10**2) **0.5)/RT3 
pfc =OMU* 11/3., U 

o 

* DRIVING FUNCTIONS 

Tm®TMZ + k.Tm*TmZ/ 10.0*STEP (TSTAHT) 
EFn=EFD/*KFF*EFL)Z/20.U*STFR(TSTA«TI 

« 

NUSPRT 


Fig 5 28 CSMP program for updating integrands 
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TERMINAL 
RANGE DEI T 
OUTPUT »D 

PAGE GROiips (I .55* 1 » IS) 

OUTPUT wF 

PAGE GROUP®(2.1*2*3) 

OUTPUT WK|) 

PAGE GROUP* (I #**•<’» U) 

OUTPUT WADS 

PAGE GROUP®(1.3.2.0) 

OUTPUT SRO 

PAGE GROUP® {0,. 12*0.24) 

OUTPUT IA 

PAGE GROUP®(0.Rrt.1.1«! 

OUTPUT IFF 

PAGE GROUP®(3.0*3. ,24) 

OUTPUT IKO 

PAGE GROUP®(-0.02*0.U4) 

OUTPUT VT 

PAGE GROUP® (1 . IS. 1IV) 

OUTPUT 1)1.0 

PAGE GROUP®(SO * 02) 

OUTPUT UOMU 

PAGE GROUP®(-0.00 lb*0.002) 

OUTPUT IE 

PAGE GROUP®( 2.8» 3 • M 

TIMER F INTImsP ,S»OUTOtL = 0. DS»|)ELT = 0.000 1 

FnD 

STOP 

Fig 5 28 (continued) 

usual way, using (5 83). Then we compute A 0 and \ N , defined in Figure 5 27, 

Xo = ^d(1 + Sgd) ^-n = LaoImd 

Then the error measured on the air gap line is X £ = \ N - X 0 , and the error mea¬ 
sured on the saturation curve is approximately 

Xa = Af/( 1 + Sgd) 

Now define a new X AD to be G AD , defined as G AD = ^ad + ^a Then we compute 
Gad = ^ad + (^n — Ao)/d + Sgd) = L ad i md /(\ 4- S GD ) 

4 Now we test G AD to see if it is significantly different from X AD ; i e., we compute 

I G ad — X AD | < f 

where e is any convenient precision index, such as 10~ 4 If the test fails, we esti¬ 
mate a new \ AD from 

new X^o = F AD = X A d — h(G AD — X A p) 

where h is chosen to be a number small enough to prevent overshoot; typically, 
h = 0.01 Now the entire procedure is repeated, returning to step 1 with the X AD = 
F ad , finding new currents, etc As the process converges, we will know both the new 
current and the new saturated value of X AD 

The second part of the program computes the integrands of all equations in prepa¬ 
ration for integration (integration is indicated in the program by the macro 1NTGTL) 
The computer program for updating the integrands is shown in Figure 5 28 

The computed output of several variables to a step change in T m and E FD is 
shown in Figures 5 29-5.40 Computer mnemonics are given in Table 5.3.. In both 
cases, the step input is applied at t = TSTART = 0 2s. 
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Fig. 5 30 Field flux linkages X f 
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Fig 5 31 d axis amortisseur flux linkages X 0 


Fig. 5 32 Saturated d axis mutual flux linkages \ads 
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Fig 5.33 d axis saturation function S$d 
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Response to a 10% step increase in T„ 
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Fig 5 39 Speed deviation u A in pu 
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Table 5.3. Computer Mnenomics of Output Variables 


Figure 

Variable 

Computer mnemonic 

5.29 

^ d 

WD 

5.30 

\ f 

WF 

5 31 

^D 

WKD 

5.32 

^ADS 

WADS 

5 33 

Sgd 

SGD 

5.34 


IA 

5 35 

‘f 

IFF 

5.36 

‘d 

IKD 

5.37 

V ,r 

VT 

5 38 

8 (in degrees) 

DLD 

5 39 

(in pu) 

DOMU 

5.40 

7 e<), 

TE 


Problems 

5 1 The synchronous machine discussed in Examples 5.1 and 5 2 is operating at rated terminal 
voltage, and its output power is 0 80 pu The angle between the q axis and the terminal 
voltage is 45°. Find the steady-state operating condition: the d and q axis voltages, 
currents, flux linkages, and the angle <5 

5 2 The same synchronous machine connected to the same transmission line, as in Examples 
5 1 and 5.2, has a local load of unity power factor, which is represented by a resistance 
R = 10 pu The infinite bus voltage is 1.0 pu The power at the infinite bus is 0 9 pu 
at 0 9 PF lagging Find the operating condition of the machine 

5 3 Repeat Problem 5.2 with the machine output power being 0.9 pu at 0 9 PF lagging 

5 4 In the system of one synchronous machine connected to an infinite bus through a trans¬ 
mission line (discussed in Examples 5.1, 5 2, and 5 6) the synchronous machine is to be 
represented by the simplified model known as the one-axis model given in Section 4 15 
Prepare a complete analog computer simulation of this system Indicate the signal levels 
for the operating conditions of Example 5.1, the amplitude and time scaling, the po¬ 
tentiometer settings, and the amplifier gains Note: In the load equations, assume that 
L e id = L e i q ^ 0 

5 5 Repeat Problem 5 4 using the two-axis model of Section 4 15 

5 6 Repeat Problem 5 4 using the voltage-behind-subtransient-reactance model of Section 4 15 

5 7 In the analog computer simulation shown in Figure 5 13 and Table 5 1, the time scaling 
is (20). If the time scaling is changed to (10), identify the amplifiers and potentiometers 
in Table 5.1 that will be affected 

5 8 In Figure 5 13 the signal to the resolver represents the infinite bus voltage If the level 
of this signal is reduced by a factor of 2 while the level of all the other signals are 
maintained, identify the potentiometer and amplifier settings that need adjustment 
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Linear Models of 
the Synchronous Machine 

6 1 Introduction 

ter f n?/ ' eVleW the ' esponse of 3 P° wer system to small impacts is given in Chan 

wwsmmrnm 

iHUPsisii 

r,r sr - 

l “; “"r •*■»“« i“:ir"■ 

A an example of product nonlmearities, consider the product x,x- Let the state 

be l nd X x a i n'itX e ^ f and * *« changes in these variates 
“ M InrtiaHy their product ,s given by The new value becomes 

(*'° + *“ )( ^“ + ■*/*) - x n x j» + + x,o.x,A + X.aVja 

small Thus 

(*'° + Jr “ >(x '° + ^ + .*„,*,* (6 |) 

ratdV’are^" and ar ?, kn ° Wn *i uantities and are treated here as coefficients while 
x ‘& and x j& are incremental” variables 
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with cos 5, 


cos(<5 0 + 8 A ) = cos(5 0 cosd A - sin<5 0 sin5 A 
I and sin <5 A ^ <$ A „ Therefore, 

cos(<5 0 + 8 a ) - cos 8 0 & (-sin 8 0 )8 A 


iK h coeffi remC r ntal C0S 6 “ then ( - sin the incremental variable is i A and 

Slm,lar,y ’ W * « Sh ° W that *• '"elemental change ££ 

Sin (^° + 8 *) ~ sin5 0 S (eos<5 0 )5 A ( 6 3) 

6 2 Linearization of the Generator State-Space Current Model 

Let the state-space vector x have an initial state x 0 at time t « / 0 ; e g if the cur¬ 
rent model is used, s ’ cur 

x o = \ido ha ‘do ho *eo <*>o 5 0 ] (6 4) 

riiahlTv Zr" ° f a smali . distu 'bance, i e . after t = t$, the states will change 

slightly from their previous positions or values Thus e 

X = X° + X A ( 6 . 5 ) 

Note that x 0 need not be constant, but we do require that it be known 
The state-space model is in the form 


x = f(x,f) 


which, by using (6 5), reduces to 


Xo + X A = f(x 0 + x A ,0 (6.7) 

In expanding (6.7) all second-ordet terms ate neglected; ie. terms of the form 
,A X > A are assum ed to be negligibly small The system (6 7) becomes 

X 0 + x A ^ f(x 0 ,O + A(x 0 )x a + B(x 0 )u (6 8) 

from which we obtain the linearized state-space equation 

x A = A(x 0 )x a + B(x 0 )u (6 9) 

The elements of the A matrix depend upon the initial values of the state vector 
o For a specific dynamic study it is considered constant The dynamic properties of 

the system described by (6 9) are determined from the nature of the eigenvalues of the 
a matrix 

rf T he ^ ^ be thought of 3S an "-dimensional space, and the operating 

conditions constrain the operation to a particular surface in this n space Being non- 

inear, the surface is not flat, although we would expect it to be continuous and rela- 
tiveiy smooth. The quiescent operating point x„ and the functions A(x„) and B(x„) 
are different for every new initial condition V ° 

™. ay 3lso “mpute the A(x 0 ) by finding the total differential dx at x 0 with re- 
spect to all variables; 1 e , with dx ^ x A 
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X = x 0 + x 4 


df 

df 

X A = — - X\A 

+ —— 

dx i\*o 

dx 2 

_ r df 

df 

dx x dx 2 

dx n 


*2A + 


where the quantity in brackets defines A(x 0 ) 

We begin by linearizing (4 74), proceeding one row at a time For the first equa¬ 
tion (of the d circuit) we write 

v do + v dA = ~ r (ido + irfa) - + w a )L ? (/ ?0 + i qA ) — (co 0 + « 4 )kM e (/ eo -f Iqa) 

— Td{i d o + id a) — kA/f(/V 0 + if a) — kMp(ip 0 + Ida) 

Expanding the product terms and dropping the second-order terms, 

Vdo + VdA = ( — r ido ~ MoLgiqQ — coq^M qIqq — L d i d q — k M F i F q — kM pip$) 

~ r idA ~ w 0 L q i q A — iqoL q <i)A — &okM qIq A — iQ 0 kM q0) a 
L-d id a — k MpifA — k M d i da 

The quantity in parenthesis on the right side is exactly equal to v d0 Rearranging the 
remaining quantities, 

v dA ~ — ri dA — <JioL q i qA — <j) Q kM qIq A — ( i q oL q -t- kA/ e /g 0 )co 4 

~T d i dA — kA If ip A — kMpip A (6 10) 

which is equal to 

v d A ~ ~?idA ~ ^o^-qiqA ~ k MqIqa — A 9 ooj a — L d i dA — kMpip A — k Mpip A 

(6 11) 

Similarly, for the q axis voltage change we write 

v q A = w 0 L d i d A + cookMpifA + u) 0 kMpipA + (i d oT d + ifokMp -t- i DO kM D )u) A 

— flqA ~ LqlqA ~ k MqIqa (6 12) 

which is equal to 

v q A = u> 0 Ldi d A + o; 0 k M F i FA + cu 0 k M D i dA + \ d ou> A - ri qA — Lgi qA - k MqIqa 

(6 13 ) 

For the field winding we compute 

— v FA = —ffifA — kM f i dA — Lfi F A — M r i da (6 14) 

The linearized damper-winding equations are given by 

0 = —tpipA — k M D i dA — M r i fa — Lpip A (6 15) 

0 = ~ r QiQA — k MglqA ~ LqIqa (6 16) 

From (4 101) the linearized torque equation may be established as 

T y4>A = (1 /3)( — i- diqdidA ~ ^-diddiqA ~ kMp i q ()ifA “ kMfifoigA 

— kM pi q oi pa — kMpipoigA + Lgi do i qA + T. 9 / 9 oi<M 

+ kA/ e / rf0 /g A + kM QiQ 0 i dA ) — Du A + T mA (6 17) 
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which can be put in the form 

Tj&a ~ TmA ~ (l/3)[(^ diqO ~ ^qo)idA ~ (ArfO ~ T.qij 0 )ig A ~ kM fig 0 i fA 

— kM pig^ipA + kM Qi d Q[QA] — Dcc A (6 18) 

Finally, the torque angle equation given by (4 102) may be written as 

d A = u>a (6 19) 

Equations (6 11)—(6 19) are the linearized system equations for a synchronous machine 
(not including the load equation) If we drop the A subscript, since all variables are 
now small displacements, we may write these equations in the following matrix form: 



or in matrix form 

v = -Kx - Mx pu (6.21) 

Note that the matrix M is related to the matrix L of equation (4.74) by 



Assuming that M ' exists, the state equation for the synchronous generator, not in¬ 
cluding the load equations, is 


x = M'Kx - M~ l v pu 


( 6 . 22 ) 
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to R, L d , and L q as noted in Section 4 13. Other terms are load dependent (such as 
the currents and flux linkages) and must be determined from the initial conditions 

6 3 Linearization of the Load Equation for the One-Machine Problem 

Equation (4 149) is repeated here for convenience: 

v d = -K sin (5 - a) + R e i d + L e i d + wL,i q 

v q = K cos(d - a) + R e i q + Lj q - a> L e i d (6 24) 

where K = y/3 V K and a is the angle of V x 

The same procedure followed previously is used to linearize this equation, with 
the result 

Vd a = — Acos(5 0 — a)5 A + R e idA + <■t> 0 L e i qA + i q oL e <a A + L e i dA 

v qA = — A sin (<$ 0 — o:)5 a + R e iqA + Lei qA — u>o L e i dA — i d aL e oy A (6.25) 

Substituting (6.25) into (6 11) and (6 12), 

— K cos(5o — a)<5 A + R e i dA + L e i dA + woL e i qA + i q oL t w A 

= —ridA ~ MaLqiqA — wokM qIq A — - L d i dA — k Mfip A — k M D i DA 

— Asin(5o — a)5 A + R e i q A + L e i qA — o>o L e i d & — i d oL e w A 

= u>o i- d i d A + u) 0 kM f i fA + u}okMpip A + X d o^A ~ f iqA — L q i qA — k MqIq A (6 26) 

Rearranging (6 26) and making the substitution 

A A 

X d - X d + L e i d Lq - L q + L t 

X q = X q + L e iq R = t 4- R e 

Id = Ld + L e (6 27) 

we get, after dropping the subscript A, 

A A A 

0 = -Ri d - cu 0 Lqiq - (x>okM Q iQ - X q0 cd + K cos (<5 0 - a>)5 
- L d \ d - k Mfif - k M D i D pu 

0 = —Riq + (i)oL d i d + uiokM pif + o^k M D in + 

-I- K sin (5 0 - a)(5 - L q i q - k M Q i e pu (6.28) 

Combining (6 28) with (6 14)—(6 16), (6 18), and (6 19), we get for the linearized sys¬ 
tem equations 
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(6 29) 


Equation (6.29) is a linearized set of seven first-order differential equations with 
constant coefficients In matrix form (6 29) becomes v = -Kx - Mx, and assuming 
that M -1 exists, 


x = ~M“'Kx - M~‘v = Ax + Bu (6 30) 

where A = -M~‘K. Note that the new matrices M and K are now expanded to in¬ 
clude the transmission line constants and the infinite bus voltage 
It is convenient to compute A as follows Let 



fM, , 

0 

' 0^ 
1 


K„ | 

K,2 

1 

1 

Kn 

M = 

1 

O 1 

1 

-1 - 

m 2 

1 

1 O 
i 

. L._ 

1 

K = 

^21 | 

k 22 

- r - 

i 

i 

k 23 


_1- 

1 

— 

_l_ 


-1 . 

— 

.L _ 

— 


_ 0 1 

0 

| 

1 M 3_ 


_K 31 i 

K 32 

1 

1 

k 33 _ 


Then 



Mr 1 

1 

1 

0 

1 0 


— 

_L 

— 

_ J_ 

M-‘ = 

0 

1 

1 

l 

M 2 -‘ 

i 0 


— 

-1- 

— 

— 


_ 0 

1 

1 

0 

! m : 


~m r 1 k , i 

1 

1 

_ 1— 

Mr‘K 12 

i Mr'K,r 
1 


M 2 -‘K 21 

1 

1 

1 

M 2 -'K 22 

M 2 -'K 23 

(631) 


-r 


-\ - 


_m 3 -'k 31 

i 

i 

m 3 -‘k 32 

! m 3 - 1 k 33 _ 



Note that the only driving functions in the system (6 29) are the field voltage v F& 
and the mechanical torque J mA Initially, the machine is spinning at synchronous 
speed and is delivering some known power to the infinite bus A change in either 
v F or T m will cause the system to seek a new operating point, and this change is 
usually accompanied by damped oscillations of the variables. 


Example 6.2 

Complete Example 6 1 for the operating conditions described in Example 5 2, 
taking into account the load equation Find the new expanded A matrix Assume 
D = 0 
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Solution 

From Example 5 2 we compute 

R = 0 0011 + 0 020 = 0 0211 
L d = 1.700 + 0 400 = 2.100 
L q = 1 640 + 0 400 = 2 040 

The matrix M is given by 


~2 100 

1 550 

1.550 

i 

i 


i 

i 


1.550 

1.651 

1.550 

i 

i 

0 

i 

i 

i 

0 

1.550 

1 550 

1 605 

i 

i 

i 


i 

i 

i 



0 


i 

i 

i 

i 

i 

a _ 

2 040 1490 

1 490 1 526 

i 

i 

i 

i 

i 

_ L 

0 




i 


1 

- 1786 9 0 


0 


i 

i 

0 

1 

1 

0 \_ 


We also compute, in pu, 

\ d0 = 1 676 + (-1 591 )(0 4) = 1 039 




1 150 + (0 701)(0 4) = 1 430 
Acos(<5 0 - a) = vT(cos 53.7.35°) = 1.025 
A sin (6 0 - a) = V?(sin 5.3.735°) - 1.397 
1.150 - 1.70 x 0.701 


^ (X 9 0 “ L-dlqo) = 
| (-kM,r 9 o) = 


3 

-1,55 x 0.701 
.3 


= -0 014 


= -0.362 


l (-k M D i g0 ) = - (1 ’ 676 + 164 x -■ 591 > = -1 428 


I (k M Q i d0 ) = I .: 490( ~li '^ 91 ) = _0 790 
The matrix K is given by 


0.0211 

0 

0 

i 

2,040 

1 490 

i 

i 

1 4.30 

-1 025 

0 

0 0007 

0 

i 

i 

0 

0 

i 

i 

0 

0 

0 

0 

0 0131 

1 

1 

0 

0 

i 

i 

0 

0 

-2.100 

-1 550 

-1.550 

i 

i 

0.0211 

0 

i 

i 

-1 0.39 

— 1 397 

0 

0 

0 

i 

i 

i _ 

0 

0 0540 

i 

i 

0 

0 

-0.014 

-0.362 

-0 362 

i 

i 

-1 428 

-0 790 

i 

i 

-D 

0 

0 

0 

0 

I 

0 

0 

i 

-1 

0 


The new A matrix is given by A = -M 1 K, or with D = 0, 
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-36.062 

0 439 

14 142 ; 

-3487 18 

-2547 01 j 

-2444 63 

1751.33 

12.472 

-4 950 

76 857 1 

1206 01 

880 86 ! 

845 46 

-605 68 

22.776 

4 356 

-96017 | 

t 

2202 43 

1608 63 | 

1543 98 

-1106 10 

3589 95 

2649 72 

2649 72 i 

-36 064 

90 072 ! 

1776.71 

238740 

-3505.70 

-2587 54 

-2587 54 | 

i 

35.218 

-123.320 | 

i 

-1735 01 

-2331 37 

-0.0078 

-0 2027 

-0 2027 

i 

-0 7993 

-0 4422 ! 

00 

00 

00 

00 

oo ! 

0.0 

00 ! 

1 0 

00 


Example 6.3 

Find the eigenvalues of the A matrix of the linearized system of Example 6 2 
Examine the stability of the system Generator loading is that of Example 5.2 

Solution 

To perform the computation of the eigenvalues for the A matrix obtained in Ex¬ 
ample 6 2, a digital computer program is used The results are given below 

X, = -0 0359 + jO 9983 X 5 = -0 0016 + JO 0289 

X 2 = -0 0359 - jO 9983 X 6 = -0 0016 - jO 0289 

X 3 = -0 0991 X 7 = -0 0007 

X 4 = -0.1217 

All the eigenvalues are given in rad/rad Note that there are two pairs of complex 
eigenvalues The pair X s and X 6 correspond to frequencies of approximately 1.73 Hz; 
they are damped with a time constant of 1/(0 0016 x 377) or 1 66 s This complex 
pair and the real pole due to X 7 dominate the transient response of the system The 
other complex pair corresponds to a very fast transient of about 60 Hz, which is 
damped at a much faster rate This is the 60-Hz component injected into the rotor 
circuits to balance the MMF caused by the stator dc currents Note also that the 
real parts of all the eigenvalues are negative, which means that the system is stable 
under the conditions assumed in the development of this model, namely small perturba¬ 
tion about a quiescent operating condition 


Example 6 4 

Repeat the above example for the system conditions stated in Example 5 1 
Solution 

A procedure similar to that followed in Examples 6 2 and 6 3 gives the following 
results: 


-36.062 

0 439 

14 142 i 

i 

-3487 18 

-2547 01 

i 

-2327 01 

12 472 

-4 950 

76 857 t 

1206 01 

880.86 

i 

i 

804 78 

22 776 

4.356 

-96 017 J 

L 

2202 43 

1608 63 

i 

i 

1469 69 

3589.95 

2649 72 

2649.72 ! 

-36 064 

90 071 

i 

i 

982 66 


958.54 
-331 50 
-605 .39 


-3505.70 -2587 54 - 


2587 54 
0 1929 


35.218 
0 8.399 


-1233 20 
-0.5351 


-959 60 


2257.70 10" 3 
-2204 72 


-0 0075 -0 1929 

0 0 0 0 


00 


00 


00 


00 
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and the eigenvalues are given by 

X, = -0 0359 + jO 9983 X 5 = -0 0009 + jO 0248 

X 2 = -0 0359 - jO 9983 X 6 = -0 0009 - J0.0248 

X 3 = -0 0991 X 7 = -0 0005 

X 4 = -0 1230 

Note that this new operating condition has a slightly reduced natural frequency (1 49 
Hz) and a greatly increased time constant (2 95 s) compared to the previous example. 
Thus damping is substantially reduced by the change in operating point 

6.4 Linearization of the Flux Linkage Model 

We now linearize the flux linkage model of a synchronous machine, following a pro¬ 
cedure similar to that used above for the current model From (4 1.35) we can compute 
the linear equations 

\ r i L md \ , _ L md a „ L md x 

A/a --p“ 1 -) Aa + r p p Aa 4 r p- p - a oa 

Ad \ Ad } A ■d'l'F AdAo 

- u Q \ qA - X q0 w A - V dA (6.32) 


— — — ^dA 

\ , Lmd \ r F (, L md \ L md 

Aa — r F p p A/A P 1 P I Aa ' r t p P A>A + Aa 

'if'bd 'of \ isf / A^Ao 

^ . Lmd \ , „ L md x t d (i L md \ x 

a DA - r D ~p p Aa + r D ~p p~ A A - ~p~ [ 1 “ P AflA 

Ad Ad Ad A/ Ad \ A d / 

Similarly the q axis equation (4 136) can be linearized to give 

\a = W o\m-- \a + r ^QA + ^dO^A - V qA 

\ , Lmq \ r e (\ Lmq \ x 

e l Q l q qA t Q V Iq ! QA 

The torque equation (4 137) becomes 

T (Lmd ~ L mq a L mq x \ ^ , L MD x x ^ L MD ^ x 

= [ X 40 " LIq qo dA 44 90 ' A 4 Id 90 DA 


x 04 + v tA (6 33) 

A f Ao 

- X 0 A (6.34) 


(6 35) 
(6 36) 


Lmq \ \ \ , L md ^ A , L md ^ x 

P p • A <?ol A A + Aq0 Af A + A ?0 A OA 

, L md ^ , L md x \ * L M q x x 

D + ~p p“ Ao + ~p A D 0 A q A p p AO a QA 

'bd'Lf A</Ad / A-^A^ 


/ Lmd L M q ^ L md ^ , L md ^ \ 

h \ " 44 f0 + 44 00 j ' 


Similarly, the swing equation becomes 


1 ( L M q L md - L mq \ _1_ (L MD \ . 

” 3r, eo V q0 j dA 3 a \44 90 j fA 

1 ( L md \ \ \ 1 ( Lmd ~~ L MQ L MD ^ L MD \ 

- 37 Ux A 01 “ A \ U " 44 Af ” + 44 D0 ,a 




1 ( Lmd \ \ \ If L M d - L M q a , L MD x , L MD 

Xj \IA~d 90 j 0A ” ^ l 4 d0 44 f0 + 44 

1 ( L M q . \ x D .. , 1 7-. 


, 1 / L mq \ \ x D . l r 

+ A144 A 24 " ’I 4 *) - 
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and finally 


<5 a = a A (6 .38) 

For a system of one machine connected to an infinite bus through a transmission 
line, the load equations are given by (4 157) and (4 158) These are then linearized to 
give 




'*£(■ 


i L e L MD ^ L e L MD ^ 

A dA o o A FA — ~0 0 A l 

'Lo'Lf 't'd'^D 


= — M- (\ — — Mi 

41 id 


^) \, A + R X PA + R A, 


-'H('-t)] 

- \ 0 oj a + [Acos(<5 0 - a)]5 A 
L e L M Q \ 

~~n a A/ia 


, L e L M Q 

,a u: X( 


(6.39) 


= “° l+ tA'~T d 


L e L MD x L e L MD 


e Mu \ e -‘Ml) x 

~ W 0 ~p o A FA ~ W 0 1 0 A DA 


Ll e L -‘MD \ K I \ M Q \ \ 

44 DA 4 V 4 / V 


where 


+ R ^qa + A^o^a + [A sin (5 0 - a)]5 A (6 40) 


x - i 4 . L± ( i 4/g \ x x 

9 ° " ^ V 4 ) lato Q ° 


4o = 1 + 


44/Z> 


44p 


X f A/P \ g^A/P \ 

A </0 o p a F0 ~ P P a P0 


and /? = /■ + /?,, and K = \/3FV The linearized equations of the system are (6 33), 
(6 34), (6 36), and (6.37)—(6 40) and 5 a = cu A In matrix form we write 


TX = CX + D 


(641) 


where the matrices T, C, and D are similar to those defined in Section 4 13 3 for the 
nonlinear model 

If the state equations are written out in the form of (6 41) and compared with the 
nonlinear equations (4 159)—(4 162), several interesting observations can be made 
First, we can show that the matrix T is exactly the same as (4 160) The matrix C is 
similar, but not exactly the same as (4 161) If we write C as 


dFD qQ 0)5 


c = I c 


(6 42) 
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with partitioning as in (4 161), we can observe that C,, C 5 , and C 9 are exactly the 
same as in the nonlinear equation Submatrices C 2 and C 4 are exactly as in (4.161) if a> 
is replaced by <o 0 Submatrices C 3 , C 6 , C 7 , and C 8 are considerably changed, however , 
and C 3 and C 6 , which were formerly zero matrices, now become 

f-\o 43 V x cos (<5 0 - a)] 


Vl V M sin (5 0 — a) 


(6 43) 


where a is the angle of V x and <S 0 is the initial angle of the q axis, each measured from 
the arbitrary reference 

We may write matrices C 7 and C 8 as 


C 7 = iTjt 


x l md A ?0 
a aqo 


Lmd\o 


Lmd\o 


-1 

C 8 = 3 


A, nn 


3t> 44 | 3r y 44> 
0 [ 0 


I-mqKo 


■id j ] 3t ; 44? 


(6.44) 


where A 4O0 and X AQ0 are the initial values of X AD and X AQ respectively Finally, we note 
the new D matrix to be 


D = [0 u fA 0 | 0 0 ] T m jTj 0]' 


(6 45) 


Assuming that the inverse of T exists, we can premultiply both sides of (6 42) by 
I -1 to obtain 

X = T-'CX + I'D (6 46) 

which is of the form 

x = Ax + Bu (6 47) 

The matrices A and B will have constant coefficients, which are dependent upon the 
quiescent operating conditions 

Note that the matrices A and B will not be the same here as in the current model. 
Since the choice of the state variables is arbitrary, there are many other equations that 
could be written The order of the system does not change, however, and there are still 
seven degrees of freedom in the solution 


Example 6 5 

Obtain the matrices T, C, and A of the flux linkage model for the operating condi¬ 
tions discussed in the previous examples 

Solution 

Machine and line data are taken from previous examples in pu as: 
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L d 

= 1.700 

t Q = 0 036 

L < 

= 1 640 

f = 0 0011 

l d 

= l q = 0 150 

r f = 0 00074 

Lad 

= k M f = k M d = 1 550 

r D = 0 01.31 

L'aq 

= kM Q = 1 490 

r Q = 0 0540 

Lf 

= 1 651 

L md = 0.02838 

i, 

= 0 101 

L mq = 0 02836 


L D = 1 605 R e = 0 020 

Id = 0.055 L e = 0 400 

L q = 1,526 Tj = 1786 94 rad 

The matrix I is independent of load and is given by 


.3 1622 

-0.7478 

-1 3656 

1 0 

0 

1 

1 

0 

0 

1.0 

0 

! o 

0 

1 

1 

0 

0 

0 

1 0 

! o 

0 

1 

1 

0 

0 

0 

0 

! 3 1625 

-2 1118 

1 

1 

0 

0 

0 

0 

! o 

1 

1.0 

1 

1 

0 

0 

0 

0 

1 

' 0 

1 

0 

1 

1 

1 

1 0 

0 

0 

0 

! o 

0 

1 

1 

0 


and T 1 is computed as 



T 1 


0 .3162 

0 2364 

0 4.318 

1 

1 


i 

i 

0 

1 0 

0 

! o 


! o 

0 

0 

1 0 

i 

i 


\ 

l 


0 


! 0 .3162 

i 

! o 

0 6678 

I 0 

|7 

i 


0 


! 0 

i 


' 1 0 

! o i 


To calculate the matrix C, the following data is obtained from the initial operating 
conditions as given in Example 5 2: 

\o = 1 150 \/T V m cos (<5 0 - a) = 1025 

X co = 1.045 \/T V x sin (<5 0 - a) = 1.397 

Ko = 1 676 
A f0 = 2 200 
X O0 = 1 914 

The matrix C corresponding to Example 5 2 loading is then calculated to be 
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C = 


114 0.35 

39 438 

72 022 

i 

i 

-3162 53 

2111.78 

i 

-1430 11 

1024.53 

1 388 

-5 278 

3 756 

i 

i 

0 

0 

i 

i 

0 

0 

44.720 

66.282 

-115.330 

i 

i 

0 

0 

i 

i 

l 

0 

0 

3162.16 

-747.76 

-1365 58 

i 

i 

-114 055 

111.378 

i 

l| 

1039 32 

1396 55 

0 

0 

0 

i 

i 

i 

284 854 

-313.530 

i 

i 

i 

0 

0 

-1.0285 

-0 4009 

-0 7322 

i 

i 

i 

-1 9867 

1 6503 

i 

i 

i 

0 

0 

0 

0 

0 

i 

i 

0 

0 

i 

i 

1 

0 


10" 3 


Note that some of the elements of the matrices C, and C 5 in this example are somewhat 
different from those in Example 4 4 since the resistance & is not the same in both ex¬ 
amples 

The A matrix is given by 



16.422 

39 848 

-26 141 | 

-1000 12 

667 83 ; 

-452 26 

.324.00~ 


1 .388 

-5.278 

3.756 ! 

0 

0 

0 

0 


44 720 

66 282 

-115 330 | 

i 

0 

o | 

0 

0 

A = 

999 88 

-236 44 

-431 80 ! 

i 

154 147 

-174 142 1 

328 63 

441.59 


0 

0 

o ! 

i 

284 854 

-.313 530 [ 

j. 

0 

0 


1 0285 

-0 4009 

-0 7322 | 

-1 9867 

1 6503 

0 

0 


0 

0 

0 ! 

0 

o i 

1 

0 


io- 3 


The eigenvalues of this matrix are the same as those obtained in Example 6.3 and cor¬ 
respond to the loading condition of Example 5 2 

For the operating condition of Example 5.1 we obtain the same matrix T For this 
operating condition the initial conditions in pu are given by X M = 1.345, A^ = 1.9.35, 
A O0 = 1.634, A,o = 1 094, A eo = 0 994, Acos(<5 0 - a) = 0.5607, and Asin(<5 0 - a) - 
1 .3207 

The matrix C for the operating conditions of Example 5 1 is given by 



-114 035 

39 437 

72 022 

1 

1 

-3162 53 

2111 78 

1 

-1361.30 

560 75 


1.388 

-5 278 

3.756 

i 

i 

0 

0 

1 

1 

0 

0 


44 720 

66 282 

-1 15 330 

i 

i 

0 

0 

1 

1 

0 

0 

C = 

3162 16 

-747 76 

-1365.58 

i 

i 

-114 055 

111 378 

i 

i 

574 48 

1320 68 


0 

0 

0 

1 

l 

284 854 

-313 530 

i 

i 

0 

0 


-0 9790 

-0 3816 

-0 6969 

i 

i 

-1 7155 

1.3246 

i 

i 

0 

0 


0 

0 

0 

1 

1 

0 

0 

1 

1 

1 0 

0 




and the matrix A is given by 
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A = 


-16 422 

39 848 

-26 141 i 

-1000 12 

667.83 

t 

-4.30 50 

177 33 

1 388 

-5 278 

3 756 | 

0 

0 

i 

i 

0 

0 

44 720 

66 282 

-115 330 ] 

0 

0 

i 

i 

0 

0 

999 88 

-236 44 

-431 80 ! 

154.15 

-174 14 

i 

i 

181 76 

417 60 

0 

0 

0 j 

284 85 

-.313 53 

1 

1 

0 

0 

0 9790 

-0 3816 

-0 6969 ! 

-1 7155 

i 3246 

i 

i 

0 

0 

0 

0 

0 ! 

0 

0 

i 

i 

1 0 

0 


The eigenvalues obtained are the same as those given in Example 6 4 and correspond to 
the loading condition v f Example 5 1 


6 5 Simplified Linear Model 

A simplified linear model for a synchronous machine connected to an infinite bus 
through a transmission line having resistance R t and inductance L e (or a reactance X e ) 
can be developed (see references [1] and [2]) Let the following assumptions be made: 

A A ;<"> 1 Amortisseur effects are neglected 

2 Stator winding resistance is neglected 

l ,. 3 The X d and terms in the stator and load voltage equations are neglected compared 
to the speed voltage terms u\ q and u\ d 

"bic''««4 The terms o>X in the stator and load voltage equations are assumed to be approxi¬ 
mately equal to o> R X 

5 Balanced conditions are assumed and saturation effects are neglected 

Under the assumptions stated above the equations describing the system are given 
below in pu 


6 5 1 The E' equation 

From (4 74) and (4 104) the field equations are given by 

v f = r fh + X f \ f = Lfif + k M f i d (6 48) 

Eliminating i f , we get 

v f = ( f f/^-f)^f + ^f ~ ( r f/L e )kM F i d (6 49) 

Now let e' q = V3 E' q be the stator EMF proportional to the main winding flux link¬ 
ing the stator; i.e , VT E' q = \ f /L f Also let E FD be the stator EMF that is 

produced by the field current and corresponds to the field voltage v F ; i e , 

vT EfD = co R kM f Vf/r F 

Using the above definitions and t^ 0 defined by (4 189), we get from (6 49) in the s do¬ 
main 


E fd = (1 + r' d0 s)E' q - ( x d - x' d )I d (6,50) 

where I d = i d jx/X and s is the Laplace transform variable Also using the above 
definition for £', we can arrange the second equation in (6 48) to give 


x' d )I d = E + (x d - x' d )I d 


u R kM F i f /V 3 + (x d 


(651) 
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where E is as defined in Section 4 7 4 Note that (6 50) and (6 51) are linear 

From (4 149) and (4 74) and from the assumptions made in the simplified model, 
we compute v d and v q for infinite bus loading to be 

v d = - io R L Q i q = - V3K, sin (S - a) 4- R e i d + u> R LJ q 

v q = LJ d + a) R k M F i F = cos (8 - a) + Rj q - w R L e i d (6 52) 

Linearizing (6 52), 

0 = -R e i qA + (x d + X e )i dA + w R kM F i FA + sin (5 0 - a)]5 A 

0 = -R e i dA - (x q + X e )i qA + [ATcos (<5 0 - a)R A (6.53) 

where K = x/Xv^ and V x is the infinite bus voltage to neutral 
Rearranging (6 51) and (6 53), 

~(x d + X e )I dA + RJ qA = E qA + [V x sin(<5 0 -a)]<5 A 
RJd* + (x q + X e )I qA « [F^cos^o - a)]5 A (6.54) 

Solving (6 54) for I dA and we compute 

4a -(•*, + X t ) ^cos(5 0 - a) - (x + X e ) sin (<5 0 - oc) £' 

= Kf (6 55) 

I qA R e (x^ + X e )cos(8 0 - a) + R e sm(8 0 - a) V X 8 A 


where 


K, = 1 f[R] + (v, + X.){xl+X.)] 


We now substitute I d into an incremental version of (6 50) to compute 
Zfd = 0/* 3 + s)E’ a + K 4 8 a 
where we define (in agreement with [2]) 

\/K> = 1 + K,(x d - x’ d ){x q + X t ) 

= V m K,(x d - .xj)t(x, + X e ) sin (<5 0 - a) - R e cos(5 0 - a)] 
Then from (6.58) and (6.57) we get the following s domain relation 


(6.5.3) 


(6.54) 


(6 55) 


(6 56) 


(6.57) 


(6.58) 


1 + KjtJoS 


1 + Ky T ' d 0 S 


(6.59) 


[Note that (6 59) differs from (3 10) because of the introduction here of E FD rather than 
iy.] From (6 59) we can identify that is an impedance factor that takes into account 
the loading effect of the external impedance, and K A is related to the demagnetizing ef¬ 
fect of a change in the rotor angle; i.e.. 


v _ 1 9 

K ‘ “ Z r 


(6 60) 


3 U A £cn = constant 


6,5.2 Electrical torque equation 

The pu electrical torque T e is numerically equal to the three-phase power There¬ 
fore, 

h = (l/3)(% + v q i q ) = (V d f d + V q I q ) pu (6 61) 

where under the assumptions used in this model, 
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v d = - v, 


V = x d I d + 0 ) R k Mpif/Vl 


Using (6 51) in the second equation of (6 62), 


K = - 


K = *'A + K 


From (6 63) and (6 61) 


T e = [£' - (r - x' d )I d )L 


Linearizing (6 64), we compute 


^eA ^qO^qA "h \E q Q i,X q X d)T d ^l qA (*"? X d)^q0^dA 

= IqoE'qA + E qaQ^qA ~ (• X q ~ X d)^q(J d A 


(6 62) 


(6 63) 


(6 64) 


(6 65) 


where we have used the q axis voltage E qa defined in Figure 5 2 as E q: = E + (x d - x q )I d 
with E taken from (6 51) to write the initial condition 

E qaO ~ E 0 + (X d — X q )I d Q = £' 0 — {x d — X d )I d o + (x d — X q )I d o 

= E qo - (Xq - x'd)ld 0 (6 66) 

Substituting (6 55) and (6.56) into (6 65), we compute the incremental torque to be 

T,a = AT / K.{^o[^sin(5 0 - a) + (x' d + X e ) cos(6 0 - a)) 

+ Iqo(Xq - x 'd)[(Xq + X e ) sin (<5 0 - a) - R e cos (<5 0 - a)]}5 A 
+ K,\I q0 [R 2 + (x q + X e ) 2 } + E qa0 R e \E' q A 
4 K X 8 A + K 2 E' qA (6.67) 

Where K , is the change in electrical torque for a small change in rotor angle at constant 
d axis flux linkage; i e , the synchronizing torque coefficient 

If T eA 

6 * 

- K/V x \E qa0 [R e sin (5 0 - a) + {x' d 4- .^)cos(5 0 - a)] 

+ I qQ (Xq ~ x' d )[(X e + x q ) sin (<5 0 - a) - R e cos(8 0 - a)]! 

K 2 is the change in electrical torque for small change in the d axis flux linkage at con¬ 
stant rotor angle 


= K,\R e E qa o + I JR] + (x q + X e f)\ 


F' 

11 q A &-b Q 


We should point out the similarity between the constant K { in (6 67) and the synchroniz¬ 
ing power coefficient discussed in Chapter 2 and given by (2.36) If the field flux linkage 
is constant, £' will also be constant and K 2 = 0 The model is reduced to the classi¬ 
cal model of Chapter 2. 


6,5.3 Terminal voltage equation 

From (4 41) the synchronous machine terminal voltage V t is given by 

n 2 = (i/3 >(ui +1# 

or in rms equivalent variables 

K 2 = V 2 d + V 2 (6 68) 
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(6 70) 


This equation is linearized to obtain 

Ka = (Vdo/V, o) Ka + (Vqo/V, o) V qA (6 69) 

Substituting (6.63) in (6 69), 

Ka - ~(V d0 /V l0 )x q I qA + (V q0 /V t0 )MI dA + E' qA ) (6 70) 

Substituting for I qA and I dA from (6 55), 

Ka = m^VJV^iR'Cos^ - a) - (x q + X e )sin(5 0 - a)) 

- (KiKXqV do /Ko)[( x d + K) cos (5 0 - a) + R e sm(8 0 - a)]M A 
+ {{Vqo/KoW - K,x' d {x q + X e )\ - (V do /V,o)K,x q R e )E' qA 
- A’ s a A + K 6 E qA (6.71) 

where K $ is the change in the terminal voltage V, for a small change in rotor angle at 
constant d axis flux linkage, or 

y 

k _! A 

- "I— 

and K 6 is the change in the terminal voltage V t for a small change in the d axis flux 
linkage at constant rotor angle, or 

A" = 2k 

6 E' 

C-qA 4-« 0 


(671) 


6.5 4 Summary of equations 

Equations (6.59), (6.67), and (6.71) are the basic equations for the simplified linear 
model, i e , 


- —f-r- E 

t 3 ^3 T d0 5 
T e A - Wa + ^T 'qA 
Ka = K 5 8a + K 6 E' qA 


1 + K, s 


(6.72) 


We note that the constants K\, K 2 , K 2 , K 4 , K s> and K 6 depend upon the network pa¬ 
rameters, the quiescent operating conditions, and the infinite bus voltage. 

To complete the model, the linearized swing equation from (4 90) is used. 


T j& a T mA T eA 


(6.73) 


The angle <5 A in radians is obtained by integrating on d> A twice 

In the above equations the time is in pu to a base quantity of 1 /377 s, T is the total 
torque to a base quantity of the three-phase machine power, and r, = 2//a> R 


E xample 6 6 

Find the constants K x through K 6 of the simplified model for the system and condi¬ 
tions stated in Example 5 1 

Solution 

We can tabulate the data from Example 5 1 as follows 
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Transmission line data 

R e = 0 02 X e = 0 40 pu 

Infinite bus voltage: 

V x = 0 828 

Synchronous machine data 

x d = 1.700 pu x q = 1 640 pu 
x' d = 1 700 - [(1..55) 2 /1.651] = 0.245 pu 
Also, from Example 5 1 


l F0 ~ 

2 979 


o 

II 

— 1112 

Ko 

II 

o 

—0.6.31 


K = 

1 000 



We can calculate the angle between the infinite bus and the q axis to be 5 0 - a = 66 995° 
rhen sin (<5 0 - a) = 0 9205, cos(5 0 - a) - 0 3908 From (6 66) we compute 

E qa o = 1 55 x 2.979/ \/T - 1 112(1 70 - 1 64) = 2 5995 

Also, 

\/K, = R] + (x q + X e )(x' d + X e ) = 1 .3162 
K, = 0.7598 

Then we compute from (6 58) 

K 3 = [1 + (1/1.3162)( 1 455)(2 04)]" 1 = 0.3072 

K a = 0 828 x 0 7598 x 1 455(2 04 x 0 9205 - 0 02 x 0 .3908) = 1 7124 
We then calculate K x and K 2 from (6 67) 

K i = KiV„{E qa0 [R e sin(<5 0 - a) + (x d + 2r,)cos(6 0 - a)] 

+ /*>(*, “ x 'd) [(*« + x e) sin (5 0 - a) - R e cos(6 0 - a)]} 

- 0 7598 x 0 828(2 5995(0 02 x 0 9205 + 0 645 x 0 3908) 

+ 0.3853 x 1 .395(2 04 x 0 9205 - 0 02 x 0 3908)] 

= 1 0755 

*2 = K,\I q » [R] + (* f + X'Y] + E qo0 R e \ 

= 0 7598(0 385 [(0 02) 2 + (2.04) 2 ] + 2 5995 x 0 02] 

= 1.2578 

K s and K 6 are calculated from (6 71): 

K s = ( K i x d V q J V l0 ) {R e cos (5 0 - a) - (x q + X e )sin(S 0 - a)] 

- (K,Vo,x q V d0 /V r0 )[(x d + X e ) cos (<5 0 - a) + /? e sin(d 0 - a)] 

= [(0 7598)(0 828)(0 245)(0 776/1 0)][(0 02)(0 3908) - (2 04)(0 9205)] 

- (0 7598)(0 828)(1 64)(-0 6.31/1 0)[(0 645)(0 3908) + (0 02)(0 9205)] 

= -0 0409 
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*6 = (Ko/V t0 ){l - K lX ' d {x q + X ,)] - (V d0 /V l0 )K lXq R e 

= 0.776(1 - (0 7598)(0 245)(2.04)] 

+ (0 631)(0 7598)(1 64)(0 02) = 0.4971 

Therefore at this operating condition the linearized model of the system is given by 

£'a - [0 3072/(1 + 1.813 s)]E fDA - [0 5261/(1 + 1.813 s)]5 A 
T eA = 1 0755 + 1 2578 E qA 

V IA = -0 0409 8 a + 0 4971 E qA 


Example 6 7 

Repeat Example 6 6 for the operating conditions given in Example 5 2 
Solution 

From Example 5 2 


i n = 2,8259 
/, 0 = -09185 
V d0 = -0 6628 

V,o = 1 172 


I q0 = 0.4047 pu 
V q0 = 0.9670 pu 
V x = 1000 pu 
5 n - a - 53 7.36° 


and sin (5 0 - a) = 0 806.3, cos (5 0 - a;) = 0 5915 
From this data we calculate E q0 and E qo0 

£; 0 = 1 55 x 2.826/vT- 1.455 x 0 9185 = 1.1925 
E qa0 = 1.1925 - 1 395(—0 9185) = 2,47.38 
\/K, = R] + (x q + X t ){x' d + X t ) = 1 .3162 
K, = 0 7598 


* 3=1 + 


2.04 x 1.455 


_ 1,0 x 1,455 
13162 

= 5 90 s 


= 0..3072 


(2 04 x 0 8063 - 0 02 x 0.5915) = 1 805 


The effective field-winding tirpe constant under this loading is given by 

K 3 T d0 = 0 .3072 x 5 9 = 1.8125 s 

K x = (0 7598)( 1 0){(2 474)[(0 02)(0 806.3) + (0 645)(0 5915)] 

+ (0 4047)(1 395)[(2 04)(0 8063) - (0 02)(0.5915)]} = 1.4479 

We note that for this example the constant K x is greater in magnitude than in Ex¬ 
ample 6 6 The constant K x corresponds to the synchronizing power coefficient dis¬ 
cussed in Chapter 2 The greater value in this example is indicative of a lower loading 
condition or a greater ability in this case to transmit synchronizing power 

K 2 = 0 7598(0 4047((0 02) 2 + (2.04) 2 ] + (2,474)(0 02)] = 1.3174 
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K 5 = (0.7598)(1 0)(0 245)^^J[(0 02)(0 5915) - (2 04)fO 8063)] 

- (0 7598)(1 0)0 64) [(0 645)(0 5915) + (0 02)(0 8063)] = 0 0294 

K ‘ ~ “ (0 7598)(0 245)(2 041)] 

- (~°fj 2 8 ') (0 7598)0 64)(0 02) = 0.5257 

The linearized model of the system at the given operating point is given in pu by 
E' qA = [0 3072/(1 + 1 813 s)]E FDA - [0 5546/(1 + I 813 s)J5 A 
l eA = 1.4479 5 A + 1.3174 E' A 
V IA = 0 0294 8 a + 0 5257 E' qA 


6 5 5 Effect of loading 

Examining the values of the constants A, through A 6 for the loading conditions of 
Examples 6 6 and 6.7, we note the following: 

1 The constant K 3 is the same in both cases From (6 57) and (6 58) we note that A 3 
is an impedance factor and hence is independent of the machine loading 

2 The constants A,, A 2 , A 4 , and A 6 are comparable in magnitude in both cases, 
while K s has reversed sign From (6 58), (6 67), and (6.71) we note that these con¬ 
stants depend on the initial machine loading. 

The cases studied in the above examples represent heavy load conditions. Certain 
effects are clearly demonstrated In the heavier loading condition of Example 6 6 , A s 
has a value of -0 0409, and in the less severe loading condition of Example 6 7 its 
value is 0 0294 This is rather significant, and in Chapter 8 it will be pointed out that 
in machines with voltage regulators, the system damping is affected by the constant A 5 
If this constant is negative, the voltage regulator decreases the natural damping of the 
system (at that operating condition). This is usually compensated for by the use of sup¬ 
plementary signals to produce artificial damping 

From Examples 6 6 and 6.7 we note that the demagnetizing effect of the armature 
reaction as manifested by the E' qA dependence is quite significant This effect is more 
pronounced in relation to the change in the terminal voltage 

To illustrate the demagnetizing effect of the armature reaction, let E fDA = 0; then 

EU = [ A 3 A 4 / (1 + K,r' d q s)]8 a (6 74) 

and substituting in the expression for T eA we get, 

E e * = [*, - A 2 A 3 A 4 /(1 + Aj Tj 0 s)]<5 a (6 75) 

The bracketed term is the synchronizing torque coefficient taking into account the 
effect of the armature reaction Initially the coefficient A, is reduced by a factor 
A 2 A 4 /t ^ 0 

Similarly, substituting in the expression for V lA , 

V IA = [A 5 - A 3 A 4 A 6 /(1 + A 3 t; 0 s)]5 a (6 76) 

The second term is usually much larger in magnitude than A s , and initially the 
change in the terminal voltage is given by 

K 4=o = -(*4A 6 /r; 0 )«5 A (6 77) 






Fig 6 ! Variation of parameters K\, , A 6 with loading: (a) K\ versus P (real power) and Q (reactive 

power) as parameter, (b) A2 versus P and Q , (c) A 4 versus P and Q , (d) K 5 versus P and Q , (e) 
versus/ 5 and Q (©IEEE Reprinted from IEEE Trans vol PAS-92, Sept/Oct 1973 ) 


The effects of the machine loading on the constants A), A 2 , A 4 , A 5 , and K 6 are 
studied in reference [3] for a one machine-infinite bus system very similar to the system 
in the above examples except for zero external resistance. The results are shown in Fig¬ 
ure 6 1 

6 5.6 Comparison with classical model 

The machine model discussed in this section is almost as simple as the classical 
model discussed in Chapter 2, except for the variation in the main field-winding flux. 
It is interesting to compare the two models 

The classical model does not account for the demagnetizing effect of the armature 
reaction, manifested as a change in E' q Thus (6 67) in the classical model would have 
A 2 = 0. Also in (6.59) the effective time constant is assumed to be very large so that 
E' q ^ constant In (6 72) the classical model will have K b = 0. 
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To illustrate the difference between the two models, the same system in Example 6 7 
is solved by the classical model 


Example 6 8 

Using the classical model discussed in Chapter 2, solve the system of Example 6 7 



Fig 6 2 Network of Example 6 7 


Solution 

_ The network used in the classical model is shown in Figure 6 2 The phasor 
E = E [8 _is the constant voltage behind transient reactance Note that the angle <5 here 
is/roz the_same as the rotor_angle t5_discussed previously; it is the angle of the fictitious 
voltage E The phasors V, and V x are the machine terminal voltage and the in¬ 
finite bus voltage respectively 

For convenience we will use the pu system used (or implied) in Chapter 2, i e , 
based on the three-phase power Therefore, 

E = E/d_= 1 + J0 0 + (0 020 + jO 645)(0 980 - JO 217) 

= 1.3186 /28.43° 

The synchronizing power coefficient is given by 

= £ v «(B n cos 5 0 - G n sin <5 0 ) = ( EV„/Z 2 )[{x' d + * e )cos5 0 + 7? s sin5 0 )J 

= - - MM - ( ° 645 X ° 8794 " 002 X ° 4761 ^ = 1 826 

To compare with the value of Af, in Example 6 7 we note the difference in the pu sys¬ 
tem, A, = 1 448 Thus the classical model gives a larger value of the synchronizing 
power coefficient than that obtained when the demagnetizing effect of the armature re¬ 
action is taken into account 

To obtain the linearized equation for V„ neglecting R e we get 

T a = [(1.3186 cos <5 - 1 , 00 ) + jl 3186 sin 5]/j0 645 
V, = 1 000 + jO 0 + jO 40 T a 

Substituting, we get for the magnitude of V, 

Vj = (0.3798 + 0.8177 cos 8) 2 + (0 8177) 2 sin 2 8 
2 KqKa = - (0 62 sin <5 0 ) <5 A 

or 

Ka = - 0 1261 S A 


P _ A 

s 

°A &-&Q 
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The corresponding initial value in Example 6 7 is given by 

V'a} i=q+ - - WjT' dQ )S A = -0.1252 <5 A 

6 6 Block Diagrams 

The block diagram representation of (6.7.3) and the equation for 8 A is shown in 
Figure 6 3. This block diagram “generates” the rotor angle <5 A When combined with 
(6 59), (6.67), and (6 72) the resulting block diagram is shown in Figure 6 4 In both 
diagrams the subscript A is omitted for convenience Note that Figure 6 4 is similar to 
Figure .3 1 

Figure 6 4 has two inputs or forcing functions, namely, E fD and 7 m . The output is 
the terminal voltage change V, Other significant quantities are identified in the dia¬ 
gram, such as E' q , T e , a>, and 6 The diagram and its equations show that the sim¬ 
plified model of the synchronous machine is a third-order system 



Fig 6 3 Block diagram of (6 73) 


6 7 State-Space Representation of Simplified Model 

From Section 6 5 the system equations are given by 

^3 T dO^'qA + £'q& = ^i^FDA “ E- i K A 5 A 
?eA ~ ^1 ^A + ^2 E' qA 

Ka - k,6 a + k 6 e ; a 

Tj&a = T mA ~ T/A 

8A = (6 78) 

Eliminating V tA and T eA from the above equations, 

Ka = ~ (l/Z^o)^* - {KjT' dQ )b A + (\/r^)E fDA 
- - (* 2/^4 - (A,/r y )<5 A + (1 /rj)7 m& 

K = cu A (6 79) 

By designating the state variables as £' A , co A , and 5 A and the input signals as E fDA and 



Fig 6 4 Block diagram of the simplified linear model of a synchronous machine connected to an infinite bus. 
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J mA , the above equation is in the desired state-space form 

x = Ax + Bu 


where 



-1/A 3 t; 0 0 -K 4 /T' dQ 

A = -K 2 /tj 0 -Ki/Tj 
0 1 0 


(6 80) 


(6 81) 


in the above equations the driving functions E FDA and T mA are determined from the 
detailed description of the voltage regulator-excitation systems and the mechanical 
turbine-speed governor systems respectively The former will be discussed in Chapter 7 
while the latter is discussed in Volume 2 


Problems 

6 1 The generator of Example 5 2 is loaded to 75% of nameplate rating at rated terminal volt¬ 
age and with constant turbine output. I he excitation is then varied from 90% PF lagging to 
unity and finally to 90% leading Compute the current model A matrix for these three 
power factors How many elements of the A matrix vary as the power factor is changed? 
How sensitive are these elements to change in power factor? 

6 2 Use a digital computer to compute the eigenvalues of the three A matrices determined in 
Problem 6 1 What conclusions, if any, can you draw from the results? Let D = 0 

6 3 Using the data of Problem 6 1 at 90% PF lagging, compute the eigenvalues of the A matrix 

with the damping D = 1,2, and 3. Find the sensitivity of the eigenvalues to this parameter. 

6 4 Repeat Problem 6 1 using the flux linkage model 

6.5 Repeat Problem 6.2 using the flux linkage model 

6 6 Repeat Problem 6 3 using the flux linkage model 

6 7 Make an analog computer study using the linearized model summarized in Section 6 5 4. 

Note in particular the system damping as compared to the analog computer results of 
Chapter 5 Determine a value of D that will make the linear model respond with damping 
similar to the nonlinear model 

6 8 Examine the linear system (6 79) and write the equation for the eigenvalues of this system 
Find the characteristic equation and see if you can identify any system constraints for 
stability using Routh’s criterion 

6 9 For the generator and loading conditions of Problem 6 1, calculate the constants K l 
through K 6 for the simplified linear model 

6 10 Repeat Example 6.8 for the system of Example 6 6 Find the synchronizing power co¬ 
efficient and V lA as a function of 5 A for the classical model and compare with the 

corresponding values obtained by the simplified linear model 
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Excitation Systems 



Three principal control systems directly affect a synchronous generator: the boiler 
control, governor, and exciter This simplified view is expressed diagramatically in 
Figure 7 1, which serves to orient our thinking from the problems of representation of 
the machine to the pr oblems of control In this chapter we shall deal exclusively with the 
excitation system, leaving the consideration of governors and boiler control for Vol¬ 
ume 2 

7.1 Simplified View of Excitation Control 

Referring again to Figure 7.1, let us examine briefly the function of each control ele¬ 
ment. Assume that the generating unit is lossless This is not a bad assumption when 
total losses of turbine and generator are compared to total output Under this assump¬ 
tion all power received as steam must leave the generator terminals as electric power. 
Thus the unit pictured in Figure 7.1 is nothing more than an energy conversion device 
that changes heat energy of steam into electrical energy at the machine terminals. The 
amount of steam power admitted to the turbine is controlled by the governor The 
excitation system controls the generated EMF of the generator and therefore controls 
not only the output voltage but’the power factor and current magnitude as well An 
example will illustrate this point further 



Fig 7 1 Principal controls of a generating unit 


Refer to the schematic representation of a synchronous machine shown in Figure 
7 2 where, for convenience, the stator is represented in its simplest form, namely, by an 
EMF behind a synchronous reactance as for round rotor machines at steady state Here 
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Fig 7 2 Equivalent circuit of a synchronous machine 

5 

the governor controls the torque or the shaft power input and the excitation system con¬ 
trols E g , the internally generated EMF 

Example 7 / 

Consider the generator of Figure 7 2 to be operating at a lagging power factor with 
a current /, internal voltage E g , and terminal voltage V Assume that the input power is 
held constant by the governor Having established this initial operating condition, as¬ 
sume that the excitation is increased to a new value E' g Assume that the bus voltage 
is held constant by other machines operating in parallel with this machine, and find the 
new value of current /', the new power factor cos and the new torque angle 5! 

Solution 

This problem without numbers may be solved by sketching a phasor diagram In¬ 
deed, considerable insight into learning how the control system functions is gained by 
this experience 

The initial operating condition is shown in the phasor diagram of Figure 7 3 
Under the operating conditions specified* the output power per phase may be expressed 
in two ways: first in terms of the generator terminal conditions 

P = VI cos 6 ( 7 . 1 ) 

and second in terms of the power angle, with saliency effects and stator resistance 
neglected, 

P = (E g V/X)smd (7 2) 

In our problem Pand V are constants. Therefore, from (7 1) 

/ cos 6 = k x (7 3) 

where k { is a constant Also from (7 2) 

Eg sin b = k 2 (7.4) 

where k 2 is a constant. 



Fig 7 3 Phasor diagram of the initial condition 


Excitation Systems 


235 



Fig 7 4 Phasor diagram showing control constraints. 


Figure 7 4 shows the phasor diagram of Figure 7.3, but with k { and k 2 shown graph¬ 
ically. Thus as the excitation is increased, the tip of E g is constrained to follow the 
dashed line of Figure 7 4, and the tip of I is similarly constrained to follow the vertical 
dashed line. We also must observe the physical law that requires that phasor IX and 
phasor 7lie at right angles Thus we construct the phasor diagram of Figure 7.5, which 
shows the “before and after” situation We observe that the new equilibrium condition 
requires that (1) the torque angle is decreased, (2) the current is increased, and (.3) the 
power factor is more lagging: but the output power and voltage are the same 

By similar reasoning we can evaluate the results of decreasing the excitation and of 
changing the governor setting These mental exercises are recommended to the student 
as both interesting and enlightening 



Fig 7 5 Solution for increasing E g at constant P and V 


Note that in Example 7 1 we have studied the effect of going from one stable op¬ 
erating condition to another We have ignored the transient period necessary to accom¬ 
plish this change, with its associated problems—the speed of response, the nature of the 
transient (overdamped, underdamped, or critically damped), and the possibility of 
satur ation at the higher value of E g T hese will be topics of concern in this chapter 

7 2 Control Configurations 

We now consider the physical configuration of components used for excitation sys¬ 
tems.. Figure 7 6 shows in block form the arrangement of the physical components in 
















236 


Chapter 7 


Excitation Systems 


237 



Fig 7 6 Arrangement of excitation components 


any system In many present-day systems the exciter is a dc generator driven by either 
the steam turbine (on the same shaft as the generator) or an induction motor An in¬ 
creasing number are solid-state systems consisting of some form of rectifier or thyristor 
system supplied from the ac bus or from an alternator-exciter 

The voltage regulator is the intelligence of the system and controls the output of 
the exciter so that the generated voltage and reactive power change in the desired way. 
In earlier systems the “voltage regulator” was entirely manual Thus the operator ob¬ 
served the terminal voltage and adjusted the field rheostat (the voltage regulator) until 
the desired output conditions were observed In most modern systems the voltage regu¬ 
lator is a controller that senses the generator output voltage (and sometimes the current) 
then initiates corrective action by changing the exciter control in the desired direction 
The speed of this device is of great interest in studying stability Because of the high 
inductance in the generator field winding, it is difficult to make rapid changes in field 
current This introduces considerable “lag” in the control function and is one of the 
major obstacles to be overcome in designing a regulating system 

The auxiliary control illustrated in Figure 7 6 may include several added features 
For example, damping is sometimes introduced to prevent overshoot A comparator 
may be used to set a lower limit on excitation, especially at leading power factor opera¬ 
tion, for prevention of instability due to very weak coupling across the air gap Other 
auxiliary controls are sometimes desirable for feedback of speed, frequency, accelera¬ 
tion, or other data [1]. 

7 3 Typical Excitation Configurations 

To further clarify the arrangement of components in typical excitation systems, we 
consider here several possible designs without detailed discussion 

7 3 1 Primitive systems 

First we consider systems that can be classified in a general way as “slow response” 
systems Figure 7.7 shows one arrangement consisting of a main exciter with manual or 
automatic control of the field The “regulator” in this case detects the voltage level and 
includes a mechanical device to change the control rheostat resistance One such direct- 
acting rheostatic device (the “Silverstat” regulator) is described in reference [2] and 
consists of a regulating coil that operates a plunger, which in turn acts on a row of 
spaced silver buttons to systematically short out sections of the rheostat In application, 
the device is installed as shown in Figure 7 8 In operation, an increase in generator out¬ 
put voltage will cause an increase in dc voltage from the rectifier This will cause an 
increase in current through the regulator coil that mechanically operates a solenoid to 
insert exciter field resistance elements This reduces excitation field flux and voltage, 
thereby lowering the field current in the generator field, hence lowering the generator 


Commutator 



Fig 7 7 Main exciter with rheostat control 


voltage Two additional features of the system in Figure 7 8 are the damping trans¬ 
former and current compensator. The damping transformer is an electrical “dashpot” 
or antihunting device to damp out excessive action of the moving plunger The current 
compensator feature is used to control the division of reactive power among parallel 
generators operating under this type of control. The current transformer and compen¬ 
sator resistance introduce a voltage drop in the potential circuit proportional to the line 
current. The phase relationship is such that for lagging current (positive generated 
reactive power) the voltage drop across the compensating resistance adds to the voltage 
from the potential transformer This causes the regulator to lower the excitation voltage 
for an increase in lagging current (increase in reactive power output) and provides a 
drooping characteristic to assure that the load reactive power is equally divided among 
the parallel machines 

The next level of complication in excitation systems is the main exciter and pilot 


Generator 



Fig. 7 8 Self-excited main exciter with Silverstat regulator (Used with permission from Electrical Trans¬ 
mission and Distribution Reference Book , Westinghouse Electric Corp 1950 ) 
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Fig 7 9 Main exciter and pilot exciter system 


exciter system shown in Figure 7 9 This system has a much faster response than the 
seif-excited main exciter, since the exciter field control is independent of the exciter 
output voltage Control is achieved in much the same way as for the self-excited case 
Because the rheostat positioner is electromechanical, the response may be slow com¬ 
pared to more modern systems, although it is faster than the self-excited arrangement 
The two systems just described are examples of older systems and represent direct, 
straightforward means of effecting excitation control In terms of present technology 
in control systems they are primitive and offer little promise for really fast system re¬ 
sponse because of inherent friction, backlash, and lack of sensitivity 

The first step in sophistication of the primitive systems was to include in the feed¬ 
back path an amplifier that would be fast acting and could magnify the voltage error 
and induce faster excitation changes Gradually, as generators have become larger and 
interconnected system operation more common, the excitation control systems have be¬ 
come more and more complex The following sections group these modern systems ac¬ 
cording to the type of exciter [3], 



Fig 7 10 Excitation controi system with dc generator-commutator exciter (© IEEE. Reprinted from 
IEEE Trans., vol PAS-88 Aug 1969 ) Example: General Electric type NAI43 amplidyne sys¬ 
tem [4] 
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7 3.2 Excitation control systems with dc generator-commutator exciters 

Two systems of U S manufacture have dc generator-commutator exciters. Both 
have amplifiers in the feedback path; one a rotating amplifier, the other a magnetic 
amplifier 

Figure 7.10 [3] shows one such system that incorporates a rotating amplifier or 
amplidyne [5] in the exciter field circuit This amplifier is used to force the exciter field 
in the desired direction and results in much faster response than with a self-excited 
machine acting unassisted 

Another system with a similar exciter is that of Figure 7.11 where the amplifier is a 
static magnetic amplifier deriving its power supply from a permanent-magnet gen¬ 
erator-motor set Often the frequency of this supply is increased to 420 Hz to increase 
the amplifier response Note that the exciter in this system has two control fields, one 
for boost and one for buck corrections. A third field provides for self-excited manual 
operation when the amplifier is out of service 

7 3 3 Excitation control systems with alternator-rectifier exciters 

With the advent of solid-state technology and availability of reliable high-current 
rectifiers, another type of system became feasible In this system the exciter is an ac gen¬ 
erator, the output of which is rectified to provide the dc current required by the gen¬ 
erator field. The control circuitry for these units is also solid-state in most cases, and 
the overall response is quite fast [3] 

An example of alternator-rectifier systems is shown in Figure 7.12. In this system 
the alternator output is rectified and connected to the generator field by means of slip 
rings. The alternator-exciter itself is shunt excited and is controlled by electronically 
adjusting the firing angle of thyristors (SCR’s) This means of control can be very fast 
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Fig 7 12 Excitation control system with alternator-rectifier exciter using stationary noncontrolled rec¬ 
tifiers (© IEEE Reprinted from IEEE Trans vol PAS-88, Aug 1969.) Example: General 
Electric Alterrex excitation system [7] 

since the firing angle can be adjusted very quickly compared to the other time constants 
involved 

Another example of an alternator-rectifier system is shown in Figure 7.13. This sys¬ 
tem is unique in that it is brushless; i e , there is no need for slip rings since the alterna¬ 
tor-exciter and diode rectifiers are rotating with the shaft. The system incorporates a 
pilot permanent magnet generator (labeled PMG in Figure 7 13) with a permanent mag¬ 
net field to supply the (stationary) field for the (rotating) alternator-exciter Thus all 
coupling between stationary and rotating components is electromagnetic Note, how¬ 
ever, that it is impossible to meter any of the generator field quantities directly since 
these components are all moving with the rotor and no slip rings are used 
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Fig 7.13 Excitation control system with alternator-rectifier exciter employing rotating rectifiers. 

(© IEEE Reprinted from IEEE Trans , vol PAS-88 Aug 1969 ) Example: Westinghouse 
type WTA Brushless excitation system [8 9] 
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Fig 7 14 Excitation control system with alternator-SCR exciter system (© IEEE Reprinted from 
IEEE Trans vol PAS-88, Aug 1969 ) Example: General Electric Althyrex excitation system 

[ID 

The response of systems with alternator-rectifier exciters is improved by designing 
the alternator for operation at frequencies higher than that of the main generator. Re¬ 
cent systems have used 420-Hz and ,300-Hz alternators for this reason and report ex¬ 
cellent response characteristics [ 8 , 10 ] 

7 3 4 Excitation control systems with alternator-SCR exciter systems 

Another important development in excitation systems has been the alternator-SCR 
design shown in Figure 7.14 [3] In this system the alternator excitation is supplied di- 
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Fig 7 15 Excitation control system with com pound-rectifier exciter (© IEEE Reprinted from IEEE 
Trans., vol PAS-88 Aug 1969 ) Example: General Electric SCTP static excitation system 
[ 12 . 13] 
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rectly from an SCR system with an alternator source Hence it is only necessary to 
adjust the SCR firing angle to change the excitation level, and this involves essentially 
no time delay. This requires a somewhat larger alternator-exciter than would otherwise 
be necessary since it must have a rating capable of continuous operation at ceiling 
voltage In slower systems, ceiling voltage is reached after a delay, and sustained opera¬ 
tion at that level is unlikely 

7 3 5 Excitation control systems with compound-rectifier exciter systems 

The next classification of exciter systems is referred to as a “compound-rectifier” 
exciter, of which the system shown in Figure 7 15 is an example [3], 

This system can be viewed as a form of self-excitation of the main ac generator.. 
Note that the exciter input comes from the generator electrical output terminals, not 
from the shaft as in previous examples This electrical feedback is controlled by satur¬ 
able reactors, the control for which is arranged to use both ac output and exciter values 
as intelligence sources The system is entirely static, and this feature is important Al¬ 
though originally designed for use on smaller units [12,13], this same principle may be 
applied to large units as well 

Self-excited units have the inherent disadvantage that the ac output voltage is low at 
the same time the exciter is attempting to correct the low voltage This may be partially 
compensated for by using output current as well as voltage in the control scheme so that 
(during faults, for example) feedback is still sufficient to effect adequate control Such 
is the case in the unit shown in Figure 7 15. 

7 3 6 Excitation control system with compound-rectifier exciter plus potential- 
source-rectifier exciter 

A variation of the compound-rectifier scheme is one in which a second rectified out¬ 
put is added to the self-excited feedback to achieve additional control of excitation 


Excitotion 



Fig 7 16 Excilation control system with compound-rectifier exciter plus potential-source-rectifier ex¬ 
citer (© IEEE. Reprinted from IEEE Trans , vol PAS-88 Aug 1969 ) Example: Westing- 
house type WTA-PCV static excitation system [14] 



This scheme is depicted in Figure 7.16 [3], Again the basic self-excited main generator 
scheme is evident Here, however, the voltage regulator controls a second rectifier sys¬ 
tem (called the “Trinistat power amplifier” in Figure 7.16) to achieve the desired ex¬ 
citation control Note that the system is entirely static and can be inherently very fast, 
the only time constants being those of the reactor and the regulator. 

7 3 7 Excitation control systems with potential-source-rectifier exciter 

The final category of excitation systems is the self-excited main generator where the 
rectification is done by means of SCR’s rather than diodes. Two such systems are 
shown in Figure 7 17 and Figure 7.18 [3] Both circuits have static voltage regulators 
that use potential, current, and excitation levels to generate a control signal by which 
the SCR gating may be controlled This type of control is very fast since there is no time 
delay in shifting the firing angle of the SCR’s 

7 4 Excitation Control System Definitions 

Most of the foregoing excitation system configurations are described in reference 
[3], which also gives definitions of the control system quantities of interest in this ap¬ 
plication Only the most important of these are reviewed here Other definitions, in¬ 
cluding those referred to by number here, are stated in Appendix E. 

All excitation control systems may be visualized as automatic control systems with 
feed forward and feedback elements as shown in Figure 7 19 Viewed in this way, the 
excitation control systems discussed in the preceding section may be arranged in a gen¬ 
eral way, as indicated in Figure 7..20 and further described in Table 7 1. Note that the 
synchronous machine is considered a part of the “excitation control system,” but the 
control elements themselves are referred to simply as the “excitation system.” 

The type of transfer function belonging in each block of Figure 7 20 is discussed in 
reference [15]* The reference to systems of Type 1, Type 3, etc., in the last column of 
Table 7 1 also refers to system types defined in that reference This will be discussed in 
greater detail in Section 7 9 Our present concern is to learn the general configuration 
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Fig 7 17 Excitation control system with potential-source-rectifier exciter (© IEEE Reprinted from 
IEEE Tram . vol PAS-88. Aug 1969 ) Example: General Electric SCR static excitation sys¬ 
tem [14] 
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Fig 7 18 Excitation control system with potential-source-rectifier exciter (© IEEE Reprinted from 
IEEE Iran *. vol PAS-88 Aug 1969 ) Example: Westinghouse type WTA-Trinistat excitation 
system 

o( modern excitation control systems and to become familiar with the language used in 
describing them 

7 4.1 Voltage response ratio 

An important definition used in describing excitation control systems is that of the 
response ratio defined in Appendix E, Def 3.15-3 19 This is a rough measure of how 
fast the exciter open circuit voltage will rise in 0 5s if the excitation control is ad¬ 
justed suddenly in the maximum increase direction In other words, the voltage refer¬ 
ence in Figure 7 20 is a step input of sufficient magnitude to drive the exciter voltage 
to its ceiling (Def 3.03) value with the exciter operating under no-load conditions. 
Figure 7 21 shows a typical response of such a system where the voltage v f starts at the 
rated load field voltage (Def 3 21) that is the value of v f , which will produce rated 

Reference 



(Def 2. 05) 


Fig 7 19 Essential elements of an automatic feedback control system (Def I 02) (-?> IEEE Reprinted 
from IEEE Trans- vol PAS-88. Aug 1969 ) Note: In excitation control system usage the ac¬ 
tuating signal is commonly called the error signal (Def 3 29) (See Appendix E for definitions ) 
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Fig 7 20 Excitation control systems (©IEEE. Reprinted from/£££ Trans , v ol PAS-88, Aug 1969) 
Note: The numerals on this diagram refer to the columns in Table 7 1 (See Appendix E for 
definitions ) 

generator voltage under nameplate loading Then, responding to a step change in the 
reference, the open-circuited field is forced at the maximum rate to ceiling along the 
curved Since the response is nonlinear, the response ratio is defined in terms of the 
area under the curve ab for exactly 0 5s We can easily approximate this area by a 
straight lineac and compute 

Response ratio = cd/{0a)(0 5) pu V/s (7 5) 

Kimbark [16] points out that since the exciter feeds a highly inductive load (the gen¬ 
erator field), the voltage across the load is approximately v = kdcfr/dt Then in a short 
time At the total flux change is 

1 

A $ = - j vdt = area under buildup curve (7 6) 


f 


Rated load 
field voltage 


Fig 7 21 Definition of a voltage response ratio 
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Response Ratio (Def 3 18) 

Fig 7 22 Exciter ceiling voltage as a function of response ratio for a high initial response excitation sys¬ 
tem (© IEEE Reprinted from IEEE Trans . vol PAS-88. Aug 1969 ) 

The time At = 0 5 was chosen because this is about the time interval of older “quick- 
response” regulators between the recognition of a step change in the output voltage 
and the shorting of field rheostat elements Buildup rather than build-down is used be¬ 
cause there is usually more interest in the response to a drop in terminal voltage, such 
as a fault condition In dynamic operation where the interest is in small, fast changes, 
build-down may be equally important 

Equation (7.5) is an adequate definition if the voltage response is rather slow, such 
as the one shown in Figure 7 21 It has been recognized for some time, however, that 
modern fast systems may reach ceiling in 0 1 s or less, and extending the triangle acd 
out to 0.5 s is almost meaningless This is discussed in reference [3], and a new defini¬ 
tion is introduced (Def 1 05) that replaces the 0 5-s interval Oe in Figure 7 21 by an 
interval Oe = 0 1 s for “systems having an excitation voltage response time of 0 1 s or 
less” [the voltage response time (Def 3 16) is the time required to reach 95% of ceiling]. 
A comparison of three systems, each attaining 95% ceiling voltage in 0 1 s, is given in 
Figure 7 22 [3] and shows how close the 0.1-s response is to the ideal system, a step 
function. 

7.4.2 Exciter voltage ratings 

Some additional comments are in order concerning certain of the excitation voltage 
definitions First, it may be helpful to state certain numerical values of exciter ratings 
offered by the manufacturers (see [2] for a discussion of exciter ratings) Briefly, ex¬ 
citers are usually rated at 125 V for small generators, say 10MVA and below Larger 
units usually have 250-V exciters, say up to 100 MVA; with still larger machines being 
equipped with 350-V, 375-V, or 500-V exciters 

The voltage rating and the ceiling voltage are both important in considering the 
speed of response [1,17] Reference [1] tabulates the pattern of ceiling voltages for 
various response characteristics in Table 7.2, which shows the improved response for 
higher ceiling voltage ratings (and the lower ceiling voltage for solid-state exciters) It is 
reasonable that an exciter with a high ceiling voltage will build up to a particular volt- 
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age level faster than a similar exciter with a lower ceiling voltage simply because it 
saturates at a higher value This is an important consideration in comparing types 
and ratings of both conventional and solid state exciters as shown in Table 7 2. 


Table 1.2.. Typical Ceiling Voltages for 
Various Exciter Response Ratios 


Response 

ratio 

Per unit ceiling voltage 
conventional exciters* 

SCR exciters 

0 5 

1.25-1 35 

1.20 

1 0 

1.40-1.50 

1 20-1 25 

1 5 

1 55-1 65 

1 30-1.40 

20 

1 70-1 80 

1 45-1 55 

4.0 


2.00-2.10 


* Based on rated exciter voltage 


In adopting a pu system for the exciter, there is no obvious choice as to what base 
voltage to use. Some possibilities are (also see [2]): (A) exciter rated voltage, (B) rated 
load field voltage, (C) rated air-gap voltage (the voltage necessary to produce rated 
voltage on the air gap line of the main machine in the case of a dc generator exciter), 
and (D) no-load field voltage The IEEE [3] recommends the use of system B, the rated 
load field voltage Consider, as an example, an exciter rated at 250 V For this rating 
some typical values of other defined voltages are given in Figure 7.23. The pu system A 
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Fig 7.23 Per unit voltages for a 250-V exciter 


of Figure 7 23 has little merit and is seldom used System B is often used System C 
is often convenient since, with rated air gap voltage as a base, pu exciter voltage, pu field 
current, and pu synchronous internal voltage are all equal under steady-state conditions 
with no saturation System D is not illustrated in Figure 7.23 and is seldom used. 

7.4.3 Other specifications 

Excitation control system response should be compared against a suitable criterion 
of performance if the system is to be judged or graded System performance could be 
measured under any number of forcing conditions It is generally agreed that the quan¬ 
tity of primary interest is the exciter voltage-time characteristic in response to a step 
change in the generated voltage of from 10 to 20% [18,19], The problem is how to 
state in words the various possible slopes, delays, overshoots, damping, and the like 
One useful description, often used in control system specification, is that based on the 
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Time s 

Fig. 7.24 Time domain specifications [22] 

curve shown in Figure 7 24 Here the curve is the response to a step change in one of 
the system variables, such as the terminal voltage. This response, based on that of a 
second-order system, is a reasonable one on which to base time domain specifications 
since many systems tend to exhibit two “least-damped” poles that give a response of 
this general shape at some value of gain [20,21] Three quantities describe this re¬ 
sponse: the overshoot, the rise time, and the settling time 

The overshoot is the amount that the response exceeds the steady-state response— 
in Figure 7 24, a, pu 

The rise time is the time for the response to rise from 10 to 90% of the steady-state 
response 

The settling time is the time required for the response to a step function to stay 
within a certain percentage of its final value Sometimes it is given as the time re¬ 
quired to arrive at the final value after first overshooting this value The first definition 
is preferred ' 

The damping ratio is that value for a second-order system defined by f in the ex¬ 
pression 

G(s) = K/(s 2 + 2f<v + u 2 n ) (7 7) 

and is related to the values a ] and a 2 of two successive overshoots [23] The natu¬ 
ral resonant frequency <c„ is also of interest and may be given as a specification 

In the case of the second-order system (7 7), the response to a step change of a driv¬ 
ing variable is 

c(t) = 1 - e _fl V{cosa) r f + [f/(l - f' 2 )] sin J (7.8) 

where 

«, = <*o - r 2 ) ,/2 (7 9) 

When f = 0, the system is oscillatory; when f = 0 7, it has very little overshoot (about 
5%). Critical damping is said to occur when £ = 10 

In dealing with an exciter being forced to ceiling due to a step change in the voltage 
regulator control, the system is often “overdamped”; i.e , f > 1 In this case the voltage 
rise is more “sluggish,” as shown in Figure 7 25 Here the overshoot is zero, the settling 
time is T s (i.e., the time for the response to settle within k of its final value), and the 
rise time is T R Reference [19] suggests testing an excitation system to determine the 
response, such as in Figure 7.25. Then determine the area under this curve for 0.5 s and 
use this as a specification of response in the time domain For newer, fast systems 
reference [3] suggests simulation of the excitation as preferable to actual testing since 
on some systems certain parameters are unavailable for measurement [8, 9] 
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Fig 7 25 Response of an excitation system 


7.5 Voltage Regulator 

In several respects the heart of the excitation system is the voltage regulator (Def. 

2 12) This is the device that senses changes in the output voltage (and current) and ) 

causes corrective action to take place No matter what the exciter speed of the response, 
it will not alter its response until instructed to do so by the voltage regulator If the 
regulator is slow, has deadband or backlash, or is otherwise insensitive, the system will 
be a poor one Thus we need to be very critical of this important system component 

In addition to high reliability and availability for maintenance, it is necessary that 
the voltage regulator be a continuously acting proportional system . This means that 
any corrective action should be proportional to the deviation in ac terminal voltage 
from the desired value, no matter how small the deviation Thus no deadband is to be 
tolerated, and large errors are to receive stronger corrective measures than small errors 
In the late 1930s and early 1940s several types of regulators, electronic and static, were 
developed and tested extensively [24, 25] These tests indicated that continuously acting 
proportional control “increased the generator steady-state stability limits well beyond 
the limits offered by the rheostatic regulator” [24,26] This type of system was there¬ 
fore studied intensively and widely applied during the 1940s and 1950s, beginning with 
application to synchronous condensers; then to turbine generators; and finally, in the 
early 1950s, to hydrogenerators (Reference [24] gives an interesting tabulation of the 
progress of these developments) 

7 5 1 Electromechanical regulators 

The rather primitive direct-acting regulator shown in Figure 7 8 is an example of an 
electromechanical regulator In such a system the voltage reference is the spring tension 
against which the solenoid must react. It is reliable and independent of auxiliaries of 
any kind The response, however, is sluggish and includes deadband and backlash due 
to mechanical friction, stiction, and loosely fitting parts 

Two types of electromechanical regulators are often recognized; the direct-acting 
and the indirect-acting Direct-acting regulators, such as the Silverstat [2] and the 
Tirrel! [24], have been in use for many years, some dating back to about 1900 Such 
devices were widely used and steadily improved, while maintaining essentially the same 
form As machines of larger size became more common in the 1930s the indirect- 
acting rheostatic regulators began to appear. These devices use a relay as the voltage- 
sensitive element [24]; thus the reference is essentially a spring, as in the direct-acting 
device This relay operates to control a motor-operated rheostat, usually connected 
between the pilot exciter and the main exciter, as in Figure 7 9 This regulator is lim¬ 
ited in its speed of response by various mechanical delays. Once the relay closes, to 
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short out a rheostat section, the response is quite fast In some cases, high-speed relays 
are used to permit faster excitation changes These devices were considered quite suc¬ 
cessful, and nearly all large units installed between about 1930 and 1945 had this type 
of control Many are still in service 

Another type of indirect-acting regulator that has seen considerable use employs a 
polyphase torque motor as a voltage-sensitive element [27].. In such a device the output 
torque is proportional to the average three-phase voltage This torque is balanced 
against a spring in torsion so that each value of voltage corresponds to a different 
angular position of the rotor A contact assembly attached to the rotor responds by 
closing contacts in the rheostat as the shaft position changes A special set of contacts 
closes very fast with rapid rotor accelerations that permit faster than normal response 
due to sudden system voltage changes The response of this type of regulator is fairly 
fast, and much larger field currents can be controlled than with the direct-acting regu¬ 
lator This is due to the additional current “gain” introduced by the pilot exciter- 
main exciter scheme The contact type of control, however, has inherent deadband 
and this, coupled with mechanical backlash, constitutes a serious handicap 

7.5.2 Early electronic regulators 

About 19.30 work was begun on electronic voltage regulators, electronic exciters, 
and electronic pilot exciters used in conjunction with a conventional main exciter [24, 
25], In general, these early electronic devices provided “better voltage regulation as well 
as smoother and faster generation excitation control” [24] than the competitive indirect- 
acting systems They never gained wide acceptance because of anticipated high mainte¬ 
nance cost due to limited tube life and reliability, and this was at least partly justified 
in later analyses [25] Generally speaking, electronic voltage regulators were of two 
types and used either to control electronic pilot exciters or electronic main exciters [25] 
The electronic exciters or pilot exciters were high-power dc sources usually employing 
thyratron or ignitron tubes as rectifying elements 

7 5 3 Rotating amplifier regulators 

In systems using a rotating amplifier to change the field of a main exciter, as in 
Figure 7 10, it is not altogether clear whether the rotating amplifier is a part of the 
“voltage regulator” or is a kind of pilot exciter Here we take the view that the rotating 
amplifier is the final, high-gain stage in the voltage regulator 

The development of rotating amplifiers in the late 19.30s and the application of these 
devices to generator excitation systems [28, 29] have been accompanied by the develop¬ 
ment of entirely “static” voltage sensing circuitry to replace the electromechanical de¬ 
vices used earlier. Usually, such static circuits were designed to exclude any electronic 
active components so that the reliability of the device would be more independent of 
component aging, For example, devices employing saturable reactors and selenium 
rectifiers showed considerable promise Such circuits supplied the field windings of the 
rotating amplifiers, which were connected in series with the main exciter field, as in 
Figure 7 10 This scheme has the feature that the rotating amplifier can be bypassed 
for maintenance and the generator can continue to operate normally by manual regula¬ 
tion through a field rheostat This connection is often called a “boost-buck” connec¬ 
tion since, depending on polarity, the rotating amplifier is in a position to aid or oppose 
the exciter field 

The operation of a typical rotating amplifier regulating system can be analyzed by 
reference to Figure 7 10 The generator is excited by a self-excited shunt exciter. The 
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Field 



Fig 7 26 V-I characteristic defining boost and buck regions 

field circuit can be controlled either manually by energizing a relay whose contacts 
bypass the rotating amplifier or automatically, with the amplifier providing a feedback 
of the error voltage to increase or decrease the field current 

The control characteristic may be better understood by examining Figure 7 26 The 
field rheostat is set to intersect the saturation curve at a point corresponding to rated 
terminal voltage, i.e , the exciter voltage required to hold the generated voltage at rated 
value with full load Under this condition the rotating amplifier voltage is zero. 

Now suppose the generator load is reduced and the generator terminal voltage be¬ 
gins to rise The voltage sensing circuit (described later) detects this rise and causes 
the rotating amplifier to reduce the field current in the exciter field. This reduces the 
exciter voltage, which in turn reduces i F , the generator field current Thus the shaded 
area above the set point in Figure 7 26 is called the buck voltage region A similar 
reasoning defines the area below the set point to be the boost voltage region 

Rotating amplifier systems have a moderate response ratio, often quoted as about 
0 5 (e g , see Appendix D) The speed of response is due largely to the main exciter time 
constant, which is much greater than the amplidyne time constant The ceiling voltage 
is an important factor too, exciters with higher ceilings having much faster response 
than exciters of similar design but with lower ceiling voltage (see 117] for a discussion of 
this topic) The voltage rating of the rotating amplifier in systems of this type is often 
comparable to the main exciter voltage rating, and the voltage swings of the amplifier 
change rapidly in attempting to regulate the system [24] 

7 5 4 Magnetic amplifier regulators 

Another regulator-amplifier scheme capable of zero deadband proportional control 
is the magnetic amplifier system [6, 30, 31] (We use the generic term “magnetic ampli¬ 
fier” although those accustomed to equipment of a particular manufacturer use trade 
names, eg , Magamp of the Westinghouse Electric Corporation and Amplistat of the 
General Electric Company ) In this system a magnetic amplifier, i e., a static amplifying 
device [32, 33], replaces the rotating amplifier. Usually, the magnetic amplifier consists 
of a saturable core reactor and a rectifier It is essentially an amplifying device with 
the advantages of no rotating parts, zero warm-up time, long life, and sturdy construc¬ 
tion It is restricted to low or moderate frequencies, but this is no drawback in power 
applications. 



Basically, the magnetic amplifier is similar to that shown in Figure 7 27 [33]. The 
current flowing through the load is basically limited by the very large inductance in the 
saturable core main windings As the core becomes saturated, however, the current 
jumps to a large value limited only by the load resistance. By applying a small (low- 
power) signal to the control winding, we control the firing point on each voltage (or 
current) cycle, and hence the average load current This feature, of controlling a large 
output current by means of a small control current, is the essence of any amplifier 

The fact that this amplifier is very nonlinear is of little concern 

One type of regulator that uses a magnetic amplifier is shown in block diagram 
form in Figure 7 10 [4] Here the magnetic amplifier is used to amplify a voltage error 
signal to a power level satisfactory for supplying the field of a rotating amplifier The 
rotating amplifier is located in series with the exciter field in the usual boost-buck con¬ 
nection One important feature of this system is that the magnetic amplifier is relatively 
insensitive to variations in line voltage and frequency, making this type of regulator 
favorable to remote (especially hydro) locations. 

Another application of magnetic amplifiers in voltage regulating systems, shown in 
Figure 7.11 [6], has several features to distinguish it from the previous example First, 
the magnetic amplifiers and reference are usually supplied from a 420-Hz system sup¬ 
plied by a permanent-magnet motor-generator set for maximum security and reliability 
The power amplifier supplies the main exciter directly in this system Note, however, 
that the exciter must have two field windings for boost or buck corrections since mag¬ 
netic amplifiers are not reversible in polarity The main exciter also has a self-excited, 
rheostat-controlled field and can continue to operate with the magnetic amplifiers out of 
service 

The magnetic amplifier in the system of Figure 7.11 consists of a two-stage push- 
pull input amplifier that, with 1-mW input signals, can respond to maximum output in 
three cycles of the 420-Hz supply. The second stage is driven to maximum output 
when the input stage is at half-maximum, and its transient response is also about 
three cycles The figures of merit [34] are about 200/cycle for the input stage and 
500/cycle for the output stage This compares with about 500/s for a conventional 
pilot exciter The power amplifier has a figure of merit of 1500/cycle with an overall 
delay of less than 0 01 s. (The figure of merit of an amplifier has been defined as the 
ratio of the power amplification to the time constant It is shown in [34] that for static 
magnetic amplifiers it is equal to one-half the ratio of power output to stored magnetic 
energy.) 

Reference [6] reviews the operating experience of a magnetic amplifier regulator in¬ 
stallation on one 50-MW machine in a plant consisting of seven units totaling over 
300 MW, only two units of which are regulated. The experience indicates that, since 
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the magnetic amplifier regulator is so much faster than the primitive rheostatic regula¬ 
tor, it causes the machine on which it is installed to absorb much of the swing in load, 
particularly reactive load In fact, close observation of operating oscillograms, when 
operating with an arc furnace load, reveals that both exciter voltage and line currents 
undergo rapid fluctuations when regulated but are nearly constant when unregulated 
This is to be expected since the regulation of machine terminal voltage to a nearly 
constant level makes this machine appear to have a lower reactance, hence it absorbs 
changes faster than its neighbors In the case under study, the machine terminal volt¬ 
age was regulated to ±0 25%, whereas a ±1% variation was observed with the regulator 
disconnected [6]. 

7 5 5 Solid-state regulators 

Some of the amplification and comparison functions in modern regulators consist 
of solid-state active circuits [3] Various configurations are used depending on the 
manufacturer, but all have generally fast operation with no appreciable time delay com¬ 
pared to other system time constants The future will undoubtedly bring more applica¬ 
tions of solid-state technology in these systems because of the inherent reliability, ease 
of maintenance, and low initial cost of these devices 


7 6 Exciter Buildup 

Exciter response has been defined as the rate of increase or decrease of exciter volt¬ 
age when a change is demanded (see Appendix E, Def 3 15) Usually we interpret this 
demand to be the greatest possible control effort, such as the complete shorting of the 
field resistance Since the exciter response ratio is defined in terms of an unloaded 
exciter (Def 3 19), we compute the response under no-load conditions This serves to 
satisfy the terms of the response ratio definition and also simplifies the computation 
or test procedure 

The best way to determine the exciter response is by actual test where this is pos¬ 
sible The exciter is operated at rated speed (assuming it is a rotating machine) and 
with no load Then a step change in a reference variable is made, driving the exciter 
voltage to ceiling while the voltage is recorded as a function of time This is called a 
“buildup curve ” In a similar way, a “build-down” curve can also be recorded Curves 
thus recorded do not differ a great deal from those obtained under loaded conditions 
If it is impractical to stage a test on the exciter, the voltage buildup must be computed 
We now turn our attention to this problem 

7 6 1 The dc generator exciter 

In dealing with conventional dc exciters three configurations (i e , separately ex¬ 
cited, self-excited, and boost-buck) are of interest They must be analyzed indepen¬ 
dently, however, because the equations describing them are different (Portions of this 
analysis parallel that of Kimbark [16], Rudenberg [20], and Dahl [35] to which the 
reader is referred for additional study ) 

Consider the separately excited exciter shown in Figure 7 28 Summing voltage 
drops around the pilot exciter terminal connection, we have 


where 


\ E + Ri = v p 

A £ = flux linkages of the main exciter field, Wb turns 
R = main exciter field resistance, S2 
i = current, A 
v p = pilot exciter voltage, V 


(7 10) 



It is helpful to think in terms of the field flux <\> E rather than the field flux linkages If 
we assume the field flux links N turns, we have 

N<p E + Ri ^ v p (7.11) 

The voltage of the pilot exciter v p may be treated as a constant [16] Thus we have an 
equation in terms of i and <fi E with all other terms constant. The problem is that i de¬ 
pends on the exact location of the operating point on the saturation curve and is not 
linearly related to v f .. Furthermore, the flux 0 £ has two components, leakage flux and 
armature flux, with relative magnitudes also depending on saturation Therefore, (7.11) 
is nonlinear 

Since magnetization curves are plotted in terms of v f versus i , we replace <p E in 
(7 11) by a term involving the voltage ordinate v f Assuming the main exciter to be run¬ 
ning at constant speed, its voltage v f is proportional to the air gap flux <%; i e 

v f = k<!> 0 (7 12) 

The problem is to determine how <% compares with <f> E The field flux has two com¬ 
ponents, as shown in Figure 7 29 The leakage component, comprising 10-20% ot the 
total, traverses a high-reluctance path through the air space between poles It does not 
link all N turns of the pole on the average and is usually treated either as proportional 
to <% or proportional to i Let us assume that <j> t is proportional to <% (see [16] for a 
more detailed discussion), then 

<t>i= (7 13 ) 

where C is a constant Also, since 

0 £ = <Pa + <t>l ( 714 ) 



Fig 7.29 Armature of air gap flux <p a , leakage flux </<£, and field flux <t> E = <t>a + <Pi (Reprinted by per¬ 
mission from Power System Stability voi 3, by E W Kimbark ©Wiley 1956 ) 
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we have 

<t>E = (I + C)<t> a = a<f> a (7.15) 

where a is called the coefficient of dispersion and takes on values of about 1 1 to 1 2. 
Substituting (7. 15) into (7.11), 

r £ v f + Ri = v p (7.16) 

where t e = ( Na/k ) s, and where we usually assume a to be a constant. Ihis equation is 
still nonlinear, however, as v f is not a linear function of i We usually assume v to 
be a constant 

In a similar way we may develop the differential equation for the self-excited exciter 
shown in Figure 7.30, where we have A £ + Ri = u f or 

N 4> E + Ri = v f (7.17) 



Fig 7 30 Sell-excited exciter 


Following the same logic regarding the fluxes as before, we may write the nonlinear 
equation 

r £ v f + Ri = v f (7 18) 

for the self-excited case where r £ is the same as in (7 16) 

In a similar way we establish the equation for the self-excited exciter with boost- 
buck rotating amplification as shown in Figure 7.31. Writing the voltage equation with 
the usual assumptions, 

r £ v f + Ri = v f + v R (7 19) 

Kimbark [16] suggests four methods of solution for (7 16)-(7 19) These are 
(1) formal integration, (2) graphical integration (area summation), (3) step-by-step inte¬ 
gration (manual), and (4) analog or digital computer solution Formal integration re¬ 
quires that the relationship between v £ and /, usually expressed graphically by means of 
the magnetization curve, be known explicitly An empirical relation, the Frohlich equa¬ 
tion [35] 



Fig 7 31 Seif-excited exciter with a rotating amplifier (boost-buck) 
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v f = ai/{b + i) (7 20) 

may be used, or the so-called modified Frohlich equation 

v f = ui/(b + i ) + ci (7 21) 

can be tried In either case the constants a, b , and c must be found by cut-and-try 
techniques. If this is reasonably successful, the equations can be integrated by separa¬ 
tion of variables 

Method 2, graphical integration, makes use of the saturation curve to integrate the 
equations This method, although somewhat cumbersome, is quite instructive. It is 
unlikely, however, that anyone except the most intensely interested engineer would 
choose to work many of these problems because of the labor involved. (See Kim¬ 
bark [16], Rudenberg [20], and Dahl [35] for a discussion of this method ) 

Method 3, the step-by-step method (called the point-by-point method by some 
authors [16, 35]), is a manual method similar to the familiar solution of the swing equa¬ 
tion by a stepwise procedure [36] In this method, the time derivatives are assumed 
constant over a small interval of time, with the value during the interval being de¬ 
pendent on the value at the middle of the interval 

Method 4 is probably the method of greatest interest because digital and analog 
computers are Teadily available, easy to use, and accurate The actual methods of com¬ 
putation are many but, in general, nonlinear functions can be handled with relative 
ease and with considerable speed compared to methods 2 and 3 

In this chapter the buildup of a dc generator will be computed by the formal inte¬ 
gration method only 'However, an analog computer solution and a digital computer 
technique are outlined in Appendix B 

To use formal integration, a nonlinear equation is necessary to represent the satura¬ 
tion curve For convenience we shall use the Frohlich equation (7 20), which may be 
solved for i to write 

/ = bVf/(a - Vf) (7 22) 

We illustrate the application of (7 22) by an example 


Example 7 2 

A typical saturation curve for a separately excited generator is given in Figure 7 .32 
Approximate this curve by the Frohlich equation (7.22). 

Solution 

By examination of Figure 7 32 we make the several voltage and current observa¬ 
tions given in T able 7.3.. 

Iable 7.3. Exciter Generated Voltages and Field Currents 

f A 0 1 2 3 4 5 6 7 8 9 10 

v F V 0 30 60 90 116 134 147 156 164 172 179 

Since there are two unknowns in the Frohlich equation, we select two known points 
on the saturation curve, substitute into (7 20) or (7 22), and solve for a and b One ex¬ 
perienced in the selection process may be quite successful in obtaining a good match. 
To illustrate this, we will select two pairs of points and obtain two different solutions. 
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Solution #1 

Select 

i = 3, v f = 90 
/ = 9,v f = 172 
Then the equations to solve are 

90 = 3a/(3 + 6) 
172 = 9a/{9 + 6) 
for which the solutions are 


Solution §2 

/ = 4, t> f = 116 
i =8 ,u f = 164 

116 = 4a/{4 + b) 
164 = 8<?/(8 + 6) 


Excitation Systems 

Both solutions are plotted on Figure 7.32 For solution 1 

v F = 315 9//(7 53 + /) or r = 7.53 u f /(315 9 - u f ) 
and for solution 2 

v F = 279 9//(5 65 + r) or / = 5 65 ^/(279 9 - u f ) 


Example 7.3 

Approximate the saturation curve of Figure 7 32 by a modified Frohlich equation 
Select values of r = 2, 5, and 10 

Solution 

i = 2 60 = 2a/(2 + 6) + 2c 

i = 5 134 = 5a/(5 + b) + 5c 

i - 10 179 = 10a/(10 + b) + 10c 

Solving simultaneously for a , 6, and c, 

a = 359 b = -21 95 c - 48 0 

This gives us the modified formula 

v e = 359//0' - 21 95) + 48/ (7 25) 

Equation (7.25) is not plotted on Figure 7.32 but is a better fit than either of the other 
two solutions 


Separately excited buildup by integration. For simplicity, let the saturation curve 
be represented by the Frohlich equation (7 22) Then, substituting for the current in 
(716), 

t e u f + bRu f /(a - v F ) = v p (7.26) 

This equation may be solved by separation of variables Rearranging algebraically, 
we write 

dt = [r E (a - Vf)/(av p - hu F ))du f (7 27) 

where we have defined for convenience, h = v p + bR Integrating (7 27), 

( t - t 0 )/r E = 0/h)(v F ~ v F0 ) - (abR/h 2 )\n[(av p - hv F )/{av p - hv F0 )\ (7 28) 
This equation cannot be solved explicitly for v F , so we leave it in this form 


Example 7 4 

Using the result of formal integration for the separately excited case (7.28), compute 
the v F versus t relationship for values of t from 0 to 1 s and find the voltage response 
ratio by graphical integration of the area under the curve Assume that the following 
constants apply and that the saturation curve is the one found in Example 7 2, solu¬ 
tion 2 


(7.2.3) 

(7.24) 


a x = 315.9 V 
6, = 7.5.3 A 


a 2 = 279 9 V 
b 2 = 5 65 A 


v p = 125 V R = 34 Q 
k = 12,000 v n = 90 V 


N = 2500 turns 
a = 12 
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Solution 

First we compute the various constants involved From (7 16) 
t e = Na/k = (2500) (1 ..2)/12,000 = 0.25 s 
Also, from Example 7 2 

a = 279.9 ^ 280 b = 5.65 

Now, from the given data, the initial voltage v FQ is 90 V Then from the Frohlich equa¬ 
tion (7.22) we compute 

/ 0 = 5 65 (90)/(280 - 90) = 2 675 A 
This means that there is initially a total resistance of 

R r = 125/2 675 = 46 7 ft 

of which all but 34 ft is in the field rheostat Assume that we completely short out the 
field rheostat, changing the resistance from 46 7 to 34 ft at t = 0 

Since v p is 125 V, we compute the final values of the system variables From the 
field circuit, 

i x = v p /R = 125/34 = 3 675 A 

Then, from the Frohlich equation the ceiling voltage is 

v Fx = ai„/(b + O = 280(3.675)/(5.65 + 3 675) = 110 3 V 

Using the above constants we compute the v F versus / relationship shown in Table 7 4 
and illustrated in Figure 7 3.3 


Table 7.4 Buildup ol Separately 
Excited v F for Example 7.4 


t 

v F 

t 

Vf 

0 00 

90 00 

0 45 

109 55 

0 05 

95 85 

0 50 

109 79 

0 10 

100 12 

0 55 

109 96 

0 15 

103 18 

0 60 

110 08 

0 20 

105.35 

0 65 

110.16 

0 25 

106 87 

0 70 

1 10 21 

0.30 

107 94 

0.75 

110 25 

0.35 

108 68 

0 80 

110 28 

0.40 

109.19 

0.85 

110.30 


From Figure 7.3.3, by graphical construction we find the triangle acd , which has the 
same area as that under the v f curve abd Then from (7 5) with cd = 27 9 V, as shown 
in the figure, the response ratio = 27 9/90(0 5) = 0 62 


Self-excited buildup by integration.. For a self-excited machine whose saturation 
curve is represented by the Frohlich approximation (7.22), we have 


(7.29) 



Excitation Systems 


261 



Fig 7 33 Buildup of the separately excited exciter for Example 7 4 


This is recognized to be identical to the previous case except that the term on the right 
side is v F instead of v p Again we rearrange the equation to separate the variables as 


r £ (a - v F )dv F 
(i a - bR)v F - v 2 f 


(7.30) 


This equation can be integrated from t 0 to t with the result 

t ~ *o ^ a_ ]n _ b^ ]n Vf - K 
t e K 'Vo K v F q — K 


(731) 


where K = a - bR 


Example 7 5 

Compute the self-excited buildup for the same exciter studied in Example 7 4 
Change the final resistance (field resistance) so that the self-excited machine will achieve 
the same ceiling voltage as the separately excited machine Compare the two buildup 
curves by plotting the results on the same graph and by comparing the computed re¬ 
sponse ratios 

Solution 

The ceiling voltage is to be 110 3 V, at which point the current in the field is 3 68 A 
(from the Frohlich equations). Then the resistance must be R = 110 3/3.68 = 30ft 
Solving (7 31) with this value of R and using Frohlich parameters from Example 7 4, 
we have the results in Table 7 5 and the solution curve of Figure 7 .34 The response 
ratio = 15.4/90(0 5) = 0 342 for the self-excited case 


t e v f + bR v F /{a - v F ) = v F 





























262 



Fig 7 34 Buildup of the self-excited exciter for Example 7 5 



Table 7 5. Buildup of Self-excited 
v f for Example 7.5 


1 


t 

Vf 

000 

90 00 

0 50 

103 38 

0 05 

91 87 

0.55 

104 15 

0 10 

93 61 

0 60 

104 85 

0 15 

95 23 

0.65 

105 47 

0 20 

96 73 

0 70 

106 03 

0 25 

98 10 

0 75 

106 52 

0 30 

99 37 

0 80 

106 96 

0 35 

100 52 

0 85 

107 36 

0 40 

101 57 

0 90 

107.71 

0.45 

102.52 




Boost-buck buildup by integration The equation for the boost-buck case is the 
same as the self-excited case except the amplifier voltage is added to the right side, or 

r E v f + bRu f /(a - v F ) = Vf + v R (7 32) 

Rearranging, we may separate variables to write 

dt = T E (a - v f )dv f /(A + Mv f - vj) (7 33) 

where A = av R and M = a - u R - bR 
Integrating (7 33), we compute 


t - t 0 = 2a - M ln (M - Q - 2v f ){M + Q - 2v F0 ) 
r E Q n (M - Q - 2v F0 ){M + Q - 2v f ) 

1 (A + Mv f - v 2 P ) 

+ ~ In --— 

2 (A + M v F0 - t^o) 


(7 34) 


where Q = \/4A + M 2 
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Example 7 6 

Compute the boost-buck buildup for the exciter of Example 7.4 where the ampli¬ 
fier voltage is assumed to be a step function at t = i 0 with a magnitude of 50 V Com¬ 
pare with previous results by adjusting the resistance until the ceiling voltage is again 
110 3 V . Repeat for an amplifier voltage of 100 V 

Solution 

With a ceiling voltage of 110 3 V and an amplifier voltage of 50 V, we compute with 
v F = 0, Ri x = v f + v R = 160 3 This equation applies as long as v R maintains its 
value of 50 V This requires that again be equal to 3 68 A so that R may be computed 
as R = 160 3/3 68 = 43 6 ft This value of R will insure that the ceiling voltage will 
again be 110 3 V Using this R in (7 34) results in the tabulated values given in Table 
7 6 Repeating with v R = 100 V gives a second set of data, also tabulated, in which 
R = 57 2ft 


Table 7 6.. Buildup of Boost-Buck v f 
for Example 7.6 


t 

v f for v R = 50 

v f for v R = 100 

- 0 00 

90 00 

90 00 

0 05 

94 23 

96 32 

0 10 

97 70 

100 84 

0 15 

100 50 

103 98 

0 20 

102 72 

106 12 

0 25 

104 47 

107 56 

0 30 

105 84 

108 51 

0 35 

106 90 

109 14 

0 40 

107 72 

109 56 

0 45 

108 34 

109 83 

0 50 

108 82 

110 00 

0 55 

109 19 

110.12 

0 60 

10947 

110 20 

065 

109 68 

110 24 

0 70 

109 84 

110 27 

0.75 

109 96 

110 30 

0 80 

110 05 

110 31 

0 85 

110 12 

110 32 

0.90 

110.17 

110.33 


These results are plotted in Figure 7.35 Note that increasing the amplifier voltage 
has the effect of increasing the response ratio In this case changing v R from 50 to 100 V 
gives a result that closely resembles the separately excited case In each case the re¬ 
sponse ratio (RR) may be calculated as follows: 

RR (v R = 50) = 2cd/0a = 2(24 15)/90 = 0 537 
RR(u* = 100) = 2c'd/0a = 2(29)/90 = 0 645 

7 6 2 Linear approximations for dc generator exciters 

Since the Frohlich approximation fails to provide a simple v f versus t relationship, 
other possibilities may be worth investigating One method that looks attractive be¬ 
cause of its simplicity is to assume a linear magnetization curve as shown in Figure 7 36, 
where 
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Fig 7 35 Buildup of boost-buck exciters for Example 7 6. 

v f = mi + n (7.35) 

Substituting (7.35) into the excitation equation we have the linear ordinary differential 
equation 

t e v f = v - (R/m)(Vf - n) (7 36) 

where v = v p separately excited 
= v f self-excited 
= Vf + v R boost-buck excited 



Fig. 7 36 Linear approximation to a magnetization curve 


Excitation Systems 

This equation may be solved by conventional techniques The question of interest is, 
What values of m and n, if any, will give solutions close to the actual nonlinear solu¬ 
tions? This can be resolved by solving (7.36) for each case and then systematically 
trying various values of m and n to find the best “fit ” This extremely laborious process 
becomes much less painful, or even fun, if the comparison is made by analog computer 
In this process, both the linear and nonlinear problems are solved simultaneously and 
the solutions compared on an oscilloscope A simple manipulation of two potentiom¬ 
eters, one controlling the slope and one controlling the intercept, will quickly and 
easily permit an optimum choice of these parameters. The procedure will be illustrated 
for the separately excited case 

Linear approximation of the separately excited case. In the separately excited case 
we set v = v p so that (7 36) becomes v f = k x - k 2 v p where 

k x = (1/ t e )(v p + nR/m) k 2 = R/r E m (7.37) 

Solution of (7 37) gives 

v f (t)-= {kjk 2 )( 1 - e~ k2 ‘)u(t) + i) n e~ k2 ‘u(t) (7 38) 

Equation (7 38) is solved by the analog computer connection shown in Figure 7.37 and 
compared with the solution of (7 76) given in Appendix B, shown in Figure B 9 



Fig 7 37 Solution of the linear equation 


Adjusting potentiometers and k 2 quickly provides the “best fit” solution shown 
in Figure 7.38, which is a graph made directly by the computer. Having adjusted and 
k 2 for the best fit, the potentiometer settings are read and the factors m and n computed 
In a similar way linear approximations can be found for the self-excited and boost-buck 
connections 



Fig 7 38 Analog computer comparison of linear and Frohlich models of the separately excited buildup 
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7, 6 3 The ac generator exciters 

As we observed in Chapter 4, there is no simple relationship between the terminal 
voltage and the field voltage of a synchronous generator Including all the detail of 
Chapter 4 in the analysis of the exciter would be extremely tedious and would not be 
warranted in most cases We therefore seek a reasonable approximation for the ac 
exciter voltage, taking into account the major time constants and ignoring other effects 

Kimbark [16] has observed that the current in the dc field winding changes much 
more slowly than the corresponding change in the ac stator winding Therefore, since 
the terminal voltage is proportional to i F (neglecting saturation), the ac exciter voltage 
will change approximately as fast as its field current changes The rate of change of 
field current depends a great deal on the external impedance of the stator circuit or on 
the load impedance But, using the response ratio definition (see Def 3 19, Appendix E) 
we may assume that the ac exciter is open circuited In this case the field current in the 
exciter changes according to the “direct-axis transient open circuit time constant” 
r d0 where 

o = h/r f s (7 39) 

This will give the most conservative (pessimistic) result since, with a load impedance 
connected to the stator, the effective inductance seen by the field current is smaller and 
the time constant is smaller 

Using relation (7.39) we write, in the Laplace domain, 

*>/{*) = [*7(1 + rj 0 s)]y A (s) (7 40) 

where v F (s) is the Laplace transform of the open circuit field voltage and v R (s) is the 
transform of the regulator voltage If the regulator output experiences a step change of 
magnitude D at / - / 0 , the field voltage may be computed from (7 40) to be 

Vf = v n + KD(\ - - r 0 ) (7 41) 

This linearized result does not include saturation or other noniinearities, but does in¬ 
clude the major time delay in the system An ac exciter designed for operation at a few 
hundred Hz could have a very respectable T </o> much lower than that of the large 60-Hz 
generator that is being controlled 

7 6 4 Solid-state exciters 

Modern solid-state exciters, such as the SCR exciter of Figure 7 14, can go to ceil¬ 
ing without any appreciable delay In systems of this type a small delay may be required 
for the amplifiers and other circuits involved The field voltage may then be assumed to 
depend only on this delay 

One way to solve this system is to assume that u F changes linearly to ceiling in a 
given time delay of t d s, where t d may be very small This is nearly the same as per¬ 
mitting a step change in v F . For such fast systems the time constants are so much 
smaller than others involved in the system that assuming a step change in v f should be 
fairly accurate 

7 6 5 Buildup of a loaded dc exciter 

Up to this point we have considered the response characteristics of unloaded ex¬ 
citers, i e , with i F = 0 If the exciter is loaded, the load current will affect the ter¬ 
minal voltage of the exciter v F by an amount depending upon the internal impedance of 
the exciter In modern solid-state circuits this effect will usually be small, amounting to 
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essentially a small series i f R drop In rotating dc machines the effect is greater, since 
in addition to the i f R drop there is also the brush drop, the drop due to armature reac¬ 
tion, and the drop due to armature inductance.. (Dahl [35] provides an exhaustive treat¬ 
ment of this subject and Kimbark [16] also has an excellent analysis ) 

We can analyze the effect of load current in a dc machine as follows First, we 
recognize that the armature inductance is small, and at the relatively slow rate of 
buildup to be experienced this voltage drop is negligible Furthermore, if the machine 
has interpoles, we may neglect demagnetizing armature reaction However, we do have 
to estimate the effect of cross-magnetizing armature reaction, which causes a net de¬ 
crease in the air gap flux Thus, the net effect of load is in the resistance drop (including 
brush drop) and in the decrease in flux due to cross-magnetizing armature reaction 

To facilitate analysis, we assume the load current i F has a constant value This 
means the i f R drop is constant, and the armature reaction effect depends on the value 
of current in the field, designated i in our notation The combined effect is determined 
most easily by test, a typical result of which is shown in Figure 7.39 To the load 



Fig 7 39 No-load and load saturation curves. (Reprinted by permission from Power System Stability . 
vol 3, by E W Kimbark ©Wiley, 1956 ) 

saturation curve is added the resistance drop to obtain a fictitious curve designated 
“distortion curve ” This curve shows the voltage generated by air gap flux at this value 
of i F as a function of /, and it differs from the no-load saturation curve by an amount 
due to armature reaction The magnitude of this difference is greatest near the knee of 
the curve 

Kimbark [16] treats this subject thoroughly and is recommended to the interested 
reader We will ignore the loading effect in our analysis in the interest of finding a 
reasonable solution that is a fair representation of the physical device As in all en¬ 
gineering problems, certain complications must be ignored if the solution is to be 
manageable 

7. 6. 6 Normalization of Exciter Equations 

The exciter equations in this book are normalized on the basis of rated air gap 
voltage, i e , exciter voltage that produces rated no-load terminal voltage with no 
saturation This is the,pu system designated as C in Figure 7 23 Thus at no load and 
with no saturation, £ f0 s = 1 0 pu corresponds to V, = 1 0 pu 
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The slip ring voltage corresponding to 10 pu E fD is not the same base voltage as 
that chosen for the field circuit in normalizing the synchronous machine From (4 55) 
we have 

Vpb = V*hfln = S B /I fB V 

This base voltage is usually a very large number (163 kV in Example 4 1, for example) 
The base voltage for E fD , on the other hand, would be on the order of 100 V or so. 
Simply stated, the exciter base voltage and the synchronous machine base for the field 
voltage differ, and a change of base between the two quantities is required The re¬ 
quired relationship is given by (4 59), which can be written as 

&fd = ( / -Wv / 3' f ) v f pu E fd = (w B k M f /V5r f )v f V (7 42) 

Thus any exciter equation may be divided through by V FB to obtain an equation in 
v Fu and then multiplied by L AD /y/%r F to convert to an equation in E FDu For exam¬ 
ple, for the dc generator exciter we have an equation of the form r E v F = f\v F ) V Di¬ 
viding through by V FB we have the pu equation t e v Fu = /( v fu ) Multiplying by 
L A0 /VJr f , we write the exciter equation t e E FDu = f(E fDu ) 

It is necessary, of course, to always maintain the “gain constant” \/3r F /L AD be¬ 
tween the exciter E fD output and the v F input to the synchronous machine This con¬ 
stant is the change of base needed to connect the pu equations of the two machines 

7 7 Excitation System Response 

The response of the exciter alone does not determine the overall excitation system 
response. As noted in Figure 7 20, the excitation system includes not only the exciter 
but the voltage regulator as well The purpose of this section is to compute the response 
of typical systems, including the voltage regulators This will give us a feel for the equa¬ 
tions that describe these systems and will illustrate the way a mathematical model is 
constructed 

7.7 1 Noncontinuously regulated systems 

Early designs of voltage regulating schemes, many of which are still in service, used 
an electromechanical means of changing the exciter field rheostat to cause the desired 
change in excitation. A typical scheme is shown in Figure 7 40, which may be explained 
as follows. Any given level of terminal voltage will, after rectification, result in a given 
voltage v c across the regulating coil and a given coil current i c This current flowing 
in the regulating coil exerts a pull on the plunger that works against the spring K and 
dashpot B Thus, depending on the reference screw setting, the arm attached to the 
plunger will find a new position x for each voltage V r High values of V, will increase 
the coil voltage v c and pull the arm to the right, reducing x, etc Note that the ref¬ 
erence is the mechanical setting of the reference screw 

Now imagine a gradual increase in V\ that pulls the arm slowly to the right, reduc¬ 
ing .x until the lower contact L is made This causes current to flow in the coil L , closing 
the rheostat motor contact and moving the rheostat in the direction to increase R H 
This, as we have seen, will reduce V t Note that there is no corrective action at all until a 
contact is closed This constitutes an intentional dead zone in which no control action is 
taken Once control action is begun, the rheostat setting will change at an assumed con¬ 
stant rate until the maximum or minimum setting is reached 

Mathematically, we can describe this action as follows From (7 16) we have, for 
the separately excited arrangement, 
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Fig 7 40 A noncontinuous regulator for a separately excited system The scheme illustrated is a simpli¬ 
fied sketch similar to the Westinghouse type BJ system (2] 

r B V f = V P ~ Ri (7 43) 

and in this case the regulating is accomplished by a change in R But R changes as a 
function of time whenever the arm position x is greater than some threshold value K x . 
This condition is shown in Figure 7 41 where the choice of curve depends on the mag¬ 
nitude of x being greater than the dead zone ± K x Note that any change in x from the 
equilibrium position is a measure of the error in the terminal voltage magnitude This 
control action is designated the “raise-lower mode” of operation It results in a slow 
excitation change, responding to a change in V t large enough to exceed the threshold 
K x , where the rheostat motor steadily changes the rheostat setting A block diagram 
of this control action is shown in Figure 7 42 

The balanced beam responds to an accelerating force 

F a = K{x 0 + l) - E ( = Mx + Bx + Kx (7 44) 

where x 0 is the reference position; £ is the unstressed length of the spring; F t is the 
plunger force; and M, B, and K are the mass, damping, and spring constants respec¬ 
tively If the beam mass is negligible, the right side of (7 44) can be simplified. 

In operation the beam position x is changed continuously in response to variations 



Time, s 


Fig 7 41 R H versus t for the condition | x 1 > K x > 0 
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Fig 7 42 Block diagram oi the raise-lower control mode 


in V r Any change in V, large enough to cause | x \ ^ K x results in the rheostat motor 
changing the setting of R H .. As the rheostat is reset, the position x returns to the thres¬ 
hold region | x \ < K x and the motor stops, leaving R H at the value finally reached 
At any instant the total resistance R is given by 

R = Rqr + Rh = Rqr + /?o — K m t (raise) 

= Rqr + Ro + K-mI (lower) (7 45) 

Thus the exact R depends on the integration time and on the direction of rotation of the 
rheostat motor In (7 45) and Figure 7 41, R 0 is the value of R„ retained following the 
last integration This value is constrained by the physical size of the rheostat so that 
for any time t, R min < ( R 0 ± K M t) < /? max .. 

The foregoing discussion pertains to the raise-lower mode only Referring again to 
Figure 7 40, a second possible mode of operation is recognized If the x deflection is 
large enough to make the QL or QR contacts, the fixed field resistors R QL or R qr are 
switched into or out of the field respectively, initiating a quick response in the exciter 
This control scheme is shown in Figure 7 43 as an added quick control mode to the 
original controller The quick raise-lower mode is initiated whenever | x | > K v , with 
the resulting action described by 



R = R h x > K v (quick raise) 

= R h + R ql x < K 0 (quick lower) (7 46) 

If we set K v > K x , this control mode will be initiated only for large changes in V t 
and will provide a fast response Thus, although the raise-lower mode will also be op¬ 
erational when | x | > K v , it will probably not have time to move appreciably before x 
returns to the deadband 

The controller of Figure 7.43 operates to adjust the total field resistance R to the 
desired value Mathematically, we can describe the complete control action by com¬ 
bining (7 45)-(7 46) The resulting change in R affects the solution for v F in the exciter 
equation (7 43) If saturation is added, a more realistic solution results Saturation is 
often treated as shown in Figure 7 44, where we define the saturation function 



Fig 7 44 Exciter saturation curve 

= (/, - /b)//b (7.47) 

Then we can show that 

Ia = (1 + S £ )I B E A = (1 + S e )E b (7.48) 

The function S E is nonlinear and can be approximated by any convenient nonlinear 
function throughout the operating range (See Appendix D) If the air gap line has slope 
l/G, we can write the total (saturated) current as 

/' = Gu,(l + S E ) = Gv f + Gv f S E (7.49) 

Substituting (7 49) into (7.43) the exciter equation is 

t e v f = v p - Ri = v p - RGv f - RGv F S E (7.50) 

A block diagram for use in computer simulation of this equation is shown in Fig¬ 
ure 7 45, where the exciter voltage is converted to the normalized exciter voltage E fD 
The complete excitation system is the combination of Figures 7.43 and 7 45 

7 7 2 Continuously regulated systems 

Usually it is preferable for a control system to be a continuously acting, propor¬ 
tional system, i e , the control signal is always present and exerts an effort proportional 


























Fig 7.45 Exciter block diagram 


to the system error (see Def 2 12 1) Most of the excitation control systems in use today 
are of this type Here we shall analyze one system, the familiar boost-buck system, 
since it is typical of this kind of excitation system 

Consider the system shown in Figure 7 10 where the feedback signal is applied to 
the rotating amplifier in the exciter field circuit Reduced to its fundamental compo¬ 
nents, this is shown in Figure 7.46. We analyze each block separately 

Potential transformer and rectifier One possible connection for this block is that 
shown in Figure 7.47, where the potential transformer secondaries are connected to 
bridged rectifiers connected in series Thus the output voltage y* is proportional to 
the sum or average of the rms values of the three phase voltages If we let the average 
rms voltage be represented by the symbol V„ we may write 

Kc = K R V t /{ 1 + t r s) (7.51) 

where K R is a proportionality constant and r R is the time constant due to the filtering 
or first-order smoothing in the transformer-rectifier assembly The actual delay in this 
system is small, and we may assume that 0 < t r < 0 06 s 

Voltage regulator and reference (comparator).. The second block compares the volt¬ 
age Kc against a fixed reference and supplies an output voltage V e , called the er¬ 
ror voltage, which is proportional to the difference; i.e , 

K = *(Kr EF - Kc) (7 52) 

This can be accomplished in several ways One way is to provide an electronic differ¬ 
ence amplifier as shown in Figure 7.48, where the time constant of the electronic ampli¬ 
fier is usually negligible compared to other time delays in the system There is often 
an objection, however, to using active circuits containing vacuum tubes, transistors, and 
the associated electronic power supplies because of reliability and the need for replace- 



Fig 7 46 Simplified diagram of a boost-buck system 
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Fig 7 47 Potential transformer and rectifier connection 


ment of aging components This difficulty could be overcome by having a spare ampli¬ 
fier with automatic switching upon the detection of faulty operation 

Another solution to the problem is to make the error comparison by an entirely 
passive network such as the nonlinear bridge circuit in Figure 7 49 Here the input 
current i dc sees parallel paths i a and i b or i dl - i B + i b „ But since the output is con¬ 
nected to an amplifier, we assume that the voltage gain is large and that the input cur¬ 
rent is negligible, or i e = 0 Under this condition the currents i a and i b are equal 
Then the output voltage V e is 

K = v N - v L (7.53) 

The operation of the bridge is better understood by examination of Figure 7.50 
where the v-i characteristics of each resistance are given and the characteristic for the 
total resistance R t + R N seen by i a and i b is also given Since i a = i b , the sum of volt¬ 
age drops v L and v N is always equal to Ko the applied voltage If we choose the non¬ 
linear elements carefully, the operation in the neighborhood of V REf is essentially lin¬ 
ear; i e , a deviation v A above or below ^ref results in a change i A in the total current, 
which is also displaced equally above and below r REF Note that the nonlinear resistance 
shown is quite linear in this critical region Thus we may write for a voltage devia¬ 
tion v A , 

V N = V x + k N u A v L « + k L v A (7 54) 

where k L > k„ Combining (7 54) and (7 53), we compute 

K - -(*£ ~ k N )v A = -kv A (7.55) 

But for a deviation u A , Kc - F ref + v A , which may be incorporated into (7.55) to write 

K = k{V KW - Kc) (7 56) 

We note that (7 56) has the same block diagram representation as the difference ampli¬ 
fier shown in Figure 7.48(b), where we set r = 0 for the passive circuit 



Fig 7 48 Electronic difference amplifier as a comparator: (a) circuit connection, (b) block diagram 
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Input to 
amplifier 


Fig 7 49 Nonlinear bridge comparison circuit 



A natural question to ask at this point is. What circuit element constitutes the volt¬ 
age reference? Note that no external reference voltage is applied A closer study of 
Figure 7 50 will reveal that the linear resistance R c is a convenient reference and that 
two identical gang-operated potentiometers in the bridge circuit would provide a con¬ 
venient means of setting the reference voltage 

The nonlinear bridge circuit has the obvious advantage of being simple and entirely 
passive If nonlinear resistances of appropriate curvature are readily available, this 
circuit makes an inexpensive comparator that should have long life without component 
aging 


The amplifier.. The amplifier portion of the excitation system may be a rotating 
amplifier, a magnetic amplifier, or conceivably an electronic amplifier In any case we 
will assume linear voltage amplification K A with time constant t a , or 


V R = K a VJ{\ + t a s) (7.57) 

As with any amplifier a saturation value must be specified, such as V Rmin < V R < V Rmax . 
These conditions are both shown in the block diagram of Figure 7 51 

The exciter. The exciter output voltage is a function of the regulator voltage as 
derived in (7 48) and with block diagram representation as shown in Figure 7 44 The 
major difference between that case and this is in the definition of the constant K E . Since 
the exciter is a boost-buck system, we can write the normalized equation 

&FD ~ ^ Fe) / (K £ + r £ S ) (7 58) 

where 

K e = RG - 1 (7 59) 

The generator. The generator voltage response to a change in v f was examined in 


V dc 
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Fig 7 50 The u versus i characteristics for the nonlinear bridge. 
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Fig 7 51 Block diagram of the regulator amplifier 


Chapter 5 Looking at the problem heuristically, we would expect the generator to 
respond nearly as a linear amplifier with time constant r dQ when unloaded and r' d when 
shorted, with the actual time constant being load dependent and between these two ex¬ 
tremes Let us designate this value as t g and the gain as K G to write, neglecting 
saturation, 

V, = K g E fd /( 1 + t g s) (7 60) 

In the region where linear operation may be assumed, there is no need to consider 
saturation of the generator since its output is not undergoing large changes If satura¬ 
tion must be included, it could be done by employing the same technique as used for the 
exciter, where a saturation function S G would be defined as in Figure 7 44 


Example 7 7 

1 Construct the block diagram of the system described in Section 7.7,1 and compute 
the system transfer function 

2 Find the open-loop transfer function for the case where 

T/( = 0 1 t g = 10 K e = -0 05 

r £ «* 0 5 r* = 0 05 K a - 40 

K a = 10 

3. Sketch a root locus for this system and discuss the problem of making the system 
stable 

Solution I 

The block diagram for the system is shown in Figure 7 52 If we designate the 
feed-forward gain and transfer function as KG and the feedback transfer function as H, 
the system transfer function is [23] 

VJV REf = KG(s)/[ 1 + *G(s)tf(s)] 

where, neglecting saturation and limiting, we have 



Fig. 7 52 Block diagram of the excitation control system 
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" (,) = (1 + r A ,)K?r M 1 + r„) 


K _ + r fi 5) _ 

^REF (1 + t A*)(Ke + + T G 5 )U + T /t y ) + Ka^gKr 

and the system is observed to be fourth order 
Solution 2 

The open-loop transfer function is KGH, or 


KGH = 


K. Kr.Ki 


(1 + t a s)(K b + r £ s)(l + r G ,s)(l + t r s) 
Using the values specified and setting * = 400 K A K R K G , we have 


KGH = 


(s + 10)(s - 0 l)(y + l)(r + 20) 

(amp) (exc) (gen) (reg) 


Solution 3 

Using the open-loop transfer function computed in Solution 2, we have the root- 
locus plot shown in Figure 7 53, where we compute [22] 


Asymptotes ... 


- Vcg\ - 5 


24 

Gen / Exc 


■ K = 3. 21 at crossing 


K = 0 05 at origin 


Fig 7.53 Root locus for the system of Figure 7.52 


(1) Center of gravity = (£* - J^Z)/{§P - §Z) = -(30 9 - 0 0)/4 = -7.75 

(2) Breakaway points (by trial and error): 

left breakaway at - 16 4: 1/3 6 = 1/64 + 1/15.4 + 1/16 5 

0..278 s 0 281 

right breakaway at —0 4.3: 1/19 57 + 1/9 57 + 1/0.57 = 1/0.53 

1.91 S 1.89 

(.3) Gain at jco axis crossing: 

From the closed-loop transfer function we compute the characteristic equation 
4>{s) = ? 4 + 30 9s 3 + 226 9s 2 + 177s + K' 
where K' = 400* - 20 and * = K A K R K G = 40 K R 
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Then by Routh’s criterion we have 


r 4 

1 

226 9 *' 

s 3 

30 9 

177 

s 2 

221.2 

*' 

s 1 

-j 

i 

o 

0 

s° 

*' 



For the first column we have: 

From row s° 

K' = 400* - 20 > 0 * > 0 05 

From row s 1 

*' = 400* - 20 < (177/0 14) = 1266 * < 3 21 

We may also compute the point of jco axis crossing from the auxiliary poly¬ 
nomial in s 2 with *' = 1266, or 

221 2 s 2 + 1266 = 0 s 2 = -5 73 s = ±j2.4 

An examination of the root locus reveals several important system characteristics 
We note that for any reasonable gain the roots due to the regulator and amplifier 
excite response modes that die out very fast and will probably be overdamped Thus 
the response is governed largely by the generator and exciter poles that are very close 
to the origin Even modest values of gain are likely to excite unstable modes in the 
solution This can be improved by (a) moving the exciter pole into the left half of the s 
plane, which requires that R in (7.59) have a greater value; (b) moving the generator 
pole to the left, which would need to be done as part of the generator design rather than 
afterwards; and (c) adding some kind of compensation that will bend the locus to a 
more favorable shape in the neighborhood of the jcu axis Of these options only (c) is 
of practical interest 

Excitation system compensation. Example 7.7 illustrates the need for compensa¬ 
tion in the excitation control system This can take many forms but usually involves 
some sort of rate or derivative feedback and lead or lead-lag compensation (It is 



Fig 7 54 Block diagram of a typical compensated system 
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interesting to note that Gabriel Kron recognized the need for this kind of compensa¬ 
tion as early as 1954 when he patented an excitation system incorporating these fea¬ 
tures [37]) This can be accomplished by adding the rate feedback loop shown in 
Figure 7 54, where time constant r f and gain K f are introduced Such a compensation 
scheme can be adapted to bend the root locus neaT the jo> axis crossing to improve 
stability substantially Also notice that provision is made for the introduction of other 
compensating signals if they should be necessary or desirable The effect of compensa¬ 
tion will be demonstrated by an example 


Example 7 8 

1 Repeat Example 7 7 for the system shown in Figure 7 54 

2 Use a digital computer solution to obtain the “best” values for t f and K f to mini¬ 
mize the rise time and settling time with minimum overshoot 

3. Repeat part 2 using an analog computer solution 



Fig 7 55 Excitation system with rate feedback neglecting S £ and limiter: (a) original block diagram, 
(b) with rate feedback take-off point moved to V t , (c) with combined feedback 
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Solution I 

The system transfer function can be easily computed for S E - 0 and with limiting 
ignored Figure 7..55(a) shows a block diagram of the system with S E = 0 and without 
the limiter By using block diagram reduction, the takeoff point for the rate feedback 
signal is moved to V„ as shown in Figure 7 55(b), then the two feedback signals are 
combined in Figure 7 55(c) The forward loop has a transfer function KG(s) given by 


t a t 8 t g ($ + i/r^)(s + Kr/ t e)(s + 1/ t g) 
and the feedback transfer function H{$) is given by 

_ {K f T G /K G T f )s{s + \/t g )(s + \/t r ) + (K r /t r )(s + \/t f ) 

* 0 + 1/t>)(s + 1 Jt r ) 

The open loop transfer function is thus given by 

„„ _ K-aKf s{s + l/r G )U + \/t r ) + (K R K G T f /r R T G K f )(s + 1 /t f ) 

~ t aT £ Tf (r + 1 /t a )(s + K e /t e )(s + 1/t c )(s + 1 /t f )(s + \/t r ) 

Substituting the values r A » 0.1, r £ = 0 5, t r = 0 05, r G = 1 0 K E = -0 05, K a = 10, 
and K r =10, 

vrt , + 0( 5 + 20) + 20 {Tf./K f )(s + l/r f ) 

A r f (s + 10)(y - 0 \)(s + l)(s + l/r,)(y +20) 


KGH = 


KGH = 20 K, — 


(7 61) 


A given r f fixes all poles of (7 61) Then the shape of the locus depends on the loca¬ 
tion of the zeros Thus we examine the zeros of (7 61) From the numerator we write 


0=1 + 


s(s + l)(s + 20) + 2Q(T f /Kf){s + 1 /r f ) = 0 
20 (T f /Kp)(s + 1 /T f ) K(s + a) 


\ ■ ri --r / ~ / r / _ j 1 “/ _ 

s(y + l)(y + 20) s(y + l)(s + 20) 


(7 62) 


where we let X = 20(r f /X f ) and a = 1 /r f . 

The locus of the roots of (7 62), which gives the zeros of (7 61), depends upon the 
value of a = \/t f There are three cases of interest (note that a > 0): Case I, 
0 < a < 1; Case II, 1 < a < 20; and Case III, a > 20 These cases are shown in Fig¬ 


ure 7 56 where -m is the location of the asymptote 

Case I is sketched in Figure 7 56(a), where a zero falls on the negative real axis at 
-a, which is between the origin and —1.. The locus therefore falls between the origin 
and -a,. This means that (7 61) would have a zero on the real axis near the origin Thus 
the open loop transfer function of (7.61) will have a pole at 0 1 and a zero on the real 
axis at -a The locus of the roots for this system will have a branch on the real 



Case 1: 0 < a < 1 Cose I!: 1 < a < 20 Case III : a > 20 

-105<m<-l0 -10<m<-05 - 0..5 < m 


Fig 7 56 Locus of zeros for the open loop transfer function of (7 62) 
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Fig 7 57 


Root loci of KGH = 20 K A 


(Kf/T F )[s(s + l)(s + 20) + 20 (s + a)] 
(s + 20)(s + 10)(s + l)(s - 0 l)(s + a) 


axis near the origin, and the system dynamic performance will be dominated by this 
root Its dynamic response will be sluggish Cases II and III are shown in Figures 
7 56(b) and (c) In both cases, the root-locus plots of (7 62) have branches that, with 
the proper choice of the ratio K, give a pair of complex roots near the imaginary axis 
Again, these are the zeros for the system described by (7 61) However, in Case II the 
loci approach the asymptotes to the left of the imaginary axis, while for Case III the 
loci approach the asymptotes to the right of the origin The position of the roots of 
(7 62) and hence the zeros of (7.61), are more likely to be located further to the left of 
the imaginary axis in Case II than in Case III 

A further examination of the possible loci of zeros in Figure 7 56 reveals that for 
the three zeros, two may appear as a complex pair Thus there are two situations of 
interest: (A) all zeros real and (B) one real zero and a complex pair of zeros. Further¬ 
more, both conditions can appear in all cases Figure 7.57 provides a pictorial summary 
of all six possibilities In all but two cases the system response is dominated by a root 
very near the origin Only in Cases IIB and 111B is there any hope of pulling this domi¬ 
nant root away from the origin; and of these two, Case IIB is clearly the better choice 
Thus we will concentrate on Case IIB for further study (Also see [38] for a further 
study of this subject) 

From (7 61) the open loop transfer function is given by 

KGH = 20 K a *L S3 + 21j * + 20(1 + r 'W + 2 °/^_ (7 6 3) 

A r F (s + 10)0 - 0 1)0 + 1)0 + 20)0 + l/7>) 1 ; 


where 1 < \/t f < 20 
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Fig 7.58(a) Effect ot variation of K f on dynamic response: t f = 0.6, K f = 0 01,0 02, and 0.03 respectively 
Type 1 excitation system 


Solution 2 

The above system is studied for different values of t f and K f with the aid of special 
digital computer programs The programs used are a root-finding subroutine for poly¬ 
nomials to obtain the zeros of equation (7 63), a root-locus program, and a time- 
response program Two sample runs to illustrate the effect of t f and K f ate shown in 
Figure 7 58 

In Figure 7 58(a) t f is held constant at 0 6 while K f is varied between 0 01 and 
0 03 Plots of the loci of the roots are shown for the three cases, along with the time- 
response for the “rated” value of K A The most obvious effect of reducing K F is to 
reduce the settling time 

In Figure 7.58(b), K f is held constant at 0 02 while t f is varied between 0 5 and 0.7. 
The root-locus plots and the time-response for the system are repeated The effect of 
increasing r f is to reduce the overshoot 
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Fig 7.58(b) Effect of variation of t f on dynamic response: Kp = 0 02, rp = 0 5, 0 6, and 0 7 respectively. 

Type I excitation system 

Fiom Figures '7.58(a) and 7.58(b) we can see that the values of 77 and K f signifi¬ 
cantly influence the dynamic performance of the system There is, however, a variety of 
choices of K f and 77 , which gives a reasonably good dynamic response For this par¬ 
ticular system, r f = 0 6 and K f = 0 02 seem to give the best results ! 
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Fig 7 59 Analog computer diagram for a linear excitation system with derivative feedback 


or 

K = ^REF - Vj - V, (7 64) 

For the amplifier block of Figure 7 54 we have V R = K A V e /(\ + t^s), which may be 
rearranged as 

= (1 /*Wa/t a )K - ( 1 / 0^1 (7.65) 

Equation (7 64) may be represented on the analog computer by a summer and (7 65) by 
an integrator with feedback All other blocks except the derivative feedback term are 
similar to (7 65) For the derivative feedback we have V 3 = sK f E FD /(l + 7 >s), which 
can be rewritten as 

K = (K f /T f )E fD - (\/Tps) V 3 (7 66 ) 

Using (7 64)—(7 66 ), we may construct the analog computer diagram shown in Fig¬ 
ure 7 59 Then we may systematically move the zero from s = 0 to the left and check 
the response In each case both the forward loop gain and feedback gains may be 
optimized 

Table 7 7 shows the results of several typical runs of this kind In all cases K R has 
been adjusted to unity, and other gains have been chosen to optimize V t in a qualita¬ 
tive sense The constants in these studies may be used to compute the cubic coefficients 
(7 62), and the equation may then be factored If the roots are known, a root locus 


Solution 3 

An engineer with experience in s plane design may be able to guess a workable 
location for the zero and estimate the value of K f that will give satisfactory results 
For most engineers, the analog computer can be a great help in speeding up the design 
procedure, and we shall consider this technique as an alternate design procedure 
From Figure 7 54 we write, with V s = 0, 

v REF - V x = v 2 y 2 - v 3 = K 


Table 7.7. Summary of Analog Computer Studies for Example 7.8 


Run 

° o= h 

K f 

K* 

Settling 
time, s 

Percent 

overshoot 

0-90% 
rise time, s 

1 

1.75 

0.16 

50 

1 35 

92 

0.37 

2 

1 50 

0 16 

50 

1 05 

8.0 

0.30 

3 

1 25 

0 16 

50 

1 05 

22 8 

0.25 

4 

1 00 

0 16 

50 

2 05 

42.0 

0 215 

5 

0.75 

0.16 

50 

very long 

70.0 

0.20 
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Fig 7 60 Analog computer results for Example 7 8, Solution 2 



7 8 State-Space Description of the Excitation System 

Refer again to the analog computer diagram of Figure 7 59 By inspection we write 
the following equations (including saturation) 


V x = (K r /t r )V, - (l /t r )K 
V 3 = ( K F /r F )E fD - (l/T f )K 3 

V R = {KjT A )V e — (1 /t a )V r Vr < - ^imaxi > ^jRmin 
E FD ~ - + K-f)I t e\ E FD 

K = ^REF + K ~ V 1 ~ V 3 0 67 > 


Since S E = S £ (E FD ) is a nonlinear function of E FD , we linearize at the operating 
point to write 




where we define the coefficient S' £ to describe saturation in the vicinity of the initial 
operating point 

Suppose we arbitrarily assign a state to each integrator associated with the excita¬ 
tion Arbitrarily, we set 



may be plotted and a comparison made between this and the previous uncompensated 
solution. 

The actual analog computer outputs for run 2 are shown in Figure 7 60 One- 
second timing pulses are shown on the chart The plot is made so that 20 such pulses 
correspond to 1 s of real time This system is tuned to optimize the output V„ which 
responds with little overshoot and displays good damping Note, however, that this re¬ 
quires excessive overshoot of E FD and V R , which in physical systems would both be 
limited by saturation Inclusion of saturation is a practical necessity, even in linear 
simulation 


Examples 7.7 and 7 8 are intended to give us some feeling for the derivative feed¬ 
back of Figure 7 54 A study of the eigenvalues of a synchronous machine indicates 
that a first-order approximation to the generator voltage response is only approximately 
true. Nevertheless, making this simplification helps us to concentrate on the character¬ 
istics of the excitation system without becoming confused by the added complexity of 
the generator Visualizing the root locus of the control is helpful and shows clearly 
how the compensated system can be operated at much greater gain while still holding a 
suitable damping ratio. These studies also suggest how further improvements could be 
realized by adding series compensation, but this is left as an exercise for the interested 
reader. 


and rewrite (7 67) as 
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(7 68) 


In equation (7 68) the term (Kn/r^V, is a function of the state variables From 
(4 46) or (6 69) 

V) = (l/3)(^ + v]) (7.69) 

where v d and v q are functions of the state variables; thus (7 69) is nonlinear If the 
system equations are linearized about a quiescent operating state, a linear relation be¬ 
tween the change in the terminal voltage V , A and the change in the d and q axis volt- 
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ages v dA and v qA is obtained Such a relation is given in (6 69) and repeated here: 

Ka - (1/3) (~r v dA + ^ = d 0 v dA + q 0 v qA (7.70) 

The linear mode! is completed by substituting for v dA and v qA in terms of the state 
variables and from (6 20) and by setting v f = (VT r F jL AD )E FD 


7 8 1 Simplified linear model 

A simplified linear model can be constructed based on the linear model discussed in 
Section 6 5 The linearized equations for the synchronous machine are given by (the 
A subscripts are dropped for convenience) 


E’ q = - E fD -5 

1 + KjTjqS 1 + KyTjQS 

T e = K\ 8 + K 2 E' 

K = K s 8 + K 6 E' q 

From (7 71) 

E' q = -(l/A^o) E' q - (K a /T d0 ) 8 + (1 / T d0 ) E fD 
From the torque equation (6 73) and (7 72) 


(771) 

(7 72) 
(7 73) 

(7 74) 


* = TJtj - ( Ky/rj) 8 - (K 2 /tj) E' q - (D/rj) « (7 75) 

and from the definition of co A 

5 (7.76) 

The system is now described by (7 68) and (7 72)-(7 76) The state variables are 
x' = [E' q w8 Tj V 3 V r E fd ] The driving functions are V REF and T m assuming that V s in 
(7 68) is zero The complete state-space description of the system is given by 
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(7 77) 



7 8 2 Complete linear model 

By using the linearized model for a synchronous machine connected to an infinite 
bus developed in Chapter 6, the excitation system equations are added to the system of 
(6 20) Before this is done, V, must be expressed in terms of the state variables, 
using (6 25) and (7 70) These are repeated here (with the A subscript omitted), 

V, = d 0 v q + q 0 v q 

v d = -Kcos(8 0 - a)8 + R e i d + L e i d + <*> 0 L e i q + i q0 L e u 

u q = -Asin(5 0 - a)8 + R e i q + L e i q - 0 L e i d - i d0 L e u (7 78) 

From (7 78) and using 

V3V mq0 = K cos (5 0 - a) VJV wd0 = -Ksin (8 0 - a) 

we get 

V, = — v/3 (^/o Vx.qo ~~ <70^0)5 "T (doR e — qo^oE e )i d + "h *7o E e )i q 

+ (d 0 iqoE e — q^idoEe)^ + d§E e i d 4- qoE e i q (7.79) 

Substituting in the first equation in (7 68), 

Tj = —(l/ T /i) V, - (K r /t r ) y/3 (d 0 V xq0 - q Q V„ dQ )8 + (K r /t r ) (d 0 R e - q Q a Q L e )i d 
+ (K r /t r ) (d 0 u 0 L e + q 0 R c )i q + {K R /T R )(d 0 i q0 — q Q i d0 )L e io + (K R /T R )d Q L e i d 
+ (Kr/ t r) 4oE e i q 

The remaining equations in (7 68) will be unchanged The equations introduced by the 
exciter (for Tj = 0) will thus become 

Tj — {K r /t r ) doL e i d — (R r /t R ) q l) L e i q = {K R /T R ){d 0 R e — q 0 (t)QL e ) i d 
+ (Kr/ t r) (do^oL e + q 0 R e ) i q + (Kr/t r ) {d 0 i q0 - 

- (K R /T R )V3(d Q V xq0 - q 0 V xd0 )8 - (1/r*) V, 
V 3 = — (1/ t f ) Tj + ( K f /t f t e ) V R - [K F (S' E + K e )/t f t e }E fd 
Vr = -{KJU) V\ ~ VCa/ta) ^ ~ V/*a) Vr + WaI*a) 

E fd = (l/r £ ) V R - [(Si + K e )/t e ] E fd (7.80) 

This set of equations is incorporated in the set (6 20) to obtain the complete mathe¬ 
matical description The new A matrix for the system is given by A = -M“‘K 


Note that in (7 80) the state variable for the field voltage is E FD and not v F There¬ 
fore, the equation for the field current is adjusted accordingly In this equation the term 
v f is changed to {\/3r f /L A[) ) E fD 


The matrices M and K 

are 

thus given by the 

defining equation y - -Kx - Mx, 

where 
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And the matrix K becomes 
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(7 82) 


where 


*8i = ~(^R/T R )(d 0 R e - q 0 of 0 L e ) 

*84 = — (*«/ T /j)(<7 0*e + d 0 W 0 L e ) 

*86 = ~(Kft/T R )(d 0 i g0 — q 0 i d0 ) L e 
*87 = -(VT K R fT R )(q 0 V xd0 - d 0 V xg0 ) 




Example 7 9 

Expand Example 6 2 to include the excitation system using the mathematical de¬ 
scription of (7.80) Assume that the machine is operating initially at the load specified 
in Example 6 2 The excitation system parameters are given by 


t r = 0 01 s = .3 77 pu 
K r =10 

t a = 0 05 s = 18 85 pu 


*, - 40 


t e = 0 5 s = 188 5 pu 
K e = -0 05 
t e = 0.715 = 269.55 pu 
K f = 0.04 


Let the exciter saturation be represented by the nonlinear function 


= /L,exp(£ cv £™) = 0 0039 exp(l.555 £ pn ) 


Solution 

From the initial conditions 

v d0 = -1.148 i d o = — 1 59 VT V„ d0 = -1 397 

v q0 = 1 675 i q0 = 0 70 VT V nq o = 1.025 

V,o = 1.172 E edo = 2 529 

d 0 = (l/3)(i> rf0 /K l0 ) = -(1/3)(1 148/1 172) = -0 3264 
go - 0/3)(u 90 /K,o) = (1/3)(1 675/1 172) = 0 4762 

The linear saturation coefficient at the initial operating point is 


S' E = = 1 555 [0 0039 exp (1 555 x 2.529)] = 0.3095 

dE fD 

The exciter time constants should be given in pu time (radians) The new terms in 
the K matrix are 

K tl = —(! 0/3 77)(—0 326 x 0 02 - 0 476 x 04) = 0.052.3 

K sa = -(1 0/3 77)(-0 .326 x .0 4 + 0 476 x 0 02) = 0 0.321 

K i6 = -(1 0/3 77)( — 0 326 x 0 70 + 0 476 x 1 59)0.4 = -0 0561 
K„ = (1 0/.3.77K-0 326 x 1 025 + 0 476 x 1.397) = 0 0751 
*88 - 1/r* - 0 265 
K 99 = 1/r, = 0 0037 

K 9A0 = KpfTf t e = 004/(269 5 x 188 5) = 0 787 x 10' 6 

K 9 . u = K f (5£ + K e )/t f t e = 0 787 x 10~ 6 x 0 15 = 0.118 x 10" 6 

* ms = */#/ t a = 40/18 85 = 2.122 = 

*,o-,o - \/t a . = 1/18.85 = 0 05.3 
*ii-,o - 1 /r B = 0 005.3 

*u-H = {Sk + *£ )/t£ = 0 15 x 0 005.3 = 0 000796 
K 2 . u = VTr f /a> R kM f = VT(0 000742)/! 55 = -0.000829 


The new K matrix is given by 
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( 
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1 
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i 
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0 

0 
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i 
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The new M matrix is given by 




"2 36 062 

0 4388 

14 142 j 

-3487 2 

-2547 0 ! 

-2444 6 

1751 3 i 

0 

0 

0 

-0 4904 



12 472 

-4 9503 

76 857 ' 

1206 0 

880 86 | 

845 46 

-0 6057 \ 

0 

0 

0 

5 5317 



22 776 

4 3557 

-96017 ] 

2202 4 

1608 6 1 

1 

1544 0 

-1106 i ; 

0 

0 

0 

-4 8673 



3590.0 

2649 7 

2649 7 ! 

-36 064 

90 072 | 

1776 7 

2387 4 ! 

0 
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0 
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-3505 7 

-2587 5 

-2587 5 1 
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35 218 
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The eigenvalues obtained are 

X, = -0 0359 + jO 9983 X 7 = -0 0015 + jO 0290 

X 2 = -0 0359 - jO 9983 X g = -0 0015 - jO 0290 

X 3 = -0 2653 \ = -0 0002 + j0 0064 

X 4 = -0 0986 X 10 = -0 0002 - jO 0064 

X 5 = -0.1217 X n = -0 0037 

X 6 = -0 0548 

Example 710 

Repeat Example 7 9 for different exciters Use the same machine loading Tabu¬ 
late the data used and the eigenvalues obtained 

Solution 

For this example we will use the same machine loading of Example 5.1 and three 
exciters made by the same manufacturer: W TRA, W Brushless, and W Low r £ Brush¬ 
less Data for the exciters and the appropriate M and K constants are given in Ta¬ 
ble 7.8 The eigenvalues obtained are tabulated in Table 7 9 


Table 7.8 Exciter Data and Elements of Matrices M and K 

(Loading of Example 5.1) 


Constants 


IEEE type 1 exciter 

and matrix 
elements 

W TRA 

W Brushless 

W low r £ Brushless 

k a 

400 

400 

400 

*a 

0 05 

002 

002 

Ke 

-0 17 

10 

10 

t e 

0 95 

0 80 

0015 

K f 

0 04 

003 

004 

Tp 

1 0 

1.0 

0 50 

Kr 

1 0 

1.0 

1 0 

tr 

0 0* 

0 0* 

0 0* 

a ex 

0 0027 

0 098 

0 0761 

b ex 

1 304 

0 553 

04475 

SfO 

0 0874 

0 4282 

0.2510 


0 1140 

. 0 2368 

0.1123 

y 

r R max 

3.5 

7 3 

6 96 

y 

r /?min 

-3 5 

-7.3 

-6 96 


3 862069 

3 862069 

3 862069 

^8-4 

-4 753316 

-4 753316 

-4 753316 

*8-1 

4 9464 

4.9464 

4 9464 

* 8-4 

3 6244 

3.6244 

3 6244 

* 8-6 

-6 5741 

-6.5741 

— 6 5741 

* 8-7 

10 2754 

10 2754 

10 2754 

* 8-8 

26 5252 

26 5252 

26.5252 

* 9-9 

0 002653 

0002653 

0005305 

* 9-10 

-0 000112 

-0 000099 

-0014147 

* 9-11 

-0 000006 

0 000123 

0015735 

* 10-8 = * 10-9 

21 220159 

53 050398 

53 050398 

*10-10 

0053050 

0.132626 

0 132626 

^ 11-10 

-0002792 

-0 003316 

-0 176835 

* 11-11 

-0.000156 

0.004101 

0.196693 


* Where t r = 0 0 take t r = 10 -4 
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Table 7 9. 

Eigenvalues for System of Example 7 10 
(Loading of Example 5.1) 

Exciter type 

W TRA 

W Brushless 

W low t e Brushless 

-003594 

+ jO 99826 

-0 03594 + jO 99826 

-0 03594 + jO 99827 

-0 03594 

- jO 99826 

-0 03594 - jO 99826 

-0 03594 - jO 99827 

-0 265 x 

10 2 

-0 265 x 10 2 

-0 26525 x 10 2 

-009804 


-0 07300 

-0 09763 

-0 12299 


-0 12315 

-0.12302 

-0 02536 

+ jO 03912 

-0 07870 + 10 02139 

-0 16664 + jO 86637 

-0 02536 

- jO 03912 

-0 07870 - jO 02139 

-0 16664 - jO.86637 

-0 00076 

+ jO 02444 

-0 00071 + jO 02444 

-0 00082 + jO 02468 

-0 00076 

- jO 02444 

-0 00071 - jO 02444 

-0 00082 - jO 02468 

-0 00340 

+ jO 00249 

-0 00447 + jO 00185 

-0 00177 + jO 00353 

-0.00340 

- j0.00249 

-0.00447 - jO.OO185 

-0.00177 - j0.00353 


The results tabulated in Table 7.9 are for the same machine and loading condition 
as used in Example 6 .3 except for the addition of the exciter models Comparing the 
results of Examples 6 3 and 7 10, we note that two pairs of complex eigenvalues and 
two real eigenvalues are essentially present in all the results We can conclude that 
these eigenvalues are identified with the parameters of the machine and are not de¬ 
pendent on the exciter parameters The additional eigenvalues obtained in Exam¬ 
ple 7 10 and not previously present are comparable in magnitude except for one com¬ 
plex pair associated with the W Low r £ Brushless exciter For this exciter a frequency 
of approximately 50 Hz is obtained, which might be introduced by the extremely low 
exciter time constant 

The same example was repeated for the loading of Example 5 2 and for the same 
exciters The results obtained indicate that only one pair of complex eigenvalues change 
with the machine loading This pair is one of the two complex pairs associated with the 
machine parameters. The eigenvalues associated with the exciter parameters did not 
change significantly with the machine loading. 


7 9 Computer Representation of Excitation Systems 

Most of the problems in which the transient behavior of the excitation system is 
being studied will require the use of computers It is therefore recognized that the solu¬ 
tion of systems can be greatly simplified if a standard set of mathematical models can be 
chosen Then each manufacturer can specify the constants for the model that will best 
represent his systems, and the data acquisition problem will be simplified for the user 

As the use of computers has increased and programs have been developed that 
represent excitation systems, several models have evolved for such systems Actually, 
the differences in these representations was more in the form of the data than in the 
accuracy of the representation Recognizing this fact, the IEEE formed a working 
group in the early 1960s to study standardization This group, which presented its 
final report in 1967 [15], standardized the representation of excitation systems in four 
different types and identified specific commercial systems with each type These models 
allow for several degrees of complexity, depending upon the available data or impor¬ 
tance of a particular exciter in a large system problem Thus, anything from a very 
simple linear model to a more complex nonlinear model may be formulated by follow¬ 
ing these generalized descriptions We describe the four IEEE models below 
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The excitation system models described use a pu system wherein 1 0 pu generator 
voltage is the rated generator voltage and 1 0 pu exciter voltage is that voltage re¬ 
quired to produce rated generator voltage on the generator air gap line (see Def. 3.20 
in Appendix E) This means that at no load and neglecting saturation, E FD = 1 Opu 
gives exactly V, = 1 Opu Table 7 10 gives a list of symbols used in the four IEEE 
models, changed slightly to conform to the notation used throughout this chapter 


Table 7.10. Excitation System Model Symbols 


Symbol Description Symbol Description 


t a = regulator amplifier time constant 
r £ = exciter time constant 


E fD = exciter output voltage 
l f = generator field current 
V, = generator terminal voltage 
I, = generator terminal current 

K a = regulator gain 

K l = exciter constant related to self- 
excited field 

Kf = regulator stabilizing circuit gain 
K, = current circuit gain in Type 3 
system 

K P = potential circuit gain in Type IS or 
Type 3 system 

K v = fast raise/lower constant setting, 
Type 4 system 

S £ = exciter saturation function 

V s = auxiliary (stabilizing) input signal 


t f = regulator stabilizing circuit time 
constant 

r £ |, t F2 = same as t f for rotating rectifier 
system 

t r = regulator input filter time constant 

t rh = rheostat time constant. Type 4 
V R = regulator output voltage 

V Rmax = maximum value of V R 

T* min = minimum value of V R 

^REF = regulator reference voltage setting 
V RH = field rheostat setting 


Note: Voltages and currents are s domain quantities 


7 9 1 Type 1 system—continuously acting regulator and exciter 

The block diagram for the Type 1 system is shown in Figure 7 61 Note that pro¬ 
vision is made for first-order smoothing or filtering of the terminal voltage V t with a 
filter time constant of t r Usually t r is very small and is often approximated as zero. 


v. 


Rmox 




mam 

mm 



■SfiSt 



y . 

R min 


Saturation 

function 

V« E FD 


K e + T E 5 


1 +T r 


FD 


Fig 7 61 Type 1 excitation system representation for a continuously acting regulator and exciter 
(©IEEE Reprinted from IEEE Trans vol PAS-87 1968 ) 


The amplifier has time constant t a and gain K A , and its output is limited by K £max 
and V Rmifl Note that if we have no filter and the rate feedback is zero (K f = 0), the 
input to the rotating amplifier is the error voltage 

K = *RBF ~ 


V. 


(7 83) 
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Fig 7 62 Exciter saturation curves showing procedure for calculating the saturation function S £ (© IEEE 
Reprinted from IEEE Trans vol PAS-87 1968.) 

and this voltage is small, but finite in the steady state. The exciter itself is represented 
as a first-order linear system with time constant r £ . However, a provision is made to 
include the effect of saturation in the exciter by the saturation function S £ The satura¬ 
tion function is defined as shown in Figure 7.62 by the relation 

S £ = (A - B)/B (7 84) 

and is thus a function of E FD that is nonlinear This alters the amplifier voltage V R 
by an amount S e E fd to give a new effective value of V R , viz , 

= Kt ~ $e e fd (7 85) 

This altered value V R is operated upon linearly by the exciter transfer function. Note 
that for sufficiently small E FD the system is nearly linear (S E = 0) Note also that the 
exciter transfer function contains a constant K E This transfer function 

G( 5) = l/(K E + r £ .i) (7 86) 

is not in the usual form for a linear transfer function for a first-order system (usually 
stated as 1/(1 + rs) From the block diagram we write E FD ~ V R f(K E + r £ s), and 
substituting (7.85) for V R we have 

t e sE fd = ~K- e E fd + — S E E fD (7 87) 

which includes the nonlinear function S e E fd Equation (7 87) corresponds in the time 
domain to 

t e e fd ~ -K e E fd + V R — S e E fd (7 88) 

Comparing with (7 32), for example, where we computed 

t e v f = v F + v R - bRv f /(a - v F ) 

with the nonlinearity approximated by a Frohlich equation, we can observe the obvious 
similarity.. Reference [15] suggests taking 
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Ke - *^£ 1 £ F pro - /[£fo(0)3 (7 89) 

which corresponds to the resistance in the exciter field circuit at t = 0 

Some engineers approximate the saturation function by an exponential function, 
i e , 

S E = f(E FD ) = A bx exp(B EX E FD ) (7 90) 

The coefficients A EX and B EX are computed from saturation data, where S £ and E FD 
are specified at two points, usually the exciter ceiling voltage and 75% of ceiling The 
function (7 90) is easy to compute and provides a siriiple way to represent exciter satura¬ 
tion with reasonable accuracy See Appendix D 

Finally we examine the feedback transfer function of F igure 7 61 

H(s) = K f s/( 1 + t f s) (7.91) 

where K f and t f are respectively the gain constant and the time constant of the regu¬ 
lator stabilizing circuit This time constant introduces a zero on the negative real axis 
Note that (791) introduces both a derivative feedback and a first-order lag 

Reference [15] points out that the regulator ceiling V Rmax and the exciter ceiling 
Eed™* are interrelated through S E and K E Under steady-state conditions we compute 

Vr = Ke^fd + Se^fd 0 92) 

with the constraint V Rmin < V R < V Rmax , then 

= (^£ + Sfmax) (7 93) 

Thus there exists a constraint between the maximum (or minimum) values of E FDmiX and 
^Rm&x ( E Fo m ,n and ^ /?min) 

7 9 2 Type IS system—controlled rectifier system with 
terminal potential supply only 

This is a special case of continuously acting systems where excitation is obtained 
through rectification of the terminal voltage as in Figures 7 17 and 7 18 In this case the 
maximum regulator voltage is not a constant but is proportional to V r ,i e , 

= KrK ('7 94) 

Such systems have almost instantaneous response of their main excitation components 
such that in Figure 7 61 K E = 1, r £ = 0, and S £ = 0 This system is shown in Fig¬ 
ure 7 63 

A state-space representation of the Type IS system can be derived by referring to 
(7 67) (written for the Type 1 system), setting V R = E FD and eliminating (7 65), with 
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the result 

V\ = (^fi/ T «) V, — (l/ r fi) ^1 ^3 = (Kf/ T f) Efd ~ (V T f) ^3 

ff£) = \Ka/t a )K - 0 /r A ) &FD EfD < ^Rmax» ^fD > ^Rroin 

K - ^RHH + K - - K 3 ( 7 95 > 

By using (7.79) and substituting for i d and i g , we can express V, as a function of 
the state variables. For the linearized system discussed in Chapter 6 where the state 
variables 

x' = U d h h i g i Q u 5] = [x, x 2 x i x 4 x 5 x 6 .x 7 ] 

we can show that 

7 

K = //£,„ + E A** (7.96) 

A = 1 

where the / coefficients are constants. Rearranging, we write 

A-** 

k-\ 

0 

+ n> 

Ja — 

(7 97) 

K = ifX 10 + 2 f* X k 

k-\ 

Note that only three states are needed in this case 

7.9 .3 Type 2 system—rotating rectifier system 

Another type of system, the rotating rectifier system of Figure 7 13, incorporates 
damping loops that originate from the regulator output rather than from the excitation 
voltage [39] since, being brushless, the excitation voltage is not available to feed back 
The IEEE description of this system is shown in Figure 7 64, where the damping feed¬ 
back loop is seen to be different from that of Figure 7 61 Note that two time constants 
appear in the damping loop of this new system, r f , and r £2 , one of which approximates 



Fig 7 64 Type 2 excitation system representation—rotating rectifier system before 1967 (© IEEE Re¬ 

printed from IEEE Trans , vol PAS-87, 1968 ) 



where 
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the exciter time delay [39] and is considered “major damping,” with the second or 
“minor damping” being present to damp higher frequencies 

A state-space representation of this system may be derived from the following 
equations: 

K = ( k r /t k ) v, - (1 /t r ) V, 

Vr - (K a /t a ) K - (I /r A ) Vr 
EfD = 0/ T £) Vr ~ [(-^£ 3- S £ )/t £ ] EfD 
.. K e K A K f (t £) + r £2 ) ' 1 


K = + K - K - v 3 

Rearranging, we may write as 


(7 98) 


T , + k a k f 

t fi t fi t a 


t f\ + T n 
Tfi r F1 


Kf 

r F\ t F2 7 a 


10 0 0 0 


0 0 0 0 


+ 000 


0 0 0 1 0 ^.(F RE( . + V,) 


0 0 0 0 0 


(7 99) 

The Type 2 excitation system representation is intended for use in simulating the 
Westinghouse Brushless excitation system An alternate representation developed by 
the manufacturer is reported to represent the physical equipment more accurately. This 
revised Type 2 representation is shown in Figure 7 65 [40] 

Regulator _Exciter 


K A< 1+t A3’> 

+ t ai*)0 +t A9 s) 


5 I_ K pS (1 +t F3 s) _ Saturation 1 | 

{1 + iy)(] + t F2 s) function 

Damping circuit 

Fig 7 65 Revised Type 2 excitation system representation (Used with permission from Stability Pro¬ 
gram Data Preparation Manual Advanced Systems Technology Rept 70-736, Westinghouse 
Electric Corp , Dec 1972 ) 



7 9 4 Type 3 system—static with terminal potential and current supplies 

Some systems use a combination of current and voltage intelligence as a feedback 
signal to be compared against the reference, e g , the systems of Figures 7.15 and 7 16. 
These systems are not properly represented by Type 1 or IS and require special treat¬ 
ment, as shown in Figure 7 66 (The reactance x L is the commutating reactance of the 
transformer and is discussed in [41] ) Here the regulator and input smoothing are 
similar to the Type 1 system However, the signal denoted V B incorporates information 
fed forward from V, with added information concerning both I, and I F Thus 
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Fig. 7 66 Iype .3 excitation system representation—static with terminal potential and current supplies 
(©IEEE Reprinted from IEEE Trans, voi PAS-87, 1968 ) 

V c represents the self-excitation from the generator terminals Constants K P and 
K, are proportionality factors indicating the proportion of the “Thevenin voltage,” 
V TH due to potential and current information Multiplying V JH is a signal propor¬ 
tional to I f , which accounts for variation of self-excitation with change in the angular 
relation of field current (If) and self-excitation voltage ( V TH ) [15] 

Obviously, systems of this type are nonlinear To formulate a linearized state-space 
representation, we may write the self-excitation components as 

V c = K,V r + K 2 I, + Kyh (7.100) 

Then we write for the entire system 

V b = V* + Vc E fD = V b /(K e + t e s) V r = (KJ(\ -f t.s)] K 

V 3 = K f Ef D s/( 1 + TfS) V } - k R V,/(\ + t r s) (7 101) 

But we may write the terminal voltage in the time domain as 

7 

K = ffEfo +£/*** = f r E fD + v x (7 102) 

*-l 

where for brevity we let v x be the term on the right Also, for the terminal current we 
may write 

i, = M d i d + M q i q = M d x l + M q x 4 (7 103) 

If we define the states as in (7 68), we reduce (7 101)—(7 10.3) to the following form: 


Vx 


*8 


I 

r R 

0 

0 

HP 

J 


*8 



4* 

_i 

v 3 


x 9 


0 

1 

Tf 

k F 

t e t f 

-—-(/A - K t ) 

'£ ‘ F 


X, 


*7*1 

7 E T F 

K f K 2 . KpKx. 

v x + /, + 

t e t f t e t f 

Vr 
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_^L 
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t a 
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0 


*10 
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--(^REF + K) 
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frA , - K e 
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K 2 . . 

u, + — /, + — 
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(7.104) 

Note that u x 

/,, and if 

are all linear functions of x,-x- 
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Fig 7 67 Iype 4 excitation system representation—noncontinuously setting regulator Note: V RH limited 
between V Rftun and F' /?max ; time constant of rheostat travel = T Rli 

7 9 5 Type 4 system—noncontinuous acting 

The previous systems are similar in the sense that they are all continuous acting 
with relatively high gain and are usually fast acting However, a great many systems are 
of an earlier design similar to the rheostatic system of Section 7.7 1 and are noncon¬ 
tinuous acting; i e , they have dead zones in which the system operates essentially open 
loop In addition to this, they are generally characterized as slow due to friction and 
inertia of moving parts 

Type 4 systems (e g , Westinghouse B.J30 or General Electric GFA4 regulated sys¬ 
tems) often have two speeds of operation depending upon the magnitude of the voltage 
error Thus a large-error voltage may cause several rheostat segments to be shorted out, 
while a small-error voltage will cause the segments to be shorted one at a time The 
computer representation of a system is illustrated in Figure 7 67, where K v is the 
raise-lower contact setting, typically set at 5%, that controls the fast-change mechanism 
on the rheostat If V e is below this limiting value of K v , the rheostat setting is changed 
by motor action with an integrating time constant of t rh An “auctioneer” circuit sets 
the output V R to the higher of the two input quantities. 

Because the Type 4 system is so nonlinear, there is no advantage in representing it in 
state variable form The equations for the Type 4 system are similar to those derived for 
the electromechanical system of Section 7 7 1 A comparison of these two systems is 
recommended.. 

7 10 Typical System Constants 

Reference [15] gives, in addition to the system representations, a table of typical 
constants of physical systems These data are given in Table 7 11 and, although typical, 
do not necessarily represent any physical system accurately. For any real system all 
quantities should be obtained from the manufacturer 

Also note that the values in Table 7 11 are for a system with a response ratio of 0.5 
which, although common, is certainly not fast by today’s standards. The RR of modern 
fast systems are often in the range of 2 0-3 5.. 

Note that the values of K* max and V Rmi „ given in Table 7 11 are unity in column 1 
and higher values in columns 2 and 3 This difference is due to the different choice of 
base voltage for V R by the different exciter manufacturers and does not necessarily 
imply any marked difference in the regulator ceilings or performance Changing the 
base voltage of V R to K Smax affects all the other constants in the forward loop There- 
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Table 7.. 11. Typical Constants of Excitation Systems in Operation on 3600 r/min 
Steam T urbine Generators (excitation system voltage response ratio = 0.5) 


Symbol 

Self-excited exciters, 
commutator, or silicon 
diode with amplidyne 
voltage regulators 
(1) 

Self-excited 
commutator exciter 
with Mag-A-Stat 
voltage regulator 
(2) 

Rotating rectifier 
exciter with 
static voltage 
regulator 

(3) 

tr 

0.0-0.06 

0.0 

0.0 

Ka 

25-50* 

400 

400 

t a 

0 06-0.20 

0 05 

0 02 

max 

1 0 

3 5 

7.3 

f /?min 

-1 0 

-3 5 

-7.3 

Kp 

0 01-0 08 

0 04 

0 03 

Tf 

0 35-1.0 

1 0 •: 

10 

Ke 

-0 05 

-0 17 

1 0 

t e 

0 5 

0 95 

0.80 

■^£max 

0 267 

0 95 

0 86 

$ E. 75 max 

0.074 

0.22 

0 50 


♦For generators with open circuit field time constants greater than 4 s 


fore, caution must be used in comparing gains, time constants, and limits for systems of 
different manufacture 

As experience has accumulated in excitation system modeling, the manufacturer 
and utility engineers have determined excitation system parameters for many existing 
units Since these constants are specified on a normalized basis, they can often be used 
with reasonable confidence on other simulations where data is unavailable Tables 
7 12-7 15 give examples of excitation system parameters that can be used for estimating 
new systems or for cases where exact data is unavailable 

Since the formation of the National Electric Reliability Council (NERC) a set of de- 


Table 7.12 Westinghouse Excitation System Constants for System Studies 
(excitation system voltage response ratio = 0.5) 


Symbol 

Mag-A-Stat 

Rotating-rectiher 

BJ30 

Rototrol 

Silverstat 

TRA 

Excitation system type 

1 

1 


4 

1 

1 

1 

t r (s) 

0.0 

00 



0.05 

0.02 

0.05 


400 

400 



200 

200 

400 

?a (s) 

0 05 

0 02 



0 25 

0.1 

00 

^fDrnax (P u )* 

4 5 

3 9 


4 28 

4 5 

4 5 

4 5 

(PU)* 

-4 5 

0 


1 70 

-4 5 

0 3 

0.2 

Kp 

-0 17 

1 0 


10 

-0 17 

-0 17 

-0 17 

K f 

0.04 

0 03 



0 105 

0028 

0028 

Tp (S) 

1 0 

1 0 



1.25 

0 5 

0 5 

K v 




0.05 




t rh 




20 






.3600 r/min 1800 r/min 





^max (P^* 

3 5 

7.3 

8 2 

8 3 

3 5 

3 5 

3.5 

V Rm in (P u )* 

-3 5 

-7.3 

-8 2 

1 7 

-3.5 

0 3 

0.2 

C 

max 

0 95 

0 86 

1 10 

0 95 

0 95 

0 95 

0 95 

^ E 75max 

0 22 

0 50 

0 50 

0.22 

0 22 

0 22 

0 22 

t e (s) 

0.95 

0.8 

1.30 

0.76 

0.85 

0.50 

0.50 


Source: Used with permission from Stability Program Data Preparation Manual Advanced Systems 
Technology Rept 70-736, Westinghouse Electric Corp., Dec. 1972 

*Values given assume Vp (full load) = 3 0 pu If not. multiply * values by Vp /3 0 
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Table 7.13. Typical Excitation System Constants 


Type of regulator 

T R 

*a 


k/Jmax 

k/f min 

Kp/rp 

T f 

Mag-A-Stat (Type 1) 

0 

400 

0 05f 

3.5 

-3.5 

0.04 

1 0 

SCPT (Type 3) 

0 

120 

0.15 

12 

-1 2 

U ^/t'a o 

tJo/10.0 

BJ30 (Type 4) 

20 0 

005 

0 

8 3 

1 8 

0 

0 

Rototrol (Type 1) 

0.05 

200 

0 25 

3 5 

-3 5 

0 084 

1 25 

Silverstat (Type 1) 

0 

200 

0 10 

3 5 

-0 05 

0 056 

0 5 

T RA (Type 1) 

0 

400 

0 05| 

3 5 

-0 04 

0 056 

0 45 

GFA4 (Type 4) 

0 05 

20 

0 

10 

0 

0 

1 0 

NA101 (Type 1) 

0 06 

* 

02 

10 

-1 0 

115 tJK 4 

0.35 

Amplidyne 

NA 108 (Type 1) 

0 

* 

0 2 

1 0 

-10 

4 tJK, 

1 0 

Amplidyne 

NA 143 (Type I) 

0 

* 

02 

1 0 

-1.0 

4t f /K a 

1 0 

Amplidyne < 5 kW 

NA 143 (Type 1) 

0 

* 

006 

1 0 

-1 0 

8 tJK, 

1.0 

Amplidyne > 5 kW 

Brushless (Type 2) 

0 

400 

0 02 

7 3 

-7 8 

0 03 

1 0 

3600 r/min 

Brushless (Type 2) 

0 

400 

0 02 

8.2 

-8 2 

0 03 

1 0 

1800 r/min 


Source: Used by permission from Power System Stability Program User's Guide Philadelphia Elec- 


11 IV V.-U., 17M 

♦Data obtained from curves supplied by manufacturer For typical values see Appendix D and Table 

7 15 

tHigh-speed contact setting, it known 


sign criteria has been established specifying the conditions under which power systems 
must be proven stable This has caused an enlarged interest and concern in the accuracy 
of modeling all system components, particularly the generators, governors, exciters, and 
loads Thus it is becoming common for the manufacturer to specify the exciter model 
to be used in system studies and to provide accurate gains and time constants for the 
system purchased 
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Table7..15,. Iypical Excitation System Constants 
for Exciters with Amplidyne Voltage Regulators 
(NA101, NA108, NA143) 


Exciter 

nominal 

response 


T E 

“a* 

IS * 

,4 max 

*<+ 

X-a max 1 

a ex$ 

Bex 4 

0 5 

-0 0445 

05 

20t^ 0 /3 

25 

20 

50 

0 0016 

1.465 

10 

-0.0333 

0.25 

10r^o/3 

25 

10%r 0 

50 

0 0058 

1.06 

1.5 

-00240 

0.1428 

25^/13 

25 

lMo/3 

50 

0 0093 

0.898 

2.0 

-0.0171 

0.0833 

25 rio/22 

25 

lOr^/3 

50 

0.0108 

0.79 


Source: Used by permission from Power System Stability Program User $ Guide Philadelphia Elec¬ 
tric Co . 1971. 

♦For all NA101, NA108 and NA143 5 kW or less 
fFor NA143 over 5 kW 
t See (7 90) 

7 11 The Effect of Excitation on Generator Performance 

Using the models of excitation systems presented in this chapter and the full model 
of the generator developed in Chapters 4 and 5, we can construct a computer simula¬ 
tion of a generator with an excitation system The results of this simulation are inter¬ 
esting and instructive and demonstrate clearly the effect of excitation on system per¬ 
formance 

For the purpose of illustration, a Type 1 excitation system similar to Figure 7 61, 
has been added to the generator analog simulation of Figure 5.18. Appropriate switch¬ 
ing is arranged so the simulation can be operated with the exciter active or with con¬ 
stant E FD The results are shown in Figure 7 68 for constant E fD and Figure 7 69 with 
the exciter operative The exciter modeled for this illustration is similar to the Westing- 
house Brushless exciter 

Both Figures 7.68 and 7.69 show the response of the system to a 10% step increase 
in T m , beginning with the full-load condition of Example 5.1 For the generator with no 
exciter, this torque increase causes a monotone decay in both X F and V, and an in¬ 
crease in 5 that will eventually cause the generator to pull out of step This increase in <5 
is most clearly shown in the phase plane plot 

Adding the excitation system, as shown in Figure 7 69, improves the system re¬ 
sponse dramatically. Note that the exciter holds X F and V t nearly constant when 
T m is changed As a result, 5 is increased to its new operating level in a damped 
oscillatory manner. The phase plane plot shows a stable focus at the new 5 

Following the increase in torque the system is subjected to an increase in E FD This 
is accomplished by switching the unregulated machine E FD from 100% to 110% of the 
Example 5 1 level In the regulated machine a 5% step increase in K REF is made The 
results are roughly the same with increases noted in X f and V„ and with a decrease in 

8 to just below the initial value. 

We conclude that for the load change observed, the exciter has a stabilizing influ¬ 
ence due to its ability to hold the flux linkages and voltage nearly constant. This causes 
the change in 8 to be more stable In Chapter 8 we will consider further the effects of 
excitation on stability, both in the transient and dynamic modes of operation 

Problems 

7 1 Consider the generator of Figure 7 2 as analyzed in Example 7 1. Repeat Example 7.1 but 
assume that the machine is located at a remote location so that the terminal voltage V s 
increases roughly in proportion to E g Assume, however, that the output power is held 
constant by the governor 



7 2 Consider the generator of Example 7 1 connected in parallel with an infinite bus and oper¬ 
ating with constant excitation By means of a phasor diagram analyze the change in 8, /, 
and 0 when the governor setting is changed to increase the power output by 20% Note 
particularly the change in S in both direction and magnitude 
7 3 Following the change described in Problem 7.2, what action would be required, and in 
what amount, to restore the power factor to its original value? 

7 4 Repeat Example 7 1 except that instead of increasing the excitation, decrease E g to a mag¬ 
nitude less than that of V, Observe the new values of 8 and d and, in particular, the 
change in 8 and 6 

7.5 Comparing results of Example 7 1 and Problems 7 1-7 4, can you make any general state¬ 
ment regarding the sensitivity of 8 and d to changes in P and £ g ? 

7 6 Establish a line of reasoning to show that a heavily cumulative compounded exciter is not 
desirable Assume linear variations where necessary to establish your arguments 
7 7 Consider the separately excited exciter E shown in Figure P7.7. The initial current in 
the generator field is p when the exciter voltage v F = k Q At time t = a a step function 
in the voltage v F is introduced; i e , v F = k Q + k } u(t - a) 



Fig. P7 7 



Compute the current i F Sketch this result for the cases where the time constant 
L f /r f is both very large and very small Plot the current function in the s plane. 

7 8 Consider the exciter shown in Figure P7 8, where the main exciter M is excited by a pilot 
exciter P such that the relation v F = k'w e ^ ki ] holds. What assumptions must be made 
for the above relation to be approximately valid? Compute the current i 2 due to a step 
change in the pilot exciter voltage, i.e , for u F = u(t) 


Ri R £ 



Fig P7 8 


7 9 A solenoid is to be used as the sensing and amplification mechanism for a crude voltage 
regulator The system is shown in Figure P7 9 Discuss the operation of this device and 
comment on the feasibility of the proposed design Write the differential equations that 
describe the system 
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7 10 An exciter for an ac generator, instead of being driven from the turbine-generator shaft, 
is driven by a separate motor with a large flywheel Consider the motor to have a constant 
output torque and write the equations for this system 

7 11 Analyze the system given in Figure P7 11 to determine the effectiveness of the damping 
transformer in stabilizing the system to sudden changes. Write the equations for this sys¬ 
tem and show that, with parameters carefully selected, a degree of stabilization is achieved, 
particularly for large values of R P Assume no load on the exciter 


R 



7 12 The separately excited exciter shown in Figure P7 12 has a magnetization curve as given 
in Table 7 3 Other constants of interest are 

N = 2500 Up = 125 V 

o = 1.2 R = 8 ft in field winding 

k = 12,000 v f = 120 V (rated) 


100 




Fig P7 12 


(a) Determine the buildup curve beginning at rated voltage; i.e , v f , = 120 V What are 
the initial and final values of resistance in the field circuit? 

(b) What is the main exciter response ratio? 

7 13 Given the same exciter of Problem 7.12, consider a self-excited connection with an ampli- 
dyne boost-buck regulation system that quickly goes to its saturation voltage of +100 V 
following a command from the voltage regulator If this forcing voltage is held constant, 
compute the buildup Assume v F] = 40V,t> f2 = 180 V 
7.14 Assume that the constants t a , t e , t c , K e ,K c , and K A are the same as in Example 7 7 
Let t r take the values of 0 001, 0 01, and 01 Find the effect of t r on the branch 
of the root locus near the imaginary axis 


7 15 Repeat Problem 7 14 with t r - 0 05 and for values of i A - 0 05 and 0 2 

7 16 Obtain the loci of the roots for the polynomial ol (7 63) for t f =- 0 3 and for values of 
K f between 0 02 and 0 10 

7 17 Obtain (or sketch) a root-locus plot for the svstem of Example 7 8 for K f - 0 05 and 
*>-03 

7 18 Complete the analog computer simulation of the system ol one machine connected to an 
infinite bus (given in Chapter 5) by adding the simulation of the excitation system Use a 
Type 1 exciter Also include the effect of saturation in the simulation 

7 19 For the excitation system described in Example 7 9 and for the machine model and operat¬ 
ing conditions described in F.xample 6 6, obtain the A matrix of the system and find the 
eigenvalues 

7 20 Repeat Problem 7 19 for the conditions of Example 6 7 

7 21 Repeat Example 7 9 for the operating condition of Example 6 1 

7 22 Repeat Example 7 9 (with the same operating condition) using a Type 2 excitation system 
Data for the excitation system is given in Table 7 11 

7 23 Show how the choice of base voltage for the voltage regulator output V R affects other 
constants in the forward loop Assume the usual bases for V, and E FD 
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8 1 Introduction 

Considerable attention has been given in the literature to the excitation system and 
its role in improving power system stability Early investigators realized that the so- 
called “steady-state” power limits of power networks could be increased by using the 
then available high-gain continuous-acting voltage regulators [1] It was also recognized 
that the voltage regulator gain requirement was different at no-load conditions from 
that needed for good performance under load In the early 1950s engineers became 
aware of the instabilities introduced by the (then) modern voltage regulators, and stabi¬ 
lizing feedback circuits came into common use [2] In the 1960s large interconnected 
systems experienced growing oscillations that disrupted parallel operation of large sys¬ 
tems [3-12] It was discovered that the inherently weak natural damping of large and 
weakly coupled systems was the main cause and that situations of negative damping 
were further aggravated by the regulator gain [13] Engineers learned that the system 
damping could be enhanced by artificial signals introduced through the excitation sys¬ 
tem This scheme has been very successful in combating growing oscillation problems 
experienced in the power systems of North America 

The success of excitation control in improving power system dynamic performance 
in certain situations has lead to greater expectations among power system engineers 
as to the capability of such control Because of the small effective time constants in 
the excitation system control loop, it was assumed that a large control effort could be 
expended through excitation control with a relatively small input of control energy 
While basically sound, this control is limited in its effectiveness. A part of the engi¬ 
neer’s job, then, is to determine this limit, i e , to find the exciter design and control 
parameters that can provide good performance at reasonable cost [14] 

The subject of excitation control is further complicated by a conflict in control 
requirements in the period following the initiation of a transient. In the first few cycles 
these requirements may be significantly different from those needed over a few seconds 
Furthermore, it has been shown that the best control effort in the shorter period may 
tend to cause instability later. This suggests the separation of the excitation control 
studies into two distinct problems, the transient (short-term) problem and the dynamic 
(long-term) problem It should be noted that this terminology is not universally used 
Some authors call the dynamic stability problem by the ambiguous name of “steady- 
state stability ” Other variations are found in the literature, but usually the two prob¬ 
lems are treated separately as noted 
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Chapter 8 


Effect of Excitation on Stability 


8.1.1 Transient stability and dynamic stability considerations 

In transient stability the machine is subjected to a large impact, usually a fault, 
which is maintained for a short time and causes a significant reduction in the machine 
terminal voltage and the ability to transfer synchronizing power If we consider the 
one machine-infinite bus problem, the usual approximation for the power transfer is 
given by 


P = x) sin 5 (8 1) 

where V, is the machine terminal voltage and V x is the infinite bus voltage Note 
that if V, is reduced, P is reduced by a corresponding amount Prevention of this 
reduction in P requires very fast action by the excitation system in forcing the field to 
ceiling and thereby holding V, at a reasonable value Indeed, the most beneficial 
attributes the voltage regulator can have for this situation is speed and a high ceiling 
voltage, thus improving the chances of holding V t at the needed level Also, when 
the fault is removed and the reactance x of (8 1) is increased due to switching, another 
fast change in excitation is required These violent changes affect the machine’s ability 
to release the power it is receiving from the turbine These changes are effectively 
controlled by very fast excitation changes 

The dynamic stability problem is different from the transient problem in several 
ways, and the requirements on the excitation system are also different By dynamic 
stability we mean the ability of all machines in the system to adjust to small load 
changes or impacts Consider a multimachine system feeding a constant load (a con¬ 
dition never met in practice) Let us assume that at a given instant the load is 
changed by a small amount, say by the energizing of a very large motor somewhere in 
the system Assume further that this change in load is just large enough to be recog¬ 
nized as such by a certain group of machines we will call the control group The 
machines nearest the load electrically will see the largest change, and those farther 
away will experience smaller and smaller changes until the change is not perceptible 
at all beyond the boundary of the control group 

Now how will this load change manifest itself at the several machines in the control 
group? Since it is a load increase, there is an immediate increase in the output power 
requirements from each of the machines Since step changes in power to turbines 
are not possible, this increased power requirement will come first from stored energy in 
the control group of machines Thus energy stored in the magnetic field of the machines 
is released, then somewhat later, rotating energy [(1/2 )mv 2 ] is used to supply the 
load requirements until the governors have a chance to adjust the power input to the 
various generators. Let us examine the behavior of the machines in the time interval 
prior to the governor action This interval may be on the order of 1 s. In this 
time period the changes in machine voltages, currents, and speeds will be different for 
each machine in the control group because of differences in unit size, design, and elec¬ 
trical location with respect to the load Thus each unit responds by contributing its 
share of the load increase, with its share being dictated by the impedance it sees at its 
terminals (its Thevenin impedance) and the size of the unit. Each unit has its own 
natural frequency of response and will oscillate for a time until damping forces can 
decay these oscillations Thus the one change in load, a step change, sets up ail 
kinds of oscillatory responses and the system “rings” for a time with many frequencies 
present, these induced changes causing their own interaction with neighboring machines 
(see Section 3 6). 







Now visualize the excitation system in this situation In the older electromechani¬ 
cal systems there was a substantial deadband in the voltage regulator, and unless the 
generator was relatively close to the load change, the excitation of these machines would 
remain unchanged I he machines closer to the load change would recognize a need for 
increased excitation and this would be accomplished, although somewhat slowly 
Newer excitation systems present a different kind of problem These systems recognize 
the change in load immediately, either as a perceptible change in terminal voltage, 
terminal current, or both Thus each oscillation of the unit causes the excitation sys¬ 
tem to try to correct accordingly, since as the speed voltage changes* the terminal 
voltage also changes. Moreover, the oscillating control group machines react with one 
another, and each action or reaction is accompanied by an excitation change. 

The excitation system has one major handicap to overcome in following these 
system oscillations; this is the effective time constant of the main exciter field which 
is on the order of a few seconds or so Thus from the time of recognition of a desired 
excitation change until its partial fulfillment, there is an unavoidable delay During 
this delay time the state of the oscillating system will change, causing a new excitation 
adjustment to be made This system lag then is a detriment to stable operation, and 
several investigators have shown examples wherein systems are less oscillatory with the 
voltage regulators turned off than with them operating [7, 12] 

Our approach to this problem must obviously depend upon the type of impact 
under consideration For the large impact, such as a fault, we are concerned with 
maximum forcing of the field, and we examine the response in building up from normal 
excitation to ceiling excitation This is a nonlinear problem, as we have seen, and the 
shape of the magnetization curve cannot be neglected The small impact or dynamic 
stability problem is different Here we are concerned with small excursions from nor¬ 
mal operation, and linearization about this normal or “quiescent” point is possible and 
desirable Having done this, we may study the response using the tools of linear sys¬ 
tems analysis; in this way not only can we analyze but possibly compensate the system 
for better damping and perhaps faster response 

8 2 Effect of Excitation on Generator Power Limits 

We begin with a simple example, the purpose of which is to show that the excitation 
system can have an effect upon stability 


Example 8 1 

Consider the two-machine system of Figure 8 1, where we consider one machine 
against an infinite bus (This problem was introduced and analyzed by Concordia [1] ) 
The power output of the machine is given by 

P = [E ] E 2 /(X i + X 2 )\ sin 6 

b = 5, + b 2 (8 2) 



Fig 8 1 One machine-infinite bus system 
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= r 

I..0 

= r 


Fig 8 2 Phasor diagram for Example 8 1 

This equation applies whether or not there is a voltage regulator Determine the effect 
of excitation on this equation 

Solution 

We now establish the boundary conditions for the problem First we assume that 
X { = X 2 = 10 pu and that V, = 1 0 pu _Then for any given load the voltages £, and 
£- 2 must assume a certain value to hold V t at 10 pu. If the power factor is unity, £, 
and E 2 have the same magnitude as shown in the phasor diagram of Figure 8 2. If 
£, and £ 2 are held constant at these values, the power transferred to the infinite 
bus varies sinusoidally according to (8.2) and has a maximum when 5 is 90° 

Now assume that £, and E 2 are both subject to perfect regulator action and that 
t e key to this action is that V t is to be held at 1 0 pu and the power factor is to be 
held at unity We write in phasor notation 



Adding these equations we have 

Fi + £2 = 2 = 2\/l + I 2 cos 8/2 




Fig 8 3 Comparison of power transferred at unity power factor with and without excitation control 
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or 


£, = E 2 


1 

cos 5/2 


(8 3) 


Substituting (8.3) into (8 2) and simplifying, we have for the perfect regulator at unity 
power factor, J 


P = tan 5/2 


(8 4) 


The result is plotted in Figure 8.3 along with the same result for the case of constant 
(unregulated) £, and £ 2 

In deriving (8 4), we have tacitly assumed that the regulators acting upon £, and 
£2 do so instantaneously and continuously. The result is interesting for several reasons. 
First, we observe that with this ideal regulation there is no stability limit Second it is 
indicated that operation in the region where 5 > 90° is possible We should comment 
that the assumed physical system is not realizable since there is always a lag in the 
excitation response even if the voltage regulator is ideal Also, excitation control of the 
infinite bus voltage is not a practical consideration, as this remote bus is probably not 
infinite and may not be closely regulated 


£ xample 8 2 

Consider the more practical problem of holding the voltage £ 2 constant at I 0 pu 
and letting the power factor vary, other things being the same 

Solution 

Under this condition we have the phasor diagram of Figure 8.4 where we note 
that the locus of £ 2 is the dashed circular arc of length I 0 Note that the power factor 
is constrained by the relation 

0, = 5 2 /2 (g 5) 

where 0, = 2 tt - 0 and 5 = 5, - 5 2 . 

Writing phasor equations for the voltages, we have 



*/ 
/ 

/ 


Fig 8 4 Phasor diagram for Example 8 2 
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Torque Angle, 6 b, degrees 

Fig 8 5 System parameters as a function of b 2 

£, = 1 + j7 = 1 - /sin 6 + j/ cos 6 = Eye'*' 

E 2 = 1 — j/ = 1 + 7sin0 - j/cos0 = E 2 e~ i&2 (8 6) 

where 6, 0,, 5 t , and <5 2 are all measured positive as counterclockwise Noting that E 2 = 
1, we can establish that 

/ = 2sin0, £, sin<5 = 2sin<5 2 

sin b = 2sin5! tan5| = sin 5 2 /(2 - cos<5 2 ) (8.7) 

Thus once we establish <5 2 , we also fix 9, /, <5, and <5,, although the relationships 
among these variables are nonlinear These results are plotted in Figure 8 5 where 
equations (8 7) are used to determine the plotted values We also note that 

P - V, I cos 8 (8 8) 

but fr om the second of equations (8 6) we can establish that 7 cos 9 = sin b 2 or 

P = sin b 2 (8 9) 

so b 2 also establishes P Thus P does have a maximum in this case, and this occurs 
when b 2 = 90° (£ 2 pointing straight down in Figure 8 4) In this case we have at 
maximum power 

Ei = 2 + j 1 = 2 235 /26.6° 7=1414 

6 = -45° b = 116 6° 

The important thing to note is that P is again limited, but we see that b may go 
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Fig 8.6 Variation of P with <5 

beyond 90° to achieve maximum power and that this requires over 2 pu The 
variation of P with 5 is shown in Figure 8 6 


These simple examples show the effect of excitation under certain ideal situations 
Obviously, these ideal conditions will not be realized in practice ITowever, they provide 
limiting values of the effect of excitation on changing the effective system parameters 
A power system is nearly a constant voltage system and is made so because of system 
component design and close voltage control This means that the Thevenin impedance 
seen looking into the source is very small. Fast excitation helps keep this impedance 
small during disturbances and contributes to system stability by allowing the required 
transfer of power even during disturbances Finally, it should be stated that while the 
ability of exciters to accomplish this task is limited, other considerations make it 
undesirable to achieve perfect control and zero Thevenin impedance Among these is 
the fault-interrupting capability 

8.3 Effect of the Excitation System on Transient Stability 

In the transient stability problem the performance of the power system when sub¬ 
jected to severe impacts is studied The concern is whether the system is able to main¬ 
tain synchronism during and following these disturbances The period of interest is 
relatively short (at most a few seconds), with the first swing being of primary impor¬ 
tance In this period the generator is suddenly subjected to an appreciable change in 
its output power causing its rotor to accelerate (or decelerate) at a rate large enough 
to threaten loss of synchronism The important factors influencing the outcome are the 
machine behavior and the power network dynamic relations For the sake of this dis¬ 
cussion it is assumed that the power supplied by the prime movers does not change in 
the period of interest. Therefore the effect of excitation control on this type of transient 
depends upon its ability to help the generator maintain its output power in the period 
of interest 

To place the problem in the proper perspective, we should review the main factors 
that affect the performance during severe transients These are: 

1. The disturbing influence of the impact This includes the type of disturbance, its 
location, and its duration.. 

2 The ability of the transmission system to maintain strong synchronizing forces during 
the transient initiated by a disturbance 
3. The turbine-generator parameters. 

The above have traditionally been the main factors affecting the so-called first-swing 
transients. The system parameters influencing these factors are: 
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1. The synchronous machine parameters Of these the most important are: (a) the 
inertia constant, (b) the direct axis transient reactance, (c) the direct axis open cir¬ 
cuit time constant, and (d) the ability of the excitation system to hold the flux 
level of the synchronous machine and increase the output power during the transient 

2 The transmission system impedances under normal, faulted, and postfault condi¬ 
tions. Here the flexibility of switching out faulted sections is important so that large 
transfer admittances between synchronous machines are maintained when the fault is 
isolated 

3 The protective relaying scheme and equipment The objective is to detect faults 
and isolate faulted sections of the transmission network very quickly with minimum 
disruption. 

8 3 1 The role of the excitation system in classical model studies 

In the classical model it is assumed that the flux linking the main field winding 
remains constant during the transient If the transient is initiated by a fault, the arma¬ 
ture reaction tends to decrease this flux linkage [15]. This is particularly true for the 
generators electrically close to the location of the fault The voltage regulator tends 
to force the excitation system to boost the flux level Thus while the fault is on, the 
effect of the armature reaction and the action of the voltage regulator tend to counter¬ 
act each other These effects, along with the relatively long effective time constant of 
the main field winding, result in an almost constant flux linkage during the first swing of 
1 s or less (For the examples in Chapter 6 this time constant K 3 r d0 is about 2.0 s.) 

It is important to recognize what the above reasoning implies First, it implies the 
presence of a voltage regulator that tends to hold the flux linkage level constant Sec¬ 
ond, it is significant to note that the armature reaction effects are particularly pro¬ 
nounced during a fault since the reactive power output of the generator is large There¬ 
fore the duration of the fault is important in determining whether a particular type of 
voltage regulator would be adequate to maintain constant flux linkage 

A study reported by Crary [2] and discussed by Young [15] illustrates the above 
The system studied consists of one machine connected to a larger system through a 200- 
mile double circuit transmission line The excitation system for the generator is Type 1 
(see Chapter 7) with provision to change the parameters such that the response ratio 
(RR) varies from 0 10 to 3.0 pu The former corresponds to a nearly constant field 
voltage condition The latter would approximate the response of a modern fast excita¬ 
tion system. Data of the system used in the study are shown in Figure 8 7 A transient 
stability study was made for a three-phase fault near the generator The sending end 
power limits versus the fault clearing time are shown in Figure 8 8 for different exciter 
responses (curves 1-5) and for the classical model (curve 6) 

From Figure 8 8 it appears that the classical model corresponds to a very slow and 
weak excitation system for very short fault clearing times, while for longer clearing 
times it approximates a rather fast excitation system If the nature of the stability 
study is such that the fault clearing time is large, as in “stuck breaker” studies [15], 
the actual power limits may be lower than those indicated when using the classical 
model 

In another study of excitation system representation [16] the authors report (in a 
certain stability study they conducted) that a classical representation showed a certain 
generator to be stable, while detailed representation of the generator indicated that loss 
of synchronism resulted The authors conclude that the dominant factor affecting loss 



Generator: 

x d = 0 63 pu 
x q = 0 42 pu 
x' d = 0 21 pu 
H = 50 s 
■r'do = 5 0 s 
x, = 0 10 pu 

Line: 

* = 0 8 ft/mi/line 

r = 0 12 fi/mi/line 

y = 5 2 x 10" 6 mho/mi/line 

System: 

x m = °-2 PU 

H = 50 0 s 


Regulating system: 
^ = 20 
Mt = 4 
t s * 0 47 s 

£ max = 2 25 P u 
£ min = -0 30 pu 


System damping: 

Fault 

Fault on cleared 


T dn 1 4 

T d n 0 3 

T d 21 0 3 

T <m 15 18 


Fig 8 7 Two-machine system with 200-mile transmission lines 


of synchronism is the inability of the excitation system of that generator, with response 
ratio of 0 5, to offset the effects of armature reaction 

8 3 2 Increased reliance on excitation control to improve stability 

Trends in the design of power system components have resulted in lower stability 
margins Contributing to this trend are the following: 

1 Increased rating of generating units with lower inertia constants and higher pu re¬ 
actances 

2 Large interconnected system operating practices with increased dependence on the 
transmission system to carry greater loading 

These trends have led to the increased reliance on the use of excitation control as a 



Fig 8.8 Sending-end power versus fault clearing time for different excitation system responses 
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Time, 5 
(c) 


F ig 8 9 Results of excitation system studies on a western U:§ system: (a) One-line diagram with fault lo¬ 
cation, (b) frequency deviation comparison for a fotiF-eycle fault, (c) frequency deviation compari¬ 
son for a 9.6-cycle fault: A = 2 0 ANSI conventional exeitation system; B = low time constant ex¬ 
citation system with rate feedback; C = low time constant excitation system without rate feedback 
(® IEEE Reprinted from IEEE Trans vol PAS-90 Sept /Oct i971 ) 


means of improving Stability [17j This has prompted significant technological ad¬ 
vances in excitation systems 

As an aid to transient stability, the desirable excitation system characteristics are 
a fast speed of response and a high ceiling voltage With the help of fast transient 
forcing of excitation and the boost of internal machine flux, the electrical output of the 
machine may be increased during the first swing compared to the results obtainable 
with a slow exciter This reduces the accelerating power and results in improved 
transient performance 
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Modern excitation systems can be effective in two ways; in reducing the severity 
of machine swings when subjected to large impacts by reducing the magnitude of the 
first swing and by ensuring that the subsequent swings are smaller than the first The 
latter is an important consideration in present-day large interconnected power systems. 
Situations may be encountered where various modes of oscillations reinforce each other 
during later swings, which along with the inherent weak system damping can cause 
transient instability after the first swing With proper compensation a modern excita¬ 
tion system can be very effective in correcting this type of problem However, except 
for transient stability studies involving faults with long clearing times (or stuck 
breakers), the effect of the excitation system on the severity of the first swing is rela¬ 
tively small That is, a very fast, high-response excitation system will usually reduce 
the first swing by only a few degrees or will increase the generator transient stability 
power limit (for a given fault) by a few percent.. 

In a study reported by Perry et al [18] on part of the Pacific Gas and Electric 
Company system in northern California, the effect of the excitation system response on 
the system frequency deviation is studied when a three-phase fault occurs in the network 
(at the Diablo Canyon site on the Midway circuit adjacent to a 500-kV bus) Some 
of the results of that study are shown in Figure 8 9 A one-line diagram of the network 
is shown in Figure 8.9(a) The frequency deviations for 4-cycle and 9 6-cycle faults 
are shown in Figures 8 9(b) and 8 9(c) respectively The comparison is made between 
a 2 0 response ratio excitation system (curve A), a modern, low time constant excita¬ 
tion with rate feedback (curve B) and without rate feedback (curve C). The results 
of this study support the points made above 

8 3 3 Parametric study 

Two recent studies [17, 19] show the effect of the excitation system on “first-swing” 
transients Figure 8 10 shows the system studied where one machine is connected to 
an infinite bus through a transformer and a transmission network The synchronous 
machine data is given in Table 8 1 

The transmission network has an equivalent transfer reactance X e as shown in 

Table 8 1.. Machine Data for the Studies 
of Reference [19] 

x d = 1.72 pu T d o = 63 s 

x' d = 0 45 pu T d0 = 0 033 s 

x'j = 0 33 pu t ' v0 = 0 43 s 

x q = 1 68 pu r'o = 0 033 s 

x'g = 0.59 pu H = 40 s 

x‘q = 0.33 pu 



Fig. 8 10 System representation used in a parametric study of the effect of excitation on transient stability 
(©IEEE Reprinted from IEEE Trans vol PAS-89, July/Aug 1970 ) 
























320 


Chapter 8 


Effect of Excitation on Stability 


321 


Figure 8 10 A transient is initiated by a three-phase fault on the high-voltage side 
of the transformer The fault is cleared in a specified time After the fault is cleared, 
the transfer reactance X e is increased from X eb (the value before the fault) to X ea (its 
value after the fault is cleared) The machine initial operating conditions are sum¬ 
marized in Table 8 2 


I able 8.2.. Prefault Operating Conditions, 
All Values in pu 


*eb 

K 

V„ 

P 

Q 

02 

1 0 

0 94 

0 90 

0 39 

04 

1.0 

0 90 

0 90 

0 45 

0 6 

1 0 

0 91 

0 90 

0 44 

08 

1 0 

0 97 

0 90 

0 44 


With the machine operating at approximately rated load and power factor, a three- 
phase fault is applied at the high-voltage side of the step-up transformer for a given 
length of time When the fault is cleared, the transmission system reactance is changed 
to the postfault reactance X ea , and the simulation is run until it can be determined if the 
run is stable or unstable This is repeated for different values of X ea until the maxi¬ 
mum value of X ea is found where the system is marginally stable. 

Two different excitation system representations were used in the study: 

1 A 0.5 pu response alternator-fed diode system shown in Figure 8 11 

2 A 3.0 pu response alternator-fed SCR system with high initial response shown in 
Figure 8 12 This system has a steady-state gain of 200 pu and a transient gain of 
20 pu An external stabilizer using a signal V s derived from the shaft speed is also 
used (see Section 8 7) 



Fig 8.11 Excitation block diagram for a 0 5 RR alternator-fed diode system (©IEEE Reprinted from 
IEEE Tram vol PAS-89, July/Aug 1970 ) 


From the data presented in [19], the effect of excitation on the “first-swing” tran¬ 
sients is shown in Figure 8 1.3, where the critical clearing time is plotted against the 
transmission line reactance for the case where X ea = X eb and for the two different 
types of excitation system used The critical clearing time is used as a measure of 
relative stability for the system under the impact of the given fault Figure 8 13 shows 
that for the conditions considered in this study a change in exciter response ratio from 
0 5 to 3 0 resulted in a gain of approximately one cycle in critical clearing time 



V s 

Fig 8 12 Excitation block diagram for a 3 0 RR alternator-fed SCR excitation system (© IEEE Re¬ 
printed from IEEE Trans vol PAS-89 July/Aug 1970 ) 

8 3 4 Reactive power demand during system emergencies 

A situation frequently encountered during system emergencies is a high reactive 
power demand The capability of modern generators to meet this demand is reduced 
by the tendency toward the use of higher generator reactances Modern exciters with 
high ceiling voltage improve the generator capability to meet this demand It should 
be recognized that excitation systems are not usually designed for continuous operation 
at ceiling voltage and are usually limited to a few seconds of operation at that level 
Concordia and Brown [17] recommend that the reactive-power requirement during sys¬ 
tem emergencies should be determined for a time of from a few minutes to a quarter- 
or half-hour and that these requirements should be met by the proper selection of the 
generator rating 

8 4 Effect of Excitation on Dynamic Stability 

Modern fast excitation systems are usually acknowledged to be beneficial to tran¬ 
sient stability following large impacts by driving the field to ceiling without delay 
However, these fast excitation changes are not necessarily beneficial in damping the 
oscillations that follow the first swing, and they sometimes contribute growing oscilla¬ 
tions several seconds after the occurrence of a large disturbance With proper design 
and compensation, however, a fast exciter can be an effective means of enhancing 
stability in the dynamic range as well as in the first few cycles after a disturbance 

Since dynamic stability involves the system response to small disturbances, analysis 
as a linear system is possible, using the linear generator model derived previously [11] 
For simplicity we analyze the problem of one machine connected to an infinite bus 



Fig 8.13 Transient stability studies resulting from studies of [19]: A = 0 5 RR diode excitation system; 

B = 3 0 pu RR SCR excitation system (©IEEE. Reprinted from IEEE Tram vol. PAS-89, 
July/Aug 1970 ) 
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through a transmission line The synchronous machine equations, for small perturba¬ 
tions about a quiescent operating condition, are given by (the subscript A is omitted 
for convenience) 


T e ~ K x 8 + K 2 E' q (8 10) 

E' q = [A 3 /(l + E 3 T d0 s)\E FD — [K 3 K 4 /( 1 + K 3 T dFi s)}8 (8 11) 

V, = K s 5 + K 6 E' q (8 12) 

rycos = T m - T e (8 13) 


where r d0 is the direct axis open circuit time constant and the constants K x through K 6 
depend on the system parameters and on the initial operating condition as defined in 
Chapter 6 In previous chapters it was pointed out that this model is a substantial 
improvement over the classical model since it accounts for the demagnetizing effects 
of the armature reaction through the change in E' q due to change in <5 

We now add to the generator model a regulator-excitation system that is repre¬ 
sented as a first-order lag Thus the change in E FD is related to the change in V, 
(again the subscript A is dropped) by 

E fd /V, = -KJ(l + t,s) (8 14) 

where K ( is the regulator gain and r ( is the exciter-regulator time constant. 

8,4.1 Examination of dynamic stability by Routh's criterion 

To obtain the characteristic equation for the system described by (8 10)-(8 14), 
a procedure similar to that used in Section 3 5 is followed First, we obtain 


T e (s) 


- 


K 2 K 4 


s + (l/r t + K 5 K t /K 4 T t ) 


6(s) (8 15) 


Tlo S ! + s(1/t, + + [(1 + K,K t K, )/K,r^r,\ 

From (8 13) for T m = 0, 

= -(ui/T j)T, - -( Ur /2H)T, (8 16) 

By combining (8 15) and (8 16) and rearranging, the following characteristic equa¬ 
tion is obtained: 


s 4 -I- as 3 + fis 2 + ys + rj = 0 

where a = 1/r, + 1 / A 3 7-^0 

P = [(1 + K 3 K 6 K ( )/K 3 t^t ( ] + K x (w R /2//) 

y - H (*iA, + K x /K 3 r ' d 0 - K 2 K A /r ' d0 ) 

= « R [ *,(1 + K 3 K 6 K t ) K 2 K a ( K 5 kX 

2H[ K 3 ThT t r^orA Kj. 

Applying Routh’s criterion to the above system, we establish the array 


s 4 1 P V 

s 3 a 7 0 

s 2 a x a 2 

s' b x b 2 


(8 17) 
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where 


«i = O/<OO*0 - y) = P - y/a 
a 2 = (l/a)(aj 7 - 0) = rj 


b K = (l/fl,)(a ,7 - a 2 a) 


y(P - y/oc) - ay 
P - y/a 


b 2 = 0 Ct = a 2 = v 


(8.18) 


According to Routh’s criterion for stability, the number of changes in sign in the first 
column (1, «, a ,, b x , and Ci) corresponds to the number of roots of (8 17) with positive 
real parts Therefore, for stability the terms a , a x , b x , and c, must all be greater than 
zero Thus the following conditions must be satisfied 


1 a = l/r { + \/K 3 r d0 > 0, and since r ( and r d0 are positive, 

rVr, > -\/K 3 


(8 19) 


K 3 is an impedance factor that is not likely to be negative unless there is an exces¬ 
sive series capacitance in the transmission network Even then r' dQ /r t is usually large 
enough to satisfy the above criterion 
2 a x = P - y/a > 0 


(1 + K 3 K b K f i „ 


E 3 T d Q T ( 0) R 


( T t + ^3 T rfo\ 

k 2 kA 

l X.rj.r. 

2 Hj 

K 3 T ' d 0 + t, 2H 

A 1 

V K 3 T' d0 T t 1 

T d0 


or 


K. > - 


T d0 r ( 

K, 


u) K K 2 K 3 K^t ( 
2 H(K 3 T d0 + t ( ) 


1 

K3 T dO T t 


(8 20 ) 


This inequality is easily satisfied for all values of constants normally encountered in 
power system operation Note that negative K t is not considered feasible From 
(8.20) K, is limited to values greater than some negative number, a constraint that 
is always satisfied in the physical system 


3 b x = y 


ay 

P - y/a 


> 0 




K 2 K 4 

T d0 


( T t + K-3Tdo)/K)T d0 T t 


1 + K 3 K b K ( + u R 


t,K 7 K*Ka 


K x 


1 + K 3 K 6 K\ __ K 2 K. 

K} T dQ T t ) T 'd0 T t 


1 + 


K S K . 

K, 


> 0 


^3 T d0 T t 


2H K 3 T d 0 + t ( 


Rear ranging, this expression may be written as 


ct>RK x K 2 K i 

2Hr' d0 


K 2 K 4 (\ + K 3 K 6 K t ) _ w r K 2 2 K 3 KIt, 

Ki T dC>T t 2H T d ( j (K i T d ( } + T e ) 


' K 3 r' dQ + t\ K 2 K 4 i K 3 K\ 

k K 3 T d0 T ( I T d0 T ( \ K A ) 


> 0 


( 8 . 21 ) 


We now recognize the first expression in parentheses in the last term of (8 21) to be 
the positive constant a defined in (8 17) Making this substitution and rearranging < 
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to isolate K t terms, we have 


2 H 



k 2 k 4 \ 

<XTdO I 


1 



~ Cxft-5 Tjo 
K4 T jo T ( 


K. 


(8 22 ) 


The expressions in parentheses are positive for any load condition Equation (8 22) 
places a maximum value on the gain K ( for stable operation 
4 c, = tj > 0 


„ /l + K,K 6 K ( \ X 2 X 4 ( t K S K,\ 

K ' n^-j - ^ i 1 + 

K(K,K 6 - K 2 K s ) 

Since K X K 6 - K 2 K 5 > 0 for all physical situations, we have 

K ( > X 2 X 4 /(X,X 6 - K 2 K s ) 

This condition puts a lower limit on the value of K ( 


> 0 

> k 2 k 4 


(8 23) 



Example 8 3 

For the machine loading of Examples 5.1 and 5 2 and for the values of the con¬ 
stants X, through X 6 calculated in Examples 6 6 and 6 7, compute the limitations on the 
gain constant X,, using the inequality expressions developed above Do this for an ex¬ 
citer with time constant r ( = 0 5 s 

Solution 

In Table 8 3 the values of the constants X, through X 6 are given together with the 
maximum value of X, from (8.22) and the minimum value of K t from (8 23) The regu- 
lator time constant r, used is 0.5 s, t’ m = 5 9s, and H = 2 37 s Case I is discussed 
in Examples 5 1 and 6 6; Case 2, in Examples 5 2 and 6 5. 

From Table 8 .3 it is apparent that the generator operating point plays a significant 
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role in system performance. The loading seems to influence the values of X, and X 5 
more than the other constants At heavier loads the values of these constants change 
such that in (8 22) the left side tends to decrease while the right side tends to increase. 
This change is in the direction to lower the permissible maximum value of exciter- 
regulator gain X c For the problem under study, the heavier load condition of Case 1 
allows a lower limit for K ( than that for the less severe Case 2 


Routh’s criterion is a feasible tool to use to find the limits of stable operation in a 
physical system As shown in Example 8 3, the results are dependent upon both the sys¬ 
tem parameters and the initial operating point The analysis here has been simplified to 
omit the rate feedback loop that is normally an integral part of excitation systems. Rate 
feedback could be included in this analysis, but the resulting equations become compli¬ 
cated to the point that one is almost forced to find an alternate method of analysis 
Computer based methods are available to determine the behavior of such systems and 
are recommended for the more complex cases [20, 21]. 

One special case of the foregoing analysis has been extensively studied [11], This 
analysis assumes high regulator gain (X 3 X 6 X, » 1) and low exciter time constant 
(r, « X 3 r; 0 ). In this special case certain simplifications are possible See Problem 8 4. 

8 4 2 Further considerations of the regular gain and time constant 

At no load the angle b is zero, and the 6 dependence of (8 10)-(8 2.3) does not apply. 
For this condition we can easily show that the machine terminal voltage V, is the same 
as the voltage Changes in this latter voltage follow the changes in E FD with a 
time lag equal to r d0 A block diagram representing the machine terminal voltage 
at no load is shown in Figure 8 14. From that figure the transfer function for VJV REF 
can be obtained by inspection 

K/J'ref - ^</[U + A ( ) + K T e + Tdo) + tj 0 t ( s 2 ] (8 24) 


Table 8.3. Computed Constants for the 
Linear Regulated Machine 


Constants 

Case 1 (Ex. 5.1) 

Case 2 (Ex. 5.2) 


1 076 

1 448 

X 2 

1 258 

1 317 

a 3 

0 307 

0 307 

a 4 

1 712 

1 805 

a 5 

-0 041 

0 029 

a 6 

0 497 

0 526 

a 

2 552 

2 552 

X 2 X 3 X 4 r e 

0 331 

0 365 

^3 T d0 + T ( 

2 313 

2 313 

K l T dOT e 

0 906 

0 906 

^2^4 /<XT d0 

0 143 

0 158 

k 4 k 6 

0 851 

0 949 

aK 5 T d0 

-0 616 

0 442 

l^4 r d0jf 

5.051 

5 325 


4 000 

4 000 

K ( > 

-2 3 

-3 2 

K,< 

269.0 

1120.2 


Equation (8 24) can be put in the standard form for second-order systems as 

K /^ref = A/(s 2 + 2fu>„s + o> 2 ) (8 25) 

where X = X ( /t; o t„ u 2 n = (1 + XJ/r; o r ( , 2fu>„ = (l/r ( + \/t' m ) 

For good dynamic performance, i.e , for good damping characteristics, a reasonable 
value of f is 1/ V2 For typical values of the gains and time constants in fast exciters 
we usually have r' d0 » t, and X e » 1 We can show then that for good performance 
K ( ^ This is usually lower than the value of gain required for steady-state 

performance In [11] de Mello and Concordia point out that the same dynamic per¬ 
formance can be obtained with higher values of X t by introducing a lead-lag network 
with the proper choice of transfer function This is left as an exercise (see Problem 8 5) 



Fig 8 14 Block diagram representing the machine terminal voltage at no load 
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8 4.3 Effect on the electrical torque 

The electrical torque for the linearized system under discussion was developed in 
Chapter 3. With use of the linear model, the electrical torque in pu is numerically 
equal to the three-phase electrical power in pu Equation (3 13) gives the change in the 
electrical torque for the unregulated machine as a function of the angle 8 The same 
relation for the regulated machine is given by (3 40) From (3 13) we compute the 
torque as a function of angular frequency to be 

= K-i - + u 2 K]T’ d l)\(\ - jcoA! 37 Vo) (8 26) 

The real component in (8 26) is the synchronizing torque component, which is reduced 
by the demagnetizing effect of the armature reaction At very low frequencies the 
synchronizing torque is given by 


T, ^ K { - K 2 K z K a (8 27) 

In the regulated machine there is positive damping introduced by the armature reaction, 
which is given by the imaginary part of (8 26). This corresponds to the coefficient of 
the first power of s and is therefore a damping term 

In the regulated machine we may show the effect of the regulator on the electrical 
torque as follows From (3 40) the change of the electrical torque with respect to the 
change in angle is given by 


h 

8 






+ (l/r t + K s KJK a t ( ) 

1 + _ L _\ + ! + k,k, 

T t Ki^do) \ K 3 T d0 T, 

_^2 A 4 ( 1 + T,5) + K 2 K 3 K t 

[(l/A'j + K b K t ) + $ 2 (t ^ 0 r € )] + s(r d0 + tJK 3 ) 



T d0 


V + S 


(8 28) 


It can be shown that the effect of the terms K 2 K A (\ + r,s) in the numerator is very 
small compared to the term A 2 A 5 A ( This point is discussed in greater detail in [11]. 
Using this simplification, we write the expression for TJ8 as 


L 

8 


^ K, - 


_ K 2 K 5 K, _ 

[(I/A 3 + K,K t ) + TdoT l S 2 } + 5 (tjo + tJK-s) 


(8 29) 


which at a frequency a> can be separated into a real component that gives the synchro¬ 
nizing torque T s and into an imaginary component that gives the damping torque T d 
These components are given by 



1 


^_ A 2 Ar s A,[(l/A 3 + K b K t ) — oj 2 T d 0 T ( ] _ 

[(1 /AT 3 + K 6 K,) - u 2 T d0 T t ] 2 + O) 2 (r; o + T ( /K 3 ) 2 

_ ^2^5^-t{ T dO + T < /A 3 ) UJ _ 

[(I/A 3 + A 6 ^ ( ) - OJ 2 T d0 T t ] 2 + Oi 2 {r ' d o + t ( /K 3 ) 2 


(8 30) 
(8 31) 


Note that the damping torque T d will have the same sign as K 5 Ihis latter quantity 
can be negative at some operating conditions (see Example 6 . 6 ) In this case the regula¬ 
tor reduces the inherent system damping 

At very low frequencies (8 30) is approximately given by 


T s ~ K x - K 2 K s /K 6 (8 32) 

which is higher than the value obtained for the unregulated machine given by (8 27). 



v 



Fig 8 15 Block diagram of a linearized excitation system model 


Therefore, whereas the regulator improves the synchronizing forces in the machine at 
low frequencies of oscillation, it reduces the inherent system damping when K s is nega¬ 
tive, a common condition for synchronous machines operated near rated load 

8 5 Root-Locus Analysis of a Regulated Machine Connected to an Infinite Bus 

We have used linear system analysis techniques to study the dynamic response of 
one regulated synchronous machine In Section 7 8 , while the exciter is represented 
in detail, a very simple model of the generator is used In Section 8 4 the exciter 
model used is a very simple one In this section a more detailed representation of the 
exciter is adopted, along with the simplified linear model of the synchronous machine 
that takes into account the field effects The excitation system model used here is 
similar to that in Figure 7 54 except for the omission of the limiter and the saturation 
function 5 fi . This model is shown in Figure 8 15 In this figure the function G f (s) is the 
rate feedback signal The signal V s is the stabilizing signal that can be derived from any 
convenient signal and processed through a power system stabilizer network to obtain 
the desired phase relations (see Section 8 7) 

The system to be studied is that of one machine connected to an infinite bus through 
a transmission line This model used for the synchronous machine is essentially that 
given in Figure 6 3 and is based on the linearized equations (8 10)-(8 13). To simulate 
the damping effect of the damper windings and other damping torques, a damping 
torque component -Du is added to the model as shown in Figure 8 16 

The combined block diagram of the synchronous machine and the exciter is given 
in Figure 8 17 (with the subscript A omitted for convenience) 



Fig 8 16 Block diagram of the simplified linear model of a synchronous machine connected to an infinite 
bus with damping added 





















Fig. 8.17 Combined block diagram of a linear synchronous machine and exciter. 
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Fig 8 18 Block diagram with V, as the takeoff point for feedback loops 


To study the effect of the different feedback loops, we manipulate the block diagram 
so that all the feedback loops “originate” at the same takeoff point This is done by 
standard techniques used in feedback control systems [22] The common takeoff point 
desired is the terminal voltage V,, and feedback loops to be studied are the regulator 
and the rate feedback G f (s) The resulting block diagram is shown in Figure 8 18 
In that figure the transfer function N(s) is given by 


N(s) = 


K { K b {2Hs 1 2 3 4 + Ds + K { u r ) - u r K 2 K 3 K 5 
(1 + K^Td(,s){2IiS 2 + Ds + A^OIr) — CUrA^2^3^4 


(8 3.3) 


Note that the expression for N(s) can be simplified if the damping D is neglected or if 
the term containing K 5 is omitted (A 5 is usually very small at heavy load conditions). 

The system of Figure 8 18 is solved by linear system analysis techniques, using the 
digital computer A number of computer programs are available that are capable of 
solving very complex linear systems and of displaying the results graphically in several 
convenient ways or in tabular forms [20, 21] For a given operating point we can 
obtain the loci of roots of the open loop system and the frequency response to a sinu¬ 
soidal input as well as the time response to a small step change in input 

The results of the linear computer analysis are best illustrated by some examples 
In the analysis given in this section, the machine discussed in the examples of Chap¬ 
ters 4, 5, and 6 is analyzed for the loading condition of Example 6 7 The exciter data 
are K A = 400, t a = 0 05, K E = -0 17, r E = 0 95, K R = 10 and t r = 0 The machine 
constants are 2 H = 4 74 s, D = 2.0 pu and T d0 = 5 9s The constants A, through K 6 
in pu for the operating point to be analyzed are 


AT, = 1.4479 A 3 = 0 3072 K s = 0 0294 

K 2 = 1 .3174 A 4 = 1 8052 K 6 = 0 5257 


Example 8.4 

Use a linear systems analysis program to determine the dynamic response of the 
system of Figure 8 18 with and without the rate feedback The following graphical 
solutions are to be obtained for the above operating conditions: 

1 Root-locus plot 

2 Time response of V lA to a step change in K REF 

3 Bode diagram of the closed loop transfer function 

4 Bode diagram of the open loop transfer function 
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(a) (b) 

Fig 8 22 Bode plots of the open loop transfer function: (a) Cf = 0 (b) G f * 0 


Compute these graphical displays for two conditions: 

(a) G f { s) = 0 

(b) G f { s) = sK f /( 1 + 77 s), wi\h K F = 0 04, and 77 = 1.0 s 
Solution 

The results of the computer analysis are shown in Figures 8 19-8 22 for the different 
plots In each figure, part (a) is for the result without the rate feedback and part (b) 
is with the rate feedback 

Figures 8 19-8.20 show clearly that the system is unstable for this value of gain 
without the rate feedback Note the basic problem discussed in Example 7 7 With 
G f (s) = 0, the system dynamic response is dominated by two pairs of complex roots 
near the imaginary axis The pair that causes instability is determined by the field 


Table 8.4. Root-Locus Poles and Zeros of Example 8.4 


Condition 

Zeros 

Poles 

(a) K f 

= 0 

-0.21097 + jlO 45130 

-0 27324 




-0 21097 - j 10.45130 

-20 00000 





-0 17894 





-0 35020 

+ jlO 72620 




-0 35020 

- jlO 72620 

(b) K f 

= 0 04 

-1 19724 + j0 83244 

-20 00000 




-1 19724 - jO.83244 

-0 17894 




-0 40337 + j 10 69170 

-0 27324 




-0.40337 - jlO 69170 

-0 35021 

+ j 10 72620 




-0 35021 

- jlO 72620 




- 1 . 00000 
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winding and exciter parameters The effect of the pair caused by the torque angle loop 
is noticeable in the Bode plots of Figures 8 21-8.22 These roots occur near the natural 
frequency w„ = (1.4479 x 377/4 74) 1/2 = 10 73 rad/s. The rate feedback modifies the 
root-locus plot in such a way as to make the system stable even with high amplifier 
gains. The poles and zeros obtained from the computer results are given in Table 8 4 


Example 8 .5 

Repeat part (b) of Example 8 4 with (a) D =0 and (b) K s = 0 
Solution 

(a) For the case of D = 0 it is found (from the computer output) that the poles 
and zeros affected are only those determined by the torque angle loop These poles 
now become -0 13910 ± j 10 72550 (instead of -0 35021 ± j 10 72620) The net effect 
is to move the branch of the root locus determined by these poles and zeros to just 
slightly away from the imaginary axis 

(b) It has been shown that K s is numerically small Except for the situations where 
Ki becomes negative, its main effect is to change co„ to the value 

u> 2 „ = («*/2 H)(K t - K 2 K 5 /K 6 ) 

The computer output for K s = 0 is essentially the same as that of Example 8 4 

The root-locus plot and the time response to a step change in F ref for the cases 
of D = 0 and K 5 = 0 are displayed in Figures 8 23-8.24 


The examples given in this section substantiate the conclusions reached in Sec¬ 
tion 7.7 concerning the importance of the rate feedback for a stable operation at high 
values of gain A very significant point to note about the two pairs of complex roots 
that dominate the system dynamic response is the nature of the damping associated 
with them. The damping coefficient D primarily affects the roots caused by the torque 
angle loop at a frequency near the natural frequency The second pair of roots, 
determined by the field circuit and exciter parameters, gives a somewhat lower fre- 



Fig 8 24 Time response to a step change in E ref for the system of Example 8.5: (a) D = 0, (b) = 0 


quency and its damping is inherently poor.. This is an important consideration in the 
study of power system stabilizers. 

8 6 Approximate System Representation 

In the previous section it is shown that the dynamic system performance is domi¬ 
nated by two pairs of complex roots that are particularly significant at low frequencies 
In this frequency range the system damping is inherently low, and stabilizing signals 
are often needed to improve the system damping (Section 8.7). Here we develop an ap¬ 
proximate model for the excitation system that is valid for low frequencies 

We recognize that the effect of the rate feedback G f ( s) in Figure 8.17 is such that 
it can be neglected at low frequencies (s = jco —► 0) or near steady state (/ —* oo) 
We have already pointed out that K 5 is usually very small and is omitted in this 
approximate model The feedback path through A 4 provides a small positive damping 
component that is usually considered negligible [11] The resulting reduced system is 
composed of two subsystems: one representing the exciter-field effects and the other repre¬ 
senting the inertial effects These effects contribute the electrical torque components 
designated T e2 and T e] respectively 
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Fig 8 23 Root locus of the system of Example 8 5: (a) D 

-4 -2 

Rea! 

(b) 

= 0 (b) K s = 0 


0 


8 6 1 Approximate excitation system representation 

The approximate system to be analyzed is shown in Figure 8 25 where the exciter 
and the generator have been approximated by simple first-order lags [11]. A straight¬ 
forward analysis of this system gives 



-g x (s)- 

Fig 8 25 Approximate representation of the excitation system 
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GM) = K * K \ K * . (l + T < + K ^dO *3 T d0 T e 2 

1 + K 3 K 6 K ( [ 1 + K 3 K 6 K ( + 1 + K 3 K 6 K ( 

Since K 3 K 6 K ( » 1 in all cases of interest, (8.34) can be simplified to 

G x (s ) = - Kl l K * _ 

1 + [(t* + ^3 AT 3 AT 6 AT, ] s + ( T' df3 T ( /K b K t )s 2 

_ _ KlkJ T dQT f _ 

+ [(r £ + K 3 T' d(3 )/K 3 T' d0 T ( )s + K 6 K ( /tj 0 t ( 
a K 2 K ( /T' dQ T ( = K 2 K ( / T ’ d0 T ( 
s 2 + 24- ro* r/(s) 

where w x is the undamped natural frequency and f x is the damping ratio: 

Ci) x - \ZK b K t /T d( jT f = (7" t + K}T d o)/2<j) x K- i T d ol'( 


(8 34) 

(8 35) 

(8 36) 


We are particularly concerned about the system frequency of oscillation as compared 
to <j3 x .. The damping $ x is usually small and the system is poorly damped 

The function G x (s) must be determined either by calculation or by measurement 
on the physical system. A proven technique for measurement of the parameters of 
G x (s) is to monitor the terminal voltage while injecting a sinusoidal input signal at 
the voltage regulator summing junction [8, 12,23,24,25] The resulting amplitude and 
phase (Bode) plot can be used to identify G,(s) in (8 35) 

Lacking field test data, we must estimate the parameters of G x {s) by calculations 
derived from a given operating condition It should be emphasized that this procedure 
has some serious drawbacks First, the gains and time constants may not be precisely 
known, and the use of estimated values may give results that are suspect [10, 12,24] 
Second, the theoretical model based on the constants through X 6 is not only load 
dependent but is also based on a one machine-infinite bus system The use of these 
constants, then, requires that assumptions be made concerning the proximity of the 
machine under study with respect to the rest of the system A procedure based on 
deriving an equivalent infinite bus, connected to the machine under study by a series 
impedance, is given in Section 8 6 2 


8 6.2 Estimate of G x (s) 

The purpose of this section is to develop an approximate method for estimating 
K x through K 6 that can be applied to any machine in the system These constants 
can be used in (8 36) to calculate the approximate parameters for G x (s) 

The one machine-infinite bus system assumes that the generator under study is 
connected to an equivalent infinite bus of voltage through a transmission line 

of impedance Z e = R e + jX e This equivalent impedance is assumed to be the The- 
venin equivalent impedance as “seen” at the generator terminals Therefore, if the 
driving-point short circuit admittance Y„ at the generator terminal node i is known, 
we assume that 

Z e = 1/F„ (8.37) 

The equivalent infinite bus voltage F » is calculated by subtracting the drop T t Z e 
from the generator terminal voltage V ti , where I t is the generator current The pro¬ 
cedure is illustrated by an example 
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Example 8 6 

Compute the constants K\ through K 6 for generator 2 of Example 2 6, using the 
equivalent infinite bus method outlined above Note that the three-machine system is 
certainly not considered to have an infinite bus, and the results might be expected to 
differ from those obtained by a more detailed simulation 

Solution 

From Example 2 6 the following data for the machine are known (in pu and s) 

.x„ 2 = 0 8958 Xg 2 ~ 0 8645 x^ = 0 0521 H 2 = 6 4 

x d2 = 0.1198 x ' q2 = 0 1969 ri 02 - 6.0 

We can establish the terminal conditions from the load-flow study of Figure 2 19: 

hLlh L = hi + j/,2 = (P2 - j Q2VV1 

- (1.630 - j0 066)/l 025 = 1.592 /-2.339° pu 

From Figure 5 6 

tan(<5 20 - &) = x q 2 I r i/(V 2 ~ x q 2 I x2 ) =1212 
820 — 02 — ^ 1 818° 

But from the load flow f } 2 = 9 280°, 

5 20 = 51.818 + 9 280 = 61.098° 

Then <5 20 - P 2 + $2 = 54 156° and 

K = Vi ~ <$2 = 1 025 /-51.818° = V q2 + )V d2 - 0 634 - jO 806 pu 
h = I 2 /-(&2 zjh± hi = 1 592 7-54.156° = I q2 +J l d2 = 0 932 - j 1 290 pu 

Neglecting the armature resistance, r = 0, 

£, a o = V „2 - * q ild 2 = 1 749 pu 
£20 = y q i - x d 2 I d2 = 1 789 pu 

From Table 2 6 the driving-point admittance at the internal node of generator 2 
is given by 

F 22 = 0.420 - j2 724 pu 

The terminal voltage node of generator 2 had been eliminated in the reduction process. 
However, since it is connected to the internal node by x d2 , Z e can be obtained 
by using the approximate relation Z e = \jY 22 - ]x' d2 . The exact reduction process 
gives 

Z e = 0.0550 + jO 2388 = 0 2450 /77.029° pu 
Then we compute from (6 56) 

K, = \/[R] + {x q + X e )(x' d + X e )} = 1/0 39925 = 2 5084 
1 /K 3 = 1 + K,(x d - x' d ){x q + X e ) = .3 1476 
K 3 = 0 3177 

We can compute the infinite bus voltage 
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V, = V x [a_ = V t2 - Z e l 2 

= 1 025 /9.280° - (0 2450 /7'7.029° )(1 592 /6.941° ) 

= 0 9706 - jO 2226 = 0 9958 /-12,914° 

The angle required in the computations to follow is 
y = d 20 - a = 61 098 - (-12 914) = 74.012° 

K { = sin 7 + (x' d + X f )cosy] + I q0 (x q - x d )[(x q + A' e )sin 7 - A* cos 7 ]} 

= 2 4750 

K 2 = K,{R e E qa0 + I q0 [R) + (x q + X e ) 2 }\ = 3 0941 

K, = V^Kiixj - + A'*) sin 7 - R e cos 7 ] = 2 0265 

*5 - {K,V„/V l(i ){x' d V q0 [R e cos 7 - (x q + X e )siny] 

- x q V d0 [(x d + X e ) cos 7 + /? f sin 7 ]| = 0 0640 
K 6 = {V q0 /V l0 )[\ - K,x^x q + X e )} - {V dO /V l0 )K,x q R e = 0.5070 
Summary: 

Af, = 2 475 K 3 - 0.318 A 5 = 0 064 

K 2 = 3 094 K< = 2 027 K 6 = 0 507 

Note that these constants are in pu on 100-MVA base whereas the machine is a 192- 
MVA generator The constants and K 2 should be divided by 1 92 to convert to 
the machine base 

E xample 8 7 

The exciter for generator 2 of the three-machine system has the constants K, = 400 
and r e = 0 95 s Compute the parameters of C x (s) For the system natural fre¬ 
quency (see Example .3 4) calculate the excitation control system phase lag (Here again 
we emphasize the need for actual measurement of the system parameters. Tacking 
such measurement, a judgment is made as to which parameters should be used. We use 
the regulator gain and the exciter time constant It is judged that the latter is impor¬ 
tant at the low frequencies of interest This point is a source of some confusion in the 
literature It is sometimes assumed, erroneously, that the regulator time constant is 
to be used when the excitation system is represented by one time constant This is not 
valid for low frequencies ) 

Solution 

From (8 36) we have 

= V (0 507 x 400)/(6 0 x 0 95) = 5.967 rad/s 
f x = (0 95 + 0.318 x 6 0)/(2 x 5.967 x 0 .318 x 6 0 x 0 95) = 0 132 

and the excitation system is poorly damped 

From Example 3 4 the dominant frequency of oscillation is approximately 1 4 Hz or 
a> osc ^88 rad/s At any frequency the characteristic equation of G x (s) is obtained by 
substituting $ = joi in the denominator of the first expression in (8.35): 

d{ jw) = 1 - 0 028 lw 2 + jO 0443co 
At the frequency of interest (co = 8 8 rad/s) we have 
^(ja> osc ) = -11761 + j0 3898 

0 lag = tan " 1 (0 3898/-1 1761) = 161 661° 
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■'W : 



(b) 


Fig 8 26 Characteristics of a second-order transfer function: (a) amplitude, (b) phase shift 

The excitation system phase lag in Example 8 7 is rather large, and phase compensa¬ 
tion is likely to be required (see Section 8 7) The phase lag is large because co osc > 
co* and f* is small For small damping the phase changes very fast in the neighborhood 
of co* (where 0 lag = 90°). Many textbooks on control systems, such as [22], give curves 
of phase shift as a function of normalized frequency, u = to/co„, as shown in Figure 8 26 
In the above example, with u = 8 8/5 967 = 1 47 and $ = 0 13, it is apparent from 
Figure 8 26(b) that the phase lag is great 

8 6. 3 The inertial transfer function 

The inertial transfer function can be obtained by inspection from Figure 8 17 For 


the ease where damping is present, 
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— = w *i 2H = Ur/ 2H / 8 38) 

^<? 2 2 , 22 , s 2 + 2^„a> n s + co 2 

2 H 2 H 

Where a>„ is the natural frequency of the rotating mass and £„ is the damping factor, 

co n = VK^JlH 

L = D/4Ha n = D/2V2HK l( c R (8 39) 

The damping of the inertial system is usually very low 


Example 8 8 

Compute the characteristic equation, the undamped natural frequency, and the 
damping factor of the inertial system of generator 2 (Example 2 6) UseZ) = 2 pu 

Solution 

From the data of Examples 2 6 and 8 6 we compute 
d(s) = s 2 + 0 156s + 72 894 
a>„ = V72 894 = 8.538 rad/s 
L = 2/[2(12 8 x 2 975 x 377) 1 / 2 ] = 0 009 
= 1 - 0.0137a) 2 + j0 00214o> 



TD 


Fig 8 27 Schematic diagram of a stabilizing signal from speed deviation. 


can be conveniently characterized and the unit performance determined, from the linear 
block diagram of that generator This block diagram is shown in Figure 8 28. 

The constants K x through K 6 are load dependent (see Section 8 6 for an approxi¬ 
mate method to determine these constants) but may be considered constant for small 
deviations about the operating point The damping constant D is usually in the range 
of 10-3 0 pu The system time constants, gains, and inertia constants are obtained 
from the equipment manufacturers or by measurement 

The PSS is shown here as a feedback element from the shaft speed and is often 
given in the form [11] 


G s (s) 


KqTqS (1 + T,5)(l + r 3 5) 

1 + t 0 S (1 + r 2 s)(l + r 4 s) 


(8 40) 


At the system frequency of oscillation cv = a) osc = 88 rad/s, 

0 lag = tan- 1 [0 0183/C—0 0222 - 0 0604)] = 16.3 3° 


8.7 Supplementary Stabilizing Signals 

Equation (8 .31) indicates that the voltage regulator introduces a damping torque 
component proportional to A s We noted in Section 8 4 3 that under heavy loading 
conditions K 5 can be negative These are the situations in which dynamic stability 
is of concern We have also shown in Section 8 6 2 that the excitation system intro¬ 
duces a large phase lag at low system frequencies just above the natural frequency of 
the excitation system Thus it can often be assumed that the voltage regulator intro¬ 
duces negative damping To offset this effect and to improve the system damping in 
general, artificial means of producing torques in phase with the speed are introduced 
These are called “supplementary stabilizing signals” and the networks used to generate 
these signals have come to be known as “power system stabilizer” (PSS) networks 

Stabilizing signals are introduced in excitation systems at the summing junction 
where the reference voltage and the signal produced from the terminal voltage are 
added to obtain the error signal fed to the regulator-exciter system For example, in 
the excitation system shown in Figure 7.54 the stabilizing signal is indicated as the 
signal V s To illustrate, the signal usually obtained from speed or a related signal 
such as the frequency, is processed through a suitable network to obtain the desired 
phase relationship Such an arrangement is shown schematically in Figure 8.27 

8,71 Block diagram of the linear system 

We have previously established the rationale for using linear systems analysis for 
the study of low-frequency oscillations For any generator in the system the behavior 


The first term in (8 40) is a reset term that is used to “wash out” the compensation 
effect after a time lag t 0 , with typical values of 4 s [11] to 20 or .30 s [12], The use of 
reset control will assure no permanent offset in the terminal voltage due to a prolonged 
error in frequency, such as might occur in an overload or islanding condition The 
second term in G s (s) is a lead compensation pair that can be used to improve the 
phase lag through the system from P REF to co A at the power system frequency of 
oscillation 

Qualitatively, we can recognize the existence of a potential control problem in the 
system of Figure 8 28 due to the cascading of several phase lags in the forward loop. 
In terms of a Bode or frequency analysis (see [22], for example) the system is likely 
to have inadequate phase margin This is difficult to show quantitatively in the com¬ 
plete system because of its complexity We therefore take advantage of the simplified 
representation developed in Section 8 6 and the results obtained in that section 

8 7 2 Approximate model of the complete exciter-generator system 

Having established the complete forward transfer function of the excitation con¬ 
trol system and inertia, we may now sketch the complete block diagram as in Fig¬ 
ure 8.29. 

We note that a common takeoff point is used for the feedback loop, requiring 
a slight modification of the inertial transfer function using standard block diagram 
manipulation techniques We also note that the output in Figure 8.29 is the negative 
of the speed deviation The parameters and are defined in (8.36) and 

(8 .39) respectively. 

Examining Figure 8 29 we can see that to damp speed oscillations, the power 
system stabilizer must compensate for much of the inherent forward loop phase lag 
Thus the PSS network must provide lead compensation 
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Fig 8 29 Block diagram of a simplified model of the complete system 


8 7 3 Lead compensation 

One method of providing phase lead is with the passive circuit of Figure 8 30(a). 
If loaded into a high impedance, the transfer function of this circuit is 

Eq = (l/a)(l + ars) 

Ei 1 + TS 


where 

A - (*1 + * 2)/*2 > 1 

r = R x R 2 C/(R l + R 2 ) (8 41) 

The transfer function has the pole zero configuration of Figure 8.30(b), where the zero 
lies inside the pole to provide phase lead For this simple network the magnitude of 
the parameter a is usually limited to about 5 

Another lead network not so restricted in the parameter range is that shown in 
Figure 8.31 [26] For this circuit we compute 

£q __ 1 + (ta + t b)s /g 42 ) 

Ei (1 + r a s)[l + (r c + r D )s] 

where r A = K X RC X = lead time constant 

t b = R x Ci = noise filter time constant « t a 

t c = K 2 RC 2 = lag time constant 

t d = RC f = stabilizing circuit time constant «; t c 

^1 = Rb/(Ra + Rb) 
k 2 = Rd/(Rc + Ro) 


(8 42) 


Approximately, then 

E-o/Ei = (1 + t a s)/(l + r c s) = (1 + ars)/{ 1 + ts) 
where a = K i Ci/K 2 C 2 > 1 


(84.3) 



Fig 8 30 Lead network: (a) passive network, (b) pole zero configuration 
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For any lead network the Bode diagram is that shown in Figure 8.32, where the 
asymptotic approximation is illustrated [22] The maximum phase lead occurs at 
the median frequency oj m , where co m occurs at the geometric mean of the corner fre¬ 
quencies; i e., 

log,o«« = (1 /2)[log,o( 1/flr) + log, 0 (l/T)J 

= (l/2)log 10 (l/tfr 2 ) = log, 0 (l frVa) 

Then 

o> m = 1/rVfl" (8 44) 

The magnitude of the maximum phase lead <j> m is computed from 
0m = arg((l + j« w ar)/(l + j«*r)] = tan- l o> m ar - tan-’co m x = x - y (8 45) 
From trigonometric identities 

tan(.x - >) = (tan x - tan y)/(\ + tan x tan y) (8 46) 

Therefore, using (8.46) in (8 45) 

tan = (w^Jt - oj m r)/[ 1 + (co„,ffr)(w m r)] = « M r(a - 1)/(1 + ao> 2 r 2 ) (8 47) 

This expression can be simplified by using (8 44) to compute 

tan 0 m = (a - l)/2 Va (8 48) 

Now, visualizing a right triangle with base 2Va, height (a - 1) and hypotenuse b. 
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we compute/? 2 = (a - l) 2 + 4 a = (a + l) 2 or 

sin <p m = {a - 1 )/(a + 1) (8 49) 

This expression can be solved for a to compute 

a = (1 + sin 0 m )/(l - sin <p m ) (8.50) 

These last two expressions give the desired constraint between maximum phase lead and 
the parameter a The procedure then is to determine the desired phase lead 0 m . This 
fixes the parameter a from (8.50) Knowing both a and the frequency c o m determines the 
time constant r from (8 44) 

In many practical cases the phase lead required is greater than that obtainable from 
a single lead network In this case two or more cascaded lead stages are used Thus we 
often write (8 40) as 

G s (s) = [AW/(I + t 0 s)]{( 1 + ars)/(\ + r$)] n (8.51) 

where n is the number of lead stages (usually n = 2 or 3) 


Example 8 9 

Compute the parameters of the power system stabilizer required to exactly compen¬ 
sate for the excitation control system lag of 161 6° computed in Example 8.7. 

Solution 

Assume two cascaded lead stages. Then the phase lead per stage is 

0 m = 161 6/2 = 80 8° 

From (8 50) 

a = (1 + sin 80 8)/(l - sin80..8) = 154 48 

This is a very large ratio, and it would probably be preferable to design the compen¬ 
sator with three lead stages such that 4> m = 53 9° Then 

a = (1 + sin 53 9)/(l - sin 5.3.9) = 9 42 

which is a reasonable ratio to achieve physically 

The natural frequency of oscillation of the system is co osc = = 8 8 rad/s Thus 

from (8.44) 

r = \/u> m Va = 0 0.37 ar - 0 3488 

Thus 

G s {s) = [KoV/U + V)][(l + 0 349s)/( 1 + 0 0.37s)] 3 

A suitable value for the reset time constant is t 0 = 10 s The gain is usually modest 
[26], say 0 1 < K 0 < 100, and is usually field adjusted for good response It is also 
common to limit the output of the stabilizer, as shown in Figure 8.28, so that the stabi¬ 
lizer output will never dominate the terminal voltage feedback 


Example 8 10 

Assume a two-stage lead-compensated stabilizer Prepare a table showing the phase 
lead and the compensator parameters as a function of a 

Solution 

As before, we assume that co m = 8 8 rad/s. 


Fig. 8 32 Bode diagram for the lead network (1 + ars)/(l + ts) where a > 1 
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I able 8.5. Lead Compensator Parameters as a F unction of a 


a 


2 <t> m 

T = v'a 

«Hi = */ r 

<JT 

w £0 = U ar 

5 

41 81 

83 62 

0.0508 

19 68 

0 2541 

3 935 

10 

54 90 

109 80 

0 0359 

27 83 

0 3593 

2 783 

15 

61 05 

122.10 

0 0293 

34 08 

0 4401 

2 272 

20 

64.79 

129 58 

00254 

39 35 

0 5082 

1 968 

25 

67.38 

134.76 

0.0227 

44.00 

0.5682 

1.760 


These results show that for a large a or large <p nt the corner frequencies u Hi and 
co i0 must be spread farther apart than for small 4> m See Figure 8.32 and Problem 8.11 

8 8 Linear Analysis of the Stabilized Generator 

In previous sections certain simplifying assumptions were made in order to give an 
approximate analysis of the stabilized generator. In this section the system of Fig¬ 
ure 8.28 is solved by linear system analysis techniques using the digital computer (see 
Section 8 5) The results of the linear computer analysis are best illustrated by an ex¬ 
ample 

Example 8 11 

Use a linear systems analysis program to determine the following graphical solu¬ 
tions for the system of Figure 8 28: 

1 Root-locus plot 

2 Time response of o; A to a step change in ^REF 

.3. Bode diagram of the closed loop transfer function 
4 Bode diagram of the open loop transfer function 

Furthermore, compute these graphical displays for two conditions, (a) no power system 
stabilizer and (b) a two-stage lead stabilizer with a = 25: 



Rea I Rea I 

(a) (b) 


Fig 8 33 Root locus of the generator 2 system: (a) no PSS (b) with the PSS having two lead stages with 
a = 25 
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TIme,s Time,s 

(a) (b) 


Fig 8 34 Time response to a step change in Pref : ( a ) no PSS (b) with the PSS having two lead stages with 
a = 25. 

G s (s) = [10s/(l + 1003 Ed + o 5680/(1 + 0.0227s)] 2 

The system constants are the same as Examples 8 7 and 8 8 
Solution 

The system to be solved is that of Figure 8 28 except that the PSS limiter cannot 
be represented in a linear analysis program and is therefore ignored The results are 
shown in Figures 8 33-8 36 for the four different plots In each figure, part (a) is the 
result without the PSS and part (b) is with the PSS 

In the root-locus plot (Figure 8 3.3) the major effect of the PSS is to separate the 
torque-angle zeros from the poles, forcing the locus to loop to the left and downward, 
thereby increasing the damping The root locus shows clearly the effect of lead com¬ 
pensation and has been used as a basis for PSS parameter identification [27] Note that 
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(o) (b) 

Fig 8 36 Frequency response (Bode diagram) of the open loop transfer function: (a) no PSS (b) with the 
PSS having two lead stages with a = 25. 

the locus near the origin is unaffected by the PSS, but the locus breaking away vertically 
from the negative real axis moves closer to the origin as compensation is added [this 
locus is off scale in 8 33(a)] From the computer we also obtain the tabulation of poles 
and zeros given in Table 8 6 From this table we note that the natural radian frequency 
of oscillation is controlled by the torque-angle poles with a frequency of 8 467 rad/s 
This agrees closely with co„ = 8 538 rad/s computed in Example 8 8 using the approxi¬ 
mate model and also checks well with the frequency of <5 21 in Figure 3 3 

Figure 8 34 shows the substantial improvement in damping introduced by the PSS 
network. Note the slightly decreased frequency of oscillation in the stabilized response 

Table 8.6 Root-Locus Poles and Zeros 
Condition Poles Zeros 


-20 000 

+ 

jOOOO 

-0 944 

+ 

jO 955 

0 179 

+ 

jOOOO 

-0 944 

- 

jO 955 

-0 102 

+ 

jO 000 

-0 452 

+ 

j8 467 

-0 289 

+ 

j8 533 

-0 452 

- 

J8.467 

-0 289 

- 

j8 533 




-1.000 

+ 

jOOOO 




-20 000 

+ 

jO 000 

-0 100 

+ 

jOOOO 

0.179 

+ 

jOOOO 

-0.941 

+ 

jO 959 

-0010 

+ 

jOOOO 

-0 941 

- 

jO 959 

-0.289 

+ 

j8 533 

-0955 

+ 

j7 439 

-0 289 

- 

j8 533 

-0955 

- 

j7 439 

-1 000 

+ 

jO 000 

-45 000 

+ 

j24 847 

-0.100 

+ 

jOOOO 

-45 000 

- 

j24.847 

-45 500 

+ 

jOOOO 




-45.500 

- 

jO.OOO 





Figures 8.35 and 8 36 show the frequency response of the closed loop and open loop 
transfer functions respectively The uncompensated system has a very sharp drop in 
phase very near the frequency of oscillation Lead compensation improves the phase 
substantially in this region, thus improving gain and phase margins 


8 9 Analog Computer Studies 

The analog computer offers a valuable tool to arrive at an optimum setting of the 
adjustable parameters of the excitation system With a variety of compensating schemes 
available to the designer and with each having many adjustable components and pa¬ 
rameters, comparative studies of the effectiveness of the various schemes of compensa¬ 
tion can be conveniently made Furthermore, this can be done using the complete non¬ 
linear model of the synchronous machine 

8 9.1 Effect of the rate feedback loop in Type 1 exciter 

As a case study, Example 5 8 is extended to include the effect of the excitation sys¬ 
tem. The synchronous machine used is the same as in the examples of Chapter 4 with 
the loading condition of Example 5.1 Three IEEE Type 1 exciters (see Section 7 9 1) 
are used in this study: W TRA, W Brushless, and W Low r £ Brushless The parameters 
for these exciters are given in Table 7.8. 

The analog computer representation of the excitation system is shown in Figure 
8 37 This system is added to the machine simulation given in Figure 5 18. Note that 
the output of amplifier 614 (Figure 8.37) connects to the terminal marked E PD in Figure 
5 18, and the terminal marked v, in Figure 5 18 connects with switch 421 in Figure 8 .37. 
The new “free” inputs to the combined diagram are ^REF and T m The potentiometer 
settings for the analog computer units are given in Tables 8 7, 8 8 and 8 9 for the three 
excitation systems described in Table 7.8 Saturation is represented by an analog limiter 
on V R in this simulation 

With the generator equipped with a W TRA exciter, the response due to a 10% in¬ 
crease in T m and 5% change in E ref and the phase plane plot of co A versus <$ A for the ini¬ 
tial loading condition of Example 5 1 are shown in Figure 8 .38 The results with 
W Brushless and W Low r £ Brushless exciters are shown in Figures 7 69 and 8.39 
respectively 


Table 8.7.. Potentiometer Calculations for a Type 1 Representation of a 
W TRA Exciter (a = 20) 


Pot 

no. 

Amp 

no. 

Out 

l-Q 

In 

h 

*0 /c 

C = constant 

Uq/L^C 

Int 

cap. 

Amp 

gain 

Pot 

set. 

600 

601 


50 

REF 

100 

0 50 

5 1 *-, ofP601 

0 0250 


1 

0 0250 

601 

601 

^REF 

50 

REF 

100 

0.50 

1 + (2.667) (- 0.17)/400 = 0.9988 

0.4994 


1 

0.4994 

800 

800 

' V R 

1 


50 

0 02 

K A /ar A = 400/(20)(0 05) = 400 

80 

1 0 

10 

0 8000 

701 

800 

^ R 

1 

V R 

1 

1.00 

\/ar A = l/(20)(0.05) = l 

1.0 

1.0 

10 

0.1000 

801 

801 

~ e fd 

10 

y r 

1 

10 00 

1/ot£ = l/(20)(0.95) = 0.05263 

0 5263 ; 

10 

I 

0 5263 

703 

801 

~ e fd 

10 

~ e fd 

10 ! 

1 00 

\K E \ far E = 0 17/(20){0 95) 

0 0089 

1 0 

1 

0 0089 








= 0.008947 





802 

802 

y. 

50 : 

y y 

100 

0 50 

1 /t f = 1/1.0 = 1.0 

0.5 


1 

0 5000 

810 

802 

Fz 

50 

~ e fd 

10 

5.00 

K F /T f = 0.04/1.0 = 0.04 

0.2 


l 

0.2000 

812 

810 

~Vy [ 

100 

v z 

50 

2 00 

1 jo = 1/20 = 0 05 

0 1 

1 0 

1 

0 1000 

803 

803 

y x 

50 

v t 

40 

1.25 ; 

l/\/3 = 0.5773 

0.7217 


1 

0.7217 

lim 

800 






‘-'Kma* = 3 5 pu = 3 5 v 





800 







yR min = — 3 5 pu = - 3 51 






















Fig. 8.37 Analog computer representation of a Type l excitation system. 
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I able 8.8. Potentiometer Calculations for a Type 1 Representation of a 
W Brushless Exciter (a = 20) 


Pot 

no. 

Amp 

no. 

Oul 

L 0 

In 

C 

io/C 

C = constant 

Uo/CK 

ini 

cap. 

Amp 

gain 

Pot 

set. 

600 

601 


50 

REF 

100 

0 50 

5% of ^601 

0 0252 


1 

0 0252 

601 

601 

^REF 

50 

REF 

100 

0 50 

1 + 2 667/400 = 1.0066 

0.5033 


1 

0.5033 

800 

800 

Vr 

1 

~Ve 

50 

0 02 

K A /ar A = 400/(20)(0 02) 

20.0 

0 1 

100 

0 2000 








= 1000 





701 

800 

Vr 

1 

Vr 

1 

1.00 

l/ar A = l/(20)(0.02) = 2.5 

2.5 

0.1 

10 

0.2500 

801 

801 


10 

Vr 

1 

10 00 

\ /a t e = l/(20)(0.8) = 0 0625 

0 6250 

1 0 

1 

0 6250 

703 

801 


10 

~ e fd 

10 

1 00 

K E /ar E = l/(20>(0 8) 

0 0625 

1.0 

1 

0 0625 








- 0.0625 





802 

802 

v 2 

50 

Vy 

100 

0 50 

1/r f = 1/1.0 = 1.0 

0 50 


1 

0 5000 

810 

802 

v z 

50 

~ e fd 

10 

5.00 

Kp/rp = 0.03/1.0= 0.03 

0.15 


1 

0.1500 

812 

810 

- Vy 

100 

v z 

50 

2 00 

\/a - 1 /20 = 0 05 

0 10 

1 0 

1 

0 1000 

803 

803 


50 

v i 

40 

1.25 

1/V3 = 0.5773 

0.7217 


1 

0.7217 

lim 

800 






^max - 7.3 pu = 7 3 U 





800 







^Rmin = - 7 3 pu - -7 3 U 






Comparing the responses shown in Figures 8.38, 7 69, and 8 39 with that of Figure 
5 20, we note that without the exciter the slow transient is dominated by the field wind¬ 
ing effective time constant The terminal voltage, the field flux linkage, and the rotor 
angle are slow in reaching their new steady-state values. From Figures 8 38, 7 69, and 
8 39 we can see that the steady-state conditions are reached sooner with the exciter 
present At the same time, the response is more oscillatory 

8 9 2 Effectiveness of compensation 

A detailed study of the effectiveness of four methods of compensation is given in 
[28], by comparing the dynamic response due to changes in the mechanical torque T m 
and the reference excitation voltage at various machine loadings The dynamic 
response comparison is based on observing the rise time, settling time, and percent 
overshoot of either P tA or V lA in a given transient For example, a 10% increase in 
the reference torque is made, and the change in electrical power output P eA is observed 
The machine data and loading are essentially those given in the Examples 8.4 and 8 .5. 


Table 8.9. Potentiometer Calculations for a Type 1 Representation of a 
W Low t £ Brushless Exciter (a = 20) 


Pot 

no. 

Amp 

no 

Out 

E 0 

In 

E i 

L 0 /Li 

C - constant 

(L 0 /L t )C 

Int 

cap. 

Amp 

gain 

Pot 

set. 

600 

601 


50 

REF 

100 

0 50 

5", of 7*601 

0 0252 


1 

0 0252 

601 

601 

^REF 

50 

REF 

100 

0.50 

1 + 2.667/400 = 1 0066 

0.5033 


1 

0.5033 

800 

800 

Vr 

1 

-v e 

50 

0 02 

K a /ot a = 400/(201(0 02) 

20 0 

0 1 

100 

0 2000 








= 1000 





701 

800 

Vr 

1 

Vr 

1 

1.00 

\/(t a - l/(20)(002) = 2.5 

2.5 

0 1 

10 

0.2500 

801 

801 


10 

Vr 

1 

10 00 

I/ot £ = l/(20)(0 015) 

33 333 

0 1 

100 

0 3333 








= 3 3333 





703 

801 


10 


10 

1 00 

K E ja t e = 1/(20)(0 015) 

3 3.333 

0 1 

10 

0 3.3.33 








= 3.3333 
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v z 

50 

V v 
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0 50 

l/r f = 1/0.5 = 20 

1 00 


10 

0 1000 
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v z 

50 

~ e fd 

10 

5 00 

Kp/rp = 0.04/0.5 = 0.08 

0.40 


1 

0.4000 
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810 

-V 

100 

v 2 

50 

2 00 

1 /a = 1/20 = 0 05 

0 10 

1 0 

1 

0 1000 

803 

803 

v x 

50 

v i 

40 

1.25 

1/V3 = 0.5773 

0.7217 


i 

0.7217 

iim 

800 






Vr max = 6 96pu = 6 96 u 





800 







*' Rmin = -6.96 pu = -6.96 u 
































Fig. 8.39 System response to 
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However, the machine is fully represented on the analog computer. The excitation sys¬ 
tem used is Type 2, a rotating rectifier system (see Section 7 9 3). The data of the ex¬ 
citer are: 


= 400 pu 

K f = 0 04 

^£max ~ 0.86 

= 0 02 s 

T f = 0 05 s 

Se15 min = 0 50 

= 0015 s 

t r = 0 0 

V Rmax = 8 26 

= 1 0 

K r -1.0 

V Rmin = -8 26 



EfDm ax = 4.45 


The methods of compensation used are: 

Rate feedback: sK f /(l + t f s) 

Bridge-7 filter with transfer function: 

C/R = (s 2 + rnco n s + o#/(s 2 + na)„s + or 2 ) 
o>„ = 21 rad/s 
n = 2 /■ — 0.1 

Power system stabilizer: 

C_ = Ks A + T|j V 
R [ + ts\\ + t 2 s) 
t = 3 0s r, = 0 2 s r 2 = 0 05 s 

A sample of data given in reference [28] is shown in Table 8 10 for the initial operating 
condition of T m * = 3 0 pu at 0 85 PF lagging 

Table 8.10. Comparison of Compensation Schemes 




P' A 



y,* 


Case 

Rise 

time 

Settling 

time 

Over¬ 
shoot % 

Rise 

time 

Settling 

time 

Over¬ 
shoot % 

Uncompensated 

0 06 

0 22 

86 6 

0 20 

0 60 

100 

Excitation rate 

0 06 

0 22 

80 0 

0 98 

4 20 

600 

feedback 

Bridged-'! only 

0 05 

0 23 

1000 

021 

0 56 

33 0 

Bridged-!, two-stage 

0 04 

0 21 

73 4 

0 28 

0 37 

50 

lead-lag and speed 

Power system 

005 

0 21 

82 6 

0 23 

0 42 

5-10 

stabilizer 


Source; Schroder and Anderson [28] 


Other valuable information that can be obtained from analog computer studies is 
the response of the machine to oscillations originating in the system to which the ma¬ 
chine is connected This can be simulated on the analog representation of one machine 
connected to an infinite bus by modulating the infinite bus voltage with a signal of the 
desired frequency This is particularly valuable in studies to improve the system damp¬ 
ing When growing oscillations occur in large interconnected systems, the frequencies 
of these oscillations are usually on the order of 0 2-0.3 Hz, with other frequencies super¬ 
imposed upon them Thus it is important to know the dynamic response of the synchro¬ 
nous machine under these conditions 
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A B CD 



Fig 8 40 Synchronous machine with PSS operating against an infinite bus whose voltage is being modu¬ 
lated at one-tenth the natural frequency of the machine 

A sample of this type of study, taken from [28], is shown here The same machine 
discussed above, but operating under the heavy loading condition of Example 5 1, has 
its bus voltage modulated by a frequency of one-tenth the natural frequency The 
modulating signal varies the infinite bus voltage between 1 02 and 0 98 peak Fig¬ 
ure 8 40 shows the effect of the PSS under these conditions At time A the modulating 
signal of 2 1 rad/s is added The PSS is removed at B, causing growing oscillations to 
build up especially on P eA , which would simulate tie-line oscillations Note also that 
the frequency of these oscillations is near the natural frequency of the machine When 
the stabilizer is reinstated at point C, the oscillations are quickly damped out. At 
point D the modulation is removed 

8 10 Digital Computer Transient Stability Studies 

To illustrate the effect of the excitation system on transient stability, transient 
stability studies are made on the nine-bus system used in Section 2.10 The impedance 
diagram of the system (to 100-MVA base) and the prefault conditions are shown in 
Figures 2 18 and 2 19 respectively.. The generator data are given in Table 2 1 The 
transient is initiated by a three-phase fault near bus 7 and is cleared by opening the 
line between bus 5 and bus 7. In this study the loads A, B, and C are represented by 
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: t 



Typical values: 

^amax = * 

*, = 10 

*20 = 200 / K 3 0 

10 

t a = 1 

f'flmax "= 1 1 85 

*2 = 0.1 #20 

A 30 = 8 - 23 

Tb = 0. 1 

T B = 0 

r*mi» = 4-45 
£fOmax = 4 85 

K ]Q = 100 

*40 = 0 2 

t £ = 0 815 



Fig 8 41 The Brown Boveri Co alternator diode exciter (Used with permission of Brown Boveri Co.) 


constant impedances; generators 1 and 3 are represented by classical models, i e , con¬ 
stant voltage behind transient reactance For generator 2, provision is made for the 
excitation system representation 

A modified transient stability program was used in this study (It is based on a pro¬ 
gram developed by the Philadelphia Electric Co., with modifications to include the re¬ 
quired new features) When the excitation system is represented in detail, the model 
used for the synchronous machine is the so-called “one-axis model” (see Section 4 15 4) 
with provision for representing saturation When the machine EMF E (corresponding 
to the field current) is calculated, an additional value E A is added due to saturation 


Table 8.11. Excitation Systems Data 


Parameter 

Amplidyne 

Mag-A-Stat 

SCPT 

K a 

25 

400 

120 


-0 044 

-0 17 

10 

Kf 

0 0805 

0.04 

0 02 

Kr 

1 0 

1 0 

10 

K p 



1 19 

K, 



2 62 

v 

’ R max 

1.0 

3 5 

1 2 


-1 0 

-3 5 

-1 2 

l^fimax 



2 78 

t a 

0 20 

005 

0 15 

r E 

0 50 

0 95 

0 05 

T f 

0 35 

1.0 

0 60 

t R 

0 06 

0 

0 

A ? 

00016 

0 0039 



1.465 

1.555 



Note: See Figure 8 41 for BBC exciter parameters. 





effect and based on the voltage behind the leakage reactance E ^ This is given by 

E a = A g exp[B t (Et - 0.8)] (8 52) 

The constants A g and B ? are provided for several exciters [see(4 141)] 

The types of field representation used with generator 2 are: 

1 Classical model 

2 IEEE Type 1, 0.5 pu response, amplidyne NA101 exciter (see Figure 7 61) 

3. IEEE Type 1,2 0 pu response, Mag-A-Stat exciter (see Figure 7 61) 

4 IEEE Type 3, SCPT fast exciter, 2 0 pu response (see Figure 7 66) 

5. Brown Boveri Company (BBC) alternator diode exciter (see Figure 8 41). 

The excitation system data are given in Table 8 11 


8.10 1 Effect of fault duration 

Two sets of runs were made for the same fault location and removal, but for dif¬ 
ferent fault durations. The breaker clearing times used were three cycles and six cycles 
For a three-cycle fault, the results of generator 2 data are shown in Figures 8.42-8.46. 
Similar results for a six-cycle fault are shown in Figures 8.47-8 50 
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Results with thiee-cycle fault clearing.. Figure 8 42 shows a plot of the first swing of 
the angle 8 2] for different field representations Note that the classical run gives the 
angle of the voltage behind transient reactance, while all the others give the position 
of the q axis.. A run with constant E fD is also added We conclude from the results 
shown in Figure 8 42 that for a three-cycle clearing time the classical model gives ap¬ 
proximately the same magnitude of <5 21 for the first swing as the different exciter repre¬ 
sentations When the exciter model was adjusted to give constant E fD , however, a large 
swing was obtained 

From Figure 8 43 we conclude that the slow exciter gives the nearest simulation of 
a constant flux linkage in the main field winding (and hence constant E ' q ) and minimum 
variation of the terminal voltage after fault clearing 

The action of the exciter and the armature reaction effects are clearly displayed in 
Figure 8.44, It is interesting to note that the actual field current, as seen by the EMF £, 
is hardly affected by the value of E FD for most of the duration of the first swing after 
the fault is cleared The effect of the armature reaction is dominant in this period 

Figure 8 45 shows a time plot of P 2 for this transient Again it can be seen that 
the different models give essentially the same power swing for this generator We note, 
however, that the minimum swing is obtained with the slow exciter while the maximum 
swing is obtained with the classical model 

In Figure 8 46 the rotor angle 8 2l is plotted for a period of 2 0 s for the classical 
model, a slow IEEE Type 1 exciter, and a relatively fast exciter with 2 Opu response. 
The plot shows that the first swing is the largest, with the subsequent swings slightly 
reduced in magnitude 

Figures 8.42—8.46 seem to indicate that for this fault the system is well below the 
stability limit, since the magnitude of the first swing is on the order of 60° All generator 



Fig 8 44 E fD and £ for various exciters with a three-cycle fault 

2 models give approximately the same magnitude of rotor angle and power swing and 
period of oscillation 

Results with six-cycle fault clearing. For the case of a six-cycle clearing time, the 
plot of the angle <5 2 , is shown in Figure 8 47 for the classical model and for two different 
types of exciter models The swing curves indicate that this is a much more severe 
fault than the previous one, and the system is perhaps close to the transient stability 
limit Here the swing curves for the generator with different field representations are 
quite different in both the magnitude of swings and periods of oscillation. The effect 
of the 2 0 pu response exciter is pronounced after the first swing The effect of the 
power system stabilizer on the response is hardly noticeable until the second swing. 
The magnitude of the first swing for the cases where the excitation system is represented 
in detail is significantly larger than for the case of the classical representation The 
Type 1 exciter gives the highest swing Comparing Figures 8.46 and 8 47, we note that 
for this severe fault the rotor oscillation of generator 2 depends a great deal on the type 
of excitation system used on the generator We also note that the classical model does 
not accurately represent the generator response for this case 




















Torque Angle 0 21 , elec, degrees (classical) 



III 0 0 1 0 2 0.3 0.4 0 5 

r- | Time, s 

Fig 8 45 Output power P 2 for various exciters with a three-cycle fault 



0 0..2 0 4 0.6 0 8 1.0 1.2 -114 1.6 1 8 2,0 

Time., s 

Fig. 8 46 Rotor angle 5 2] for various exciters with a three-cycle fault 
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0 0 2 0.4 0.6 0.8 1.0 1.2 1.4 1 6 1.8 2,0 


Time, s 

Fig 8 47 Rotor angle 5 2 i for various exciters with a six-cycle fault 

The output power of generator 2 is shown in Figure 8.48 for different exciter repre¬ 
sentations While the general shape of these curves is the same, some significant dif¬ 
ferences are noted The excitation system increases the output power of the generator 
after the first swing The generator acceleration will thus decrease, causing the rotor 
swing to decrease appreciably. This effect is not noticed in the classical model, It 
would appear that for slightly more severe faults the classical model may predict differ¬ 
ent results concerning stability than those predicted using the detailed representation 
of the exciter 

Figures 8 49 and 8 50 show plots of the various voltages and EMF ’s of generator 2 
for the case of the 2 0pu exciter and the Type 1 exciter respectively The curves for 
E' q show that although the fault is near the generator terminal, the flux linkage in the 
main field winding (reflected in the value of E q ) drops only slightly (by about 5%); and 
for the duration of the first swing it is fairly constant The faster recovery occurs with 
the 2 0 pu exciter, and E' q reaches a plateau at about 1 Is and stays fairly constant 
thereafter For the Type 1 exciter E q recovers slowly and continues to increase steadily. 
The oscillations of terminal voltage V, are somewhat complex. The first swing after the 
fault seems to be dominated by the inertial swing of the rotor, with the action of the 
exciter dominating the subsequent swings in V, Thus after the first voltage dip, the 
swings in V t follow the changes in the field voltage E fD with a slight time lag Again 
the recovery of the terminal voltage is faster with the 2 0 pu exciteT than with the Type 1 
exciter.. We also note that the excitation system introduces additional frequencies of 
oscillation, which appear in the V, response 
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Time , s 

Fig 8 48 Output power P 2 for various exciters with a six-cycle fault 


The plots of k clearly show the effect of the armature reaction In the first 0 7s, 
for example, the changes in E f0 are reflected only in a minor way in the total interna! 
EMI' £ The component of £ due to the armature reaction seems to be dominant be¬ 
cause the field circuit time constant is long The general shape of the EMF plot, how¬ 
ever. is due to the effects of both E fD and the armature reaction 

From the data presented in this study we conclude that for a less severe fault or for 
fast fault clearing, the excitation representation is not critical in predicting the system 
dynamic responses However, for a more severe fault or for studies involving long 
transient periods, it is important to represent the excitation system accurately to obtain 
the correct system dynamic response 

8 10 2 Effect of the power system stabilizer 

For large disturbances the assumption of linear analysis is not valid However, the 
PSS is helpful in damping oscillations caused by large disturbances and can be effective 
in restoring normal steady-state conditions Since the initial rotor swing is largely an 
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Fig 8 49 Voltages of generator 2 with BBC exciter 



Fig 8 50 Voltages of generator 2 with Type 1 0 5 RR exciter 
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Fig 8 51 Torque angle S 2l for a three-phase fault near generator 2. PSS with a = 25 w osc = 89 rad/s 


inertial response to the accelerating torque in the rotor, the stabilizer has little effect on 
this first swing On subsequent oscillations, however, the effect of the stabilizer is quite 
pronounced. 

To illustrate the effect of the PSS, some transient stability runs are made for a three- 
phase fault near bus 7 applied at t = 0 0167 s (1 cycle) and cleared by opening line 5-7 



0 0.25 0.50 0,75 1 00 1 25 1.50 1.75 2.00 

Time s 


Effect of Excitation on Stability 

at t = 0.10 s (6 cycles) Generator 2 is equipped with a Type 1 Mag-A-Stat exciter 
with constants similar to those given in Table 8 11 The PSS constants are the same as 
in Example 8. 12 (a = 25) with a limiter included such that the PSS output is limited to 
±0 10 pu Stability runs were made with and without the PSS From the stability runs, 
data for the angle 5 2 , and the voltage E fD are taken with and without the PSS. The re¬ 
sults are displayed in Figures 8 51 and 8 52 

From the plot of 5 21 in Figure 8 51 note that while the change in the first peak 
(due to the PSS) is very small, the improvement in the peak of the second swing is sig¬ 
nificant The comparison in E fD , shown in Figure 8 52, is interesting Note that this 
exciter is not particularly fast(RR = 0 5), and the response tends to be a ramp up and 
then down The phase of E fD changes when the PSS is applied to produce a field voltage 
that is almost 180° out of phase with <5 21 . This results in a delayed E fD ramp as b 
swings downward, which tends to limit the downward 5 excursion by retarding the 
building in T e 

The improvement in the angle <5 21 , defined as 5 21A = <5 2! (no PSS) - 5 21 (PSS) , has been 
investigated for different PSS parameters It is found that this angle improvement is 
sensitive to both the amount of lead compensation and to the cutoff level of the PSS 
limiter A comparison of several runs is shown in Table 8 12 


TableS 12 <5 2 , Improvement at Peak 

of Second Swing 


a 

Limit = ±0.10 

Limit = ±0.05 

25 

5 8° 

4 6° 

16 

5.4° 

3.7° 


8 11 Some General Comments on the Effect of Excitation on Stability 

In the 1940s it was recognized that excitation control can increase the stability 
limits of synchronous generators Another way to look at the same problem is to note 
that fast excitation systems allow operation with higher system reactances This is felt 
to be important in view of the trends toward higher capacity generating units with 
higher reactances. For exciters to perform this function, they need high gain. Series 
compensation makes it possible to have a high dc gain and at the same time have lower 
“transient gain” for stable performance 

Modern exciters are faster and more powerful and hence allow for operation with 
higher series system reactance Concordia [17], however, warns that “we cannot expect 
to continue indefinitely to compensate for increases in reactance by more and more 
powerful excitation systems ” A limit may soon be reached when further increases in 
system reactance should be compensated for by means other than excitation control. 

The above summarizes the situation regarding the so-called steady-state stability or 
power limits Regarding the dynamic performance, modern excitation systems play an 
important part in the overall response of large systems to various impacts, both in the 
so-called transient stability problems and the dynamic stability problems 

The discussion in Section 8.3 and the studies of Section 8 10 seem to indicate that 
for less severe transients, the effect of modern fast excitation systems on first swing 
transients is marginal Flowever, for more severe transients or for transients initiated by 
faults of longer duration, these modern exciters can have a more pronounced effect 
In the first place, for faults near the generator terminals it is important that the 
synchronous machine be modeled accurately. Also, if the transient study extends be¬ 
yond the first swing, an accurate representation of the field flux in the machine is 
needed If the excitation system is slow and has a low response ratio, optimistic results 


Fig. 8 52 Exciter voltage E fD with and without a PSS 
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Fig 8 53 Block diagram ol the PSS for the BBC exciter with a 2.0 RR: Kq\ = Kq 3 = Kq 4 = 0, Kq 2 = 1, 
t\ = 10 r 2 = 0 5. t 3 = 0 05. r 4 = 0 5, t 5 = 0 05, limit = ±0 05 pu 

may be obtained if the classical machine representation is used Transient studies are 
frequently run for a few swings to check on situations where circuit breakers may fail 
to operate properly and where backup protection is used It should be mentioned that 
several transients have been encountered in the systems of North America where subse¬ 
quent swings were of greater magnitudes than the first, causing eventual loss of synchro¬ 
nism This is not too surprising in large interconnected systems with numerous modes 
of oscillations It is not unlikely that some of the modes may be superimposed at some 
time after the start of the transient in such a way as to cause increased angle deviation 
As shown in Section 8 10, the effect of excitation system compensation on subsequent 
swings (in large transients) is very pronounced This has been repeatedly demonstrated 
in computer simulation studies and by field tests reported upon in the literature [8, 9, 13, 
2.3,29, 30, 31] For example, in a stability study conducted by engineers of the Ne¬ 
braska Public Power District, the effect of the PSS on damping the subsequent swings 
was found to be quite pronounced, while the effect on the magnitude of the first swing 
was hardly noticeable The excitation system used is the Brown Boveri exciter shown in 
Figure 8 41 The PSS used is shown schematically in Figure 8 53, and the swing curves 
obtained with and without the PSS (for the same fault) are shown in Figure 8 54 

Voltage regulators can and do improve the synchronizing torques Their effect on 
damping torques are small; but in the cases where the system exhibits negative damping 
characteristics, the voltage regulator usually aggravates the situation by increasing the 
negative damping Supplementary signals to introduce artificial damping torques and 
to reduce intermachine and intersystem oscillations have been used with great success 
These signals must be introduced with the proper phase relations to compensate for the 
excessive phase lag (and hence improve the system damping) at the desired frequen¬ 
cies [32] 

Large interconnected power systems experience negative damping at very low fre¬ 
quencies of oscillations The parameters of the PSS for a particular generator must be 
adjusted after careful study of the power system dynamic performance and the gen¬ 
erator-exciter dynamic response characteristics. As indicated in Section 8 6, to obtain 
these characteristics, field measurements are preferred. If such measurements are not 
possible, approximate methods of analysis can be used to obtain preliminary design 
data, with provision for the adjustment of the PSS parameters to be made on the site 
after installation Usually the PSS parameters are optimized over a range of frequen¬ 
cies between the natural mode of oscillation of the machine and the dominant fre¬ 
quency of oscillation of the interconnected power system 
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Fig 8 54 Effect of the PSS on transient stability (Obtained by private communication and used with per¬ 
mission ) 

Recently many studies have been made on the use of various types of compensating 
networks to meet different situations and stimuli Most of these studies concentrate 
on the use of a signal derived from speed or frequency deviation processed through a 
PSS network to give the proper phase relation to obtain the desired damping charac¬ 
teristic This approach seems to concentrate on alleviating the problem of growing 
oscillations on tie lines [1 1, 13, 14, 24, 26, 30, 33-39] However, in a large intercon¬ 
nected system it is possible to have a variety of potential problems that can be helped 
by excitation control Whether the stabilizing signal derived from speed provides the 
best answer is an open question It would seem likely that the principle of “optimal 
control” theory is applicable to this problem Here signals derived from the various 
“states” of the system are fed back with different gains to optimize the system dynamic 
performance This optimization is accomplished by assigning a performance index 
This index is minimized by a control law described by a set of equations These equa¬ 
tions are solved for the gain constants This subject is under active investigation by 
many researchers [40-44] 

Problems 

Construct a block diagram for the regulated generator given by (8.10)-(8 14) What is the 
order of the system? 

Use block diagram algebra to reduce the system of Problem 8 1 to a feed-forward transfer 
function KG(s) and a feedback transfer function H(s), arranged as in Figure 7.19. 

Determine the open loop transfer function for the system of Problem 8.2, using the numeri¬ 
cal data given in Example 8 3 Find the upper and lower limits of the gain K, for (a) 
Case 1 and (b) Case 2 

Repeat the determination of stable operating constraints developed in Section 8 4 1, with 
the following assumptions (see [11]): 

K 3 K 6 K < » 1 A « K i T 'd0 


8 1 
8 2 
8 3 

84 
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Recompute the gain limitations, using the numerical constants K { through K 6 given in 
Table 8 3. 

8 5 The block diagram shown in Figure 8 14 represents the machine terminal voltage at no 

load The s domain equation for VJ F ref is given by (8 24). It is stated in Section 8 4 2 

that a higher value of regulator gain K ( can be used if a suitable lead-lag network is cho¬ 
sen. If the transfer function of such a network is (I + t,s)/(1 + r 2 s), choose t x and r 2 
such that the value of the gain can be increased eight times 

8.6 In (8 30) and (8 31) assume that K 6 K ( » \/K 3 , and r d0 » rJK y For each of the cases 

in Example 8 3, plot T s and T d as functions of &> between o> = 0 I rad/s and « = 10 rad/s 
(use semilog graph paper) 

8 7 Compute the constants K x through K 6 for generator 3 of Example 2 6 

8.8 Determine the excitation control system phase lag of Example 8 7 if a low time constant 
exciter is used where K ( = 400 and r, = 0 05 s 

8.9 Compute the open loop transfer function of the system of Figure 8 28 both with and 
without the stabilizer Sketch root loci of each case 

8 10 Analyze the system in Figure 8.29 for a stabilizing signal processed through a bridged I- 
filter; 

G s = (s 2 + rruo n s + ai 2 )/($ 2 + nco„s + <u 2 ). 

Where u>„ is the natural frequency of the machine, n = 2 and r = 0 1. 

8 11 Sketch Bode diagrams of the several lead compensators described in Example 8 10 
8 12 Use a linear systems analysis program (if one is available) to compute root locus, time 
response to a step change in F ref , and a Bode plot for Example 8 11 with 

(a) A dual lead compensator with a = 15. 

(b) A triple lead compensator with a = 10 

8.13 Perform a transient stability run, using a computer library program to verify the results of 
Section 8 10 Plot E' q and V, as functions of time and comment on these results 
8 14 Modify the block diagram of Figure 5 18 showing the analog computer simulation of the 
synchronous machine to allow modulating the infinite bus voltage 
8.15 With the help of the field voltage equation (v f = r f i f + \ f ), discuss the plots of E FD , 
E, and £' shown in Figures 8 43 and 8 44 

8 16 Explain why the curve for constant E fD in Figure 8 42 shows a larger swing than the other 
field representation 
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9 1 Introduction 

In this chapter we develop the equations for the load constraints in a multimachine 
system in the special case where the loads are to be represented by constant impedances 
The objective is to give a mathematical description of the multimachine system with the 
load constraints included 

Representing loads by constant impedance is not usually considered accurate It 
has been shown in Section 2 11 that this type of load representation could lead to some 
error A more accurate representation of the loads will be discussed in Volume 2 of this 
work Our main concern here is to apply the load constraints to the equations of the 
machines We choose the constant impedance load case because of its relative sim¬ 
plicity and because with this choice all the nodes other than the generator nodes can be 
eliminated by network reduction (See Section 2 10 2) 

9 2 Statement of the Problem 

In previous chapters, mathematical models describing the dynamic behavior of the 
synchronous machine are discussed in some detail In Chapter 4 [see (4 103) and 
(4 138)] it is shown that each machine is described mathematically by a set of equations 
of the form 

x = f(x,v, T m ,t) (9 1 ) 

where x is a vector of state variables, v is a vector of voltages, and T m is the mechanical 
torque The dimension of the vector x depends on the model used The order of x 
ranges from seventh order for the full model (with three rotor circuits) to second order 
for the classical model where only w and 8 are retained as the state variables 

The vector v is a vector or voltages that includes v d , v q , and v f If the excitation 
system is not represented in detail, v f is assumed known; but if the excitation system is 
modeled mathematically, additional state variables, including v F , are added to the 
vector x (see Chapter 7) with a reference quantity such as V REF known In this chapter 
we will assume without loss of generality that v f is known 

Consider the set of equations (9 1) In the current model developed in Chapter 4, it 
represents a set of seven first-order differential equations/^ each machine The number 
of the variables, however, is nine: five currents, uj and 8, and the voltages v d and 
v q . Assuming that there are n synchronous machines in the system, we have a set of 
In differential equations with 9n unknowns Therefore, 2 n additional equations are 
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needed to complete the description of the system These equations are obtained from 
the load constraints. 

The objective here is to derive relations between v di and v qi , i = 1,2, . , n, and the 
state variables This will be obtained in the form of a relation between these voltages, 
the machine currents i qj and i dn and the angles o h i = 1,2, ,n In the case of the flux 
linkage model the currents are linear combinations of the flux linkages, as given in 
(4 124). For convenience we will use a complex notation defined as follows. 

For machine i we define the phasors V i and /, as 

K=V ql + jV di T, = I qi +)I di (92) 

where 

y ¥ = vjvj v d , ± vjvr 

4 = WVT 4 4 U/y/f (9 3) 

and where the axis q, is taken as the phasor reference in each case Then we define the 
complex vectors V and 1 by 


V ^ 


I 4 


Ki 

+ 

iK, 

v 0 

+ 

) V dl 


+ 

)V d „_ 


+ 

j/-r 


+ 

j/,2 

4" 

+ 

}l<in 


(9.4) 


Note carefully that the voltage V t and the current l t are referred to the q and d axes 
of machine/'. In other words the different voltages and currents are expressed in terrns 
of different reference frames The desired relation is that which relates the vectors V 
and I When obtained, it will represent a set of n complex algebraic equations, or In 
real equations These are the additional equations needed to complete the mathematical 
description of the system 


9 3 Matrix Representation of a Passive Network 

Consider the multimachine system shown in Figure 9 1 The network has n ma¬ 
chines and r loads. It is similar to the system shown in Figure 2.17 except that the ma¬ 
chines are not represented by the classical model. Thus, the terminal voltages V,-, 
/ = 1,2,.. , n, are shown in Figure 9 1 instead of the internal EMF’s in Figure 2 17. 
Since the loads are represented by constant impedances, the network has only n active 
sources Note also that the impedance equivalents of the loads are obtained from the 
pretransient conditions in the system.. 

By network reduction the network shown in Figure 9 1 can be reduced to the //-node 
network shown in Figure 9 2 (see Section 2 10 2) For this network the node currents 
and voltages expressed in phasor notation are 7^, T 2 , . . , T n and V,, V 2 , . . , V n respec¬ 
tively Again we emphasize that these phasors are expressed in terms of reference 
frames that are different for each node 

At steady state these currents and voltages can be represented by phasors to a com- 
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Fig. 9.1 Multimachine system with constant impedance loads 


mon reference frame To distinguish these phasors from those defined by (9 2), we will 
use the symbols /, and V h i = 1, 2, . , n , to designate the use of a common (net¬ 

work) frame of reference Similarly, we can form the matrices I and V From the net¬ 
work steady state equations we write 

I = YV (9 5) 

where 



and Y is the short circuit admittance matrix of the network in Figure 9 2 

9 3 1 Network in the transient state 

Consider a branch in the reduced network of Figure 9 2 Let this branch, located 
between any two nodes in the network, be identified by the subscript k. Let the branch 



Fig 9 2. Reduced n-port network 
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resistance be r k , its inductance be and its impedance be z k The branch voltage 
drop and current are v k and i k . 

In the transient state the relation between these quantities is given by 

*4 = tjk + r k i k * = 1,2, ,b (9.7) 

where b is the number of branches 

Using subscripts abc to denote the phases abc, (9 7) can be written as 

y abck - ^ khbck + r k\abck k ^ 1» 2, . ,b (9.8) 

This branch equation could be written with respect to any of the n q-axis references by 
using the appropriate transformation P Premultiplying (9.8) by the transformation P 
as defined by (4.5), 

P y abck = + r k P hbtk (9 9) 

Then from (4 31) and (4 32) 



(9.10) 


Substituting (9 10) in (9 9) and using (4 7). 



which in the case of balanced conditions becomes 


(9 11) 


y dqk = 'tkl^dqk + <•> , r k *dqk (9 12) 

It is customary to make the following assumptions: (l) the system angular speed 
does not depart appreciably from the rated speed, or co ^ a> R and (2) the terms are 
negligible compared to the terms co'ti. The first assumption makes the term u>.£ k i k 
approximately equal to x k i k , and the second assumption suggests that the terms in i k 
are to be neglected 

Under the above assumptions (9..12) becomes 


w = hW + *k qk k - 1,2, ,b (9 1.3) 

~ l dk _ 

Equation (9.13) gives a relation between the voltage drop and the current in one branch 
of the network in the transient state These quantities are expressed in the q-d frame of 
reference of any machine Let the machine associated with this transformation be / 
The rotor angle 0, of this machine is given by 

0, = co R r + tt/2 + 5,- (9.14) 

where 5, is the angle between this rotor and a synchronously rotating reference frame 
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{moving at synchronous speed) 

Fig 9 3 Position of axes of rotor k with respect to reference frame 

From (9 13) multiply both sides by 1 /\/T; and using (9 3), 

Vqk(i) = r klqk(il — X k^dk(l I ^dk(i) = r khk(i) + X k^qk(i) (9-15) 

where the subscript i is added to indicate that the rotor of machine i is used as reference. 
Expressing (9 15) in phasor notation, 

^k(i) = Vqktl) + i ^dk(i) 

~ ( r klqk(i) - X k hk(i)) + j i r khk(i) + X k ^qk(il) = ( r k + j X k)Uqk + j hk) 

or 

^k(i) = Zk^kfi) k - L 2, .. , b, (9 16) 

Equation (9 16) expresses, in complex phasor notation, the relation between the 
voltage drop in branch k and the current in that branch The reference is the q axis of 
some (hypothetical) rotor i located at angle 5 i with respect to a synchronously rotating 
system reference, as shown in Figure 9 3. 

9 3 2 Converting to a common reference frame 

To obtain general network relationships, it is desirable to express the various 
branch quantities to the same reference Let us assume that we want to convert the 
phasor V t = V qi + j V di to the common reference frame (moving at synchronous speed). 
Let the same voltage, expressed in the new notation, be V { = V Qi + \ V Di as shown in 
Figure 9 4 

From Figure 9 4 by inspection we can show that 

v qi + 1 V Dl = ( V qi cos - V a sin 5*) + ){V qi sin 6,- + V dl cos 5,.) 
or 

V, = F> ji ' (9 17) 

Now convert the network branch voltage drop equation (9 16) to the system reference 
frame by using (9.17) 

V k e ^' = z k i k e~ ii ‘ 
or 

V k = z k l\ k = 1,2,. . ,b (9 18) 

where b is the number of branches and z k is calculated based on rated angular speed 
Comparing (9 18) and (9 5) under the assumptions stated above, the network in the 
transient state can be described by equations similar to those describing its steady-state 
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v qj ' 77777 Q REF 

Fig 9 4 T wo frames of reference for phasor quantities for a voltage V { 

behavior The network (branch) equations are in terms of quantities expressed to the 
same frame of reference, conveniently chosen to be moving at synchronous speed (it is 
also the system reference frame) 

Equation (9 18) can be expressed in matrix form 

V, - Mi (9 19) 

where the subscript b is used to indicate a branch matrix. The inverse of the primitive 
branch matrix z b exists and is denoted y b , thus 

l = y„v 6 (9.20) 

Equation (9 20) is expressed in terms of the primitive admittance matrix of a passive 
network From network theory we learn to construct the node incidence matrix A 
which is used to convert (9 20) into a nodal admittance equation 

I = (A'y b A)\ ± YV (9 21) 

where Y is the matrix of short circuit driving point and transfer admittances and 
A = [a pq \ = 1 if current in branch p leaves node q 
= - 1 if current in branch p enters node q 
= 0 if branch p is not connected to node q (9 22) 

with/* = 1,2, . , b and q = 1,2, , n 

Since Y _1 = Z exists, 

V = Y-‘I = Z1 (9 23) 

where Z is the matrix of the open circuit driving point and transfer impedances of the 
network (For the derivation of (9 21)-(9 23), including a discussion of the properties 
of the Y and Z matrices, see reference [1], Chapter 11 ) 

9 4 Converting Machine Coordinates to System Reference 

Consider a voltage v aba at node i We can apply Park’s transformation to this volt¬ 
age to obtain \ dq , From (9 2) this voltage can be expressed in phasor notation as V h 
using the rotor of machine i as reference. It can also be expressed to the system refer¬ 
ence as V using the transformation (9.17) 
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9 5 Relation between Machine Currents and Voltages 

From (9.22) i = YV By using (9 29) in (9 22), 



TI = YTV 

(9 30) 

Premultiplying (9 30) oy T 

i 


where 

T = (T-'YT)V 4 MV 

(931) 

and if M"' exists, 

M & (T-'YT) 

(9 32) 


V = (T-'YT)- 1 ! = (T-'ZT)I 

(9.3.3) 


Equation (9.33) is the desired relation needed between the terminal voltages and 
currents of the machines. It is given here in an equivalent phasor notation for con¬ 
venience and compactness. It is, however, a set of algebraic equations between 2 n real 
voltages V qU V dl , , V qn , V d „, and 2 n real currents I qU I d] , , I dn . 


Example 9 1 

Derive the expression for the matrix M for an w-machine system 
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Solution 

The matrix Y of the network is of the form 



Y n e”" 

Y a e“* 

Y ]n 

e si>in 

Y = 

Y zl e‘‘ 2 ' 

Y n j’* 

Yin 




Y 

Y nn 

e ]6m 


and from (9 24) 



From (9.34) and (9 35) 



Yu 

e )(»u+i>0 

Y J< e i2 +< 2> 

1 \2 e 

1 ln e 

YT = 

y 2I 


r 22 e i( ' 22+^2, . 

I ln e 


Y nl 

e W«i+*i> 

v p H e n2 + i 2 > 
r„ 2 e 

Y + 

’ nn'- 


and premultiplying by T“‘, we get the desired result 



>7 

1_ 

Y J<*12~ 4 12) 

1 \2 e 

Y n~ i \n) 

T" l YT = M = 

Y K* 21 - 4 2 |) 
*2\ e 

Yne 1 " 22 

Y 2 y e 2,rhn) 


Y p^°n |- 4 nl) 
*n\ e 

Y pi (e n2~ i n2> 
r nl e 

Y /> }$nn 

1 nn c 


To simplify (9 36), we note that 

Y ik e 1(e ‘ k ~ iik) = (G ik cos 5,* + B ik sin 8 ik ) + j (B ik cos 8 lk - G ik sin 8 ik ) 
Now define 


(9 34) 


(9.35) 


(9 36) 


pG+B^ik) = f G+ B = Gik cos 8 ik + B ik sin 8 ik 
Pe-G^ik) = Fb-g = B ik cos 8 ik - G ik sin b ik (9.37) 

Then the matrix M is given by 

M = H + jS (9.38) 

where H and S are real matrices of dimensions (n x n ). Their diagonal and off- 
diagonal terms are given by 

h„ - G„ h lt = f 0kB (S lt ) s, = B„ s, t = F a . 0 (i, k ) (9 39) 

Example 9 2 

Derive the relations between the d and q machine voltages and currents for a two- 
machine system 
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Solution 

From (9 31) and (9 38) 

+jK#r 

T = (H + jS) = (H + jS)(V f + jV,) 

v qn + ]V d „_ 

- (HV 9 - SV„) + j(SV 9 + HV rf ) (9 40) 

For a two-machine system the q axis currents are given by 

Iq\ 4l E G + B (b 12 ) K?l 4l 4-c(4) 4l 

4 2 4 + s(4l) ^22 K?2 4-c(^2l) ^22 K/2 

and the d axis currents are given by 

ld\ 4i * b-g(^i2) 4 4i F g+b { 8 12 ) V di 

4 E B-c(^2l) E 22 4 4 + fi(^2l) G 22 ^ d2 

We note that a relation between the voltages and currents based upon (9 33) (i e , giving 
Vq i, V q2 , V dl , and V d2 in terms of /„ 2 , 4, and I d2 ) can be easily derived. It would 
be analogous to (9 40) except that the admittance parameters are replaced with the 
parameters of theZ matrix of the network 

Example 9 3 

Derive the complete system equations for a two-machine system. The machines are 
to be represented by the two-axis model (see Section 4 15 3), and the loads are to be 
represented by constant impedances 

Solution 

The transient equivalent circuit of each synchronous machine is given in Figure 
4 !6 A further approximation, commonly used with this model, is that x' d ^ x q = x' 
The network is now shown in Figure 9.5. The representation is similar to that of the 
classical model except that in Figure 9 5 the voltages E\ and E 2 are not constant 

The first step is to reduce the network to the “internal” generator nodes 1 and 2. 
Thus the transient generator impedances r ] + )x\ and t 2 + yx 2 are included in the net¬ 
work Y (or Z) matrix. The voltages at the nodes are E[ - E' ql + j E d] and E 2 = E' q2 + )E' d2 , 
and the currents are 7, = 7 ? , 4- j I d] and l 2 ~ lq2 + j I d2 . The relation between them is 



Fig 9 5 Network of Example 9 3 
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given by an equation similar to (9 40). The equations for each machine, under the as¬ 
sumption that x' d ^ x q , are the two axis equations of Section 4.15.3. 

T'm&dt = ~ E di ~ ( X qi ~ 04 
T 'dOi E qi = E FDi ~ E qi + {X dl — X') I di 

Tjj(bi = 4i ~ ( 4 E di "h I qi E qi ) — DjOij 
8, = w, - 1 i=l,2 (941) 

Equations (9 40), with V l replaced with E' h and (9 41) completely describe the 
system Each machine represents a fourth-order system, with state variables E' qh 
E' di , and 8, 

The complete system equations are given by 

T tf01 4l - — D - ( X al — ■*'[) 4J 4l — ( y ol - X [)4l4l 



- (*,■ 
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*l) Fc + bM E q2 

+ (4 1 - 

4) f b 
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ql ~ 4) ^ 22 ] E 'd2 ‘ 

- ( 42 - 

4) 42 




- (42 
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4)4 + «(<5 21 )4. 

+ (42 " 

X 2 ) F b 

- C (* 2 l) 4l 

4oi E 'q\ 

= E FD\ ~ 

[1 

- {x dx - x{) 5„ 

14. 





+ ( X d\ 
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<-b(^I 2 
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= E FD2 ~ 
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( X d2 ~ * 2 ) E 22 
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+ (x d2 
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xi)[Fa-c(**)Fh 

+ F g + b(&. 

2 .) 4. 
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22 4 2 ] 
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4 

«, - [G„(£J? + 
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-g (^12 

)(4, 

42- 


+ E G+2 

,(5 

i 2 )(E' d] E'd 2 + E' x E' q2 )\ 




r ; 2«2 

= 4,2 - 

Z) 2 oj 2 - [G 22 (E d2 + 

£$) + 

-g(^ 2 I 

)(4 . 

F 'di - 


+ 4+«(^ 

2 .)(^i E'n + W*)) 




5, 

= O), - 1 


5 2 = u ) 2 — ! 






5, = oj, - 1 8 2 = u> 2 - \ (9 42) 

The system given by (9 42) is not an eighth-order system since the equations are not 
independent This system is actually a seventh-order system with state variables 
E' qi , E d] , E ' q2 , E' d 2 , co,, co 2 , and <5, 2 . The reduction of the order is obtained from the last 
two equations 

<5,2 =' CO, - C0 2 

Furthermore, if damping is uniform; i e , if = D 2 jj j2 = D/r j (or if damping is 

not present) then the system is further reduced in order by one, and the two torque 
equations can be combined in the for m 

i, n = L±-Ln + /(£' , £'„ E' E' a , a,j) - ~ m a 


9 6 System Order 

In Example 9 3 it was shown that with damping present the order of the system was 
reduced by one if the angle of one machine is chosen as reference It was also pointed 
out that if damping is uniform, a further reduction of the system order is achieved 
We now seek to generalize these conclusions We consider first the classical model with 
zero transfer conductances. We can show that the system equations are given by 
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TjA + A"/ = X £ i £ yAy(sin 5* - sin 5 1} ) 

;= i 
;>» 

5, = «, r = 1,2,.. ,« (9 43) 

where the superscript s indicates the stable equilibrium angle Defining the state vec¬ 
tor x, the vector <r, and the function f by 

x' = ,co„,(<5, - b\), (i 2 - o s 2 ),. . ,(5„ - $)] 

/*(**) = E p E,B"[sm(a k + fij,) - sin 5^] k = 1,2, .. ,m 

m = //(« — l)/2 

and er = Cx where C is a constant matrix. The system (9.43) may then be written in 
the form 

x = Ax - Bf(a) (9 44) 

where A and B are constant matrices 

The order of the system (9.44) is determined by examining the transfer function of 
the linear part (with s the Laplace variable) 

W(s) = C(sl - A)-'B (9 45) 

This has been done in the literature [2, 3] Expanding (9 45) in partial fractions and 
examining the ranks of the coefficients obtained, the minimal order of the system is ob¬ 
tained It is shown that the minimal order for this system is 2n - 1 For the uniform 
damping case, i.e., for constant DJt^ the order of the system becomes In - 2 (see 
also [4]), 

The conclusions summarized above for the classical model can be generalized as 
follows If the order of the mathematical model describing the synchronous machine i is 
k h i = 1,2, , n, and if damping terms are nonuniform damping, the order of the sys¬ 

tem is YU -1 (K - 1) However, if the damping coefficients are uniform or if the damp¬ 
ing terms are not present, a further reduction of the order is obtained by referring all 
the speeds to the speed of the reference machine The system order then becomes 
- 2) 

The above rule should be kept in mind, especially in situations where eigenvalues 
are obtained such as in the linearized models used in Chapter 6 Unless angle differ¬ 
ences are used, the sum of the column of b 's will be zero and a zero eigenvalue will be 
obtained (see Section 9 12.4) 

9 7 Machines Represented By Classical Methods 

In the discussion presented above, it is assumed that all the nodes are connected to 
controlled sources, with all other nodes eliminated by Kron reduction (see Chapter 2, 
Section 2 10 2) The procedure used to obtain (9 31) assumes that all the machines are 
represented in detail using Park’s transformation For these machines we seek a rela¬ 
tion, such as (9.31), between the currents I and the voltages V The former are either 
among the state variables if the current model is used, or are derived from the state 
variables if the flux linkage model is used (see [5]) 

If some machines are represented by the classical model, the magnitudes of their 
internal voltages are known If machine r is represented by the classical model, the 
angle 8 r for this machine is the angle between this internal voltage and the system refer¬ 
ence axis In phasor notation the voltage of that node, expressed to the system refer¬ 
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ence, is given by 

K = V Qr + j V Dr =* £,cos6, + j E r sin 5 r (9.46) 

At any instant if 8 r is known, V Qr and V Dr are also known. 

Since the voltage £, is considered to be along the q axis of the machine represented 
by the classical modei, we can also express the voltage of this machine in phasor nota¬ 
tion as 

K = E r + jO r = 1,2, . ,c (9 47) 

where c is the number of machines represented by the classical model Also from 
(4 93) on a per phase base 

Pe* = VJd + V q l q pu 

Dividing both sides by three changes the base power to a three-phase base and 
divides each voltage and current by VT, converting to stator rms equivalent quantities. 
Thus we have 

Pe - V d I d + V q I q pu(30) 

and using (9 47), 

P er = l q ,E r pu(30) (9.48) 

Note that E r is in per unit to a base of rated voltage to neutral 

Assuming that the speed does not deviate appreciably from the synchronous speed, 
then T e ^ P e and from the swing equation (4 90) on a three-phase base 

= (l/7>)(7 m , - Erl qr ) - ( D,/T jr )<a r 8 r = ov - 1 (9.49) 

A machine r represented by the classical model will have only w r and 5 r as state 

variables In (9 49) E r is known, while l qr is a variable that should be eliminated To 
do this we should obtain a relation between I qr and the currents of the machines repre¬ 
sented in detail Similarly the voltages V qi and V di of the machines represented in 

detail should be expressed in terms of the currents l qi and I di of these machines and the 

voltages E r of the machines represented classically To obtain the above desired rela¬ 
tions, the following procedure is suggested- 

Let m be the number of machines represented in detail, and c the number of ma¬ 
chines represented by the classical model; i.e , 

m + c = n 

Let the vectors I and V be partitioned as 
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Then from (9 50) and (9 31) 


I." 


"M n 

m 12 ’ 


1 

_1 

— 

= 



— 

1 _ 


L M 21 

m 22 _ 


_E,, 


(9 51) 


where in (9 51) the complex matrix M is partitioned Now since M,, 1 exists, (9 51) 
can be rearranged with the aid of matrix algebra to obtain 



M, 


-m u 1 m 12 


m 2i m r , 1 1 m 22 - M 21 Mn'M l2 


E r 


(9 52) 


Equation (9.52) is the desired relation between the voltages of the machines represented 
in detail along with the currents of the machines represented classically, as functions 
of the current variables of the former machines and the known internal voltages of the 
latter group We note that the matrices M u , M 12 , M 21 , and M 22 are functions of 
the angle differences as well as the admittance parameters 


Example 9 4 

Repeat Example 9 2 assuming that machine 1 is represented in detail by the two- 
axis model and machine 2 by the classical model 

Solution 

From (9 37) and using Y n - Y 2l and<5, 2 = -6 2l , 


M « 


Y u e»u 


ll c I 12 

-i. 

I 


Y e > {0 n- i i2> 


Y n e«- 6 , 2 +s > 2 ) | Y 22 e 


> e 22 


and from (9 53) by inspection 


A fn' - 


1 




(9 53) 


=- L. e -!0ll y [2e J(«i2- s 12) = - — e j (fi l2- fi U- 4 I2> 

^11 M, 

= r.,e^l2 +i 12> — e -J»ll = e }(Cn- ff II +i l2> 






= - — e i(ffl2 ~ l>,l+Si2) y J2 £>j (fl i2- 4 i2> = - Xh. / 2fl i2' fl n) 

" Y\\ Yu 

M 21 - M 2] M; ] i M {2 = Y 22 e^22-Ih e i> 

Y w 


From (9 50) and (9 52) 

1 


(9 54) 


+ )V dX 

Iq2 + 




11 


_ jji. pit®| 2 -«ii-*i2) 

E,, 


-h-;- 

Y 1 Y 2 

..J 2 - ej( fl i2 _£, u +5 i2> j y, 2 e-i e 22 — —L 2 e i(20 l 2 -®n) 

r„ . y 


ii 


4i + i^i 
e 2 + jO 


or 


Ki = hr - cos M /., _ 


Yu 


r, 


‘ 41 - ITT cos (0 I2 - 0„ - S )2 ) 
111 


£?. + (^7-s in^nl/rf, 

* 1 I 


1 . 


Y n 


V dl = - — sindu /., + — cos0 u /, 


1 


Yu 


hi = 


T7~ COS(0 l2 — 0\\ + 5, 2 ) 
•'ll 


- 


Yu 


—— sin(0 12 — 6\\ — 5 i2 ) 
L'n 


sin (^ 12 — $u + 5i 2 ) 


Y 22 cos0 22 - ~cos(20 12 - On) 

Y 11 


hi - 


,t r 1 s * n (^12 - 0u + ^ 12 ) 
L r i! 

+ 


Iq\ + 


TT~ COS (0 12 ~ 011 + <5 12 ) 

2 II 


Yii • 


y 22 sin 0 22 — sin(20| 2 — 0 M ) 

r u 


(9 56) 


Note that the variables needed to solve for the swing equations are only V ql , V dl , 
and / 92 


E x am pie 9 5 

Repeat Example 9 3, with machine 1 represented mathematically by the two-axis 
model and machine 2 by the classical model 

Solution 

Again the nodes retained are the “internal” generator nodes, and the transient im¬ 
pedances of both generators are included in the network Y (or Z) matrix The equations 
needed to describe this system are (9 41) for generator 1, (9 49) for generator 2, and an 
additional set of algebraic equations relating the node currents to the node voltages. 
Since the two-axis model retains £' and E d as state variables, it is convenient to 
use (9 51) For the two-machine system this is the same as (9 40), with E\ replacing 
V j and E 2 = E 2 + jO replacing V 2 The system is now fifth order. The state variables 
for this system are E dl , «,» o> 2 , and b, 2 ; The complete system equations are given by 

T ?oi E d\ = [#>.(*,. - *1) - l) E d\ ~ Ki - x\)[G„E' q] - E C+B (8, 2 )E 2 ] 

2" dO 1 E 'q 1 = E FD\ + [®ll( X </l - X l) — l]^. + ( X d) ~ X l)[^ll^l + E B — G^il) E l\ 

TjiW, = T m , — D,(c, — [ G u (E' d \ + E' q ]) + E B _ G (5 l2 )E dl E 2 + E G+B (5, 2 )E q] E 2 ] 
r j2 < ^2 = E m2 — D 2 g) 2 — E 2 [F C+B (d 2l ) E q | — E B _ G (b 2 ,')E d , + ^ 22 ^ 2 ] 

6, 2 = ui, — <ji 2 (9 57) 


9.8 Linearized Model for the Network 

From (9 26) V = TV, where T is defined by (9.24) and V and V are defined by 
(9 4) and (9 17). Also from (9 31)1 = MV, where M is given by (9 32). Linearizing 
(9.31), 


h = M 0 V, + M^Vq 


(9 55) 


(9 58) 
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Thesei of equations (9.63) is that needed to complete the description of the sys¬ 
tem A similar equation analogous to (9.63) can be derived relating V A to I A and 
8 ijA The network elements involved in this case are elements of the open circuit 
impedance matrix Z 

We now formulate (9 63) in a more compact form From (9 24) let T = T 0 + I A to 
compute 

I a =.}IoSa $ A = diag(<5 1A , . ..,S„ A ) (9 64) 

Similarly, we let T“' = N = N 0 + N A to compute 

N a = (I- l ) A = -jN 0 5 A = — j To 1 5 a (9 65) 

Note carefully that T“' ^ To 1 + II 1 and that (I A ) _ ^_^ (T^') A =_N A . We can 
show, however, that (To)' 1 = (T' _l ) 0 = N 0 . Thus from M - M 0 + M A we compute 
M 0 + M a = (N 0 + N a )Y(T 0 + T'a) Neglecting second-order terms, 

M a = —j(To 1 5 A VT 0 - T 0 -'YM a ) (966) 

From matrix algebra we get the following relations, 






V I1 e i<, " _4l0> • ■ 



J n l« 

Y 

* nn c _ 




Tq 1 YT 0 5 a « 

ft 

i 

K> 

O 

■ Y 2n e iV2 ’-‘ 2M) 


V ^ - 5 nl0) 

i „ { e 

■ Y^e*- 



M 0 6 a 

( 967 ) 


Also 


ne ga asgjt 
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To’«5 a = 


YT 0 = 


T-'^YTo 




j(«ll+«J0) 

, y In ^ j<s i" +a "0 ) 

j(6„l + 6l0) 

1 nn^ _ 

je ll f 

OlA 


, J< 9 nl ~ 4 nl0) t 

°^iA 

y e jfln,, 6 

1 nn^ (J nc 


= 5 a M 0 (9 68) 


From (9.66), (9 67), and (9 68) 

Ma = -j[$ A Mo - M 0 5J (9 69) 

and the network equation is given by 

I A = M 0 V a - j[5 A M 0 - M 0 <5 A ]V 0 (9.70) 

Note that (9 70) is the same as (9 63) 

To obtain a relation between V A and T A ,we can either manipulate (9 70) to obtain 

V A = M 0 -‘T a - j[6 A - Mo'SaMoIVo (9.71) 

or follow a procedure similar to the above Define 

Q = M" 1 = T-'Y-'T (9.72) 

We can then show that 

V A = Q 0 Ta - j(5,Q 0 - Q 0 5 a)T 0 (9 73) 


E xample 9 6 

Derive the relations between V A and I A for a two-machine system 
Solution 

From (9 5.3) we get for M 0 

fv V „ J( e 12' s !2ojl 


Y ne mi+hi<>) Yne j ®22 



5ia 

1 

0 


> 

II 

0 

<5 2a 

< 

t- 

11 


K/ia + jkrfi A 

K,2A + j K/2A 


M 0 5 a — 


5 A Mo — 


y a 

1 11 e °1A 


Y ue 


Y n e iv '^b„ Y n e^S 2 . 


Fjl & O [ A 


Yt2e m2-‘m> SiA 


r, 2 e o 2A i 22 e 02 a 


(9 74) 


(9 75) 
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j(S A M 0 - M 0 6 a )V 0 = j 


Y J(® 12 - a l 20 > s 1 fr/ a. W 
Y 12 ^ 0| 2A V q io + ) v a 


-Y n e i<ei2+Si20) 8 l 


K/20 + j Kf: 


’ m2 - 5 ' 20) (V g20 + jV d20 ) 


(9.76) 


US .* x W 12A V 7 

,2 120 (*^.0 + j Kio)_ 

_r„ e i# ‘ 1 (K„ a + jv dli ) + r, 2 e w, 2 -‘ m> (v„ i + jv J2 S 

M„v 4 = (9 77) 

_r a e ,Vu * , ' a> (V, lA + j’Knn + r J 2 «"“(K tJ4 + jF„ 24 )_ 

Substituting (9 76), (9 77), in (9 70), 

7,u + j/,J _ [ + jr 1T e i,M F„ 4 + >' 12e i<,|2 ' ! ’ 20) K, 2i + jK, 2 e i(#,2 "‘ 120) ^ 2i 

/, 24 + j l M ~ Yne^'x’V,^ + j Y u e i,, "* > ™ ) V d ^ + r 22 e i# 22 F , 24 + jr 22 e i, 22 F , 24 
_fjr, 2 C ™ ( K l 20 +J K, 0 )l 


d\ A + ^22^ 22 F',2A + j T^22 ^ J Kf2A 


,j(«,2-6 12 o) ( 


By separating the real and the imaginary terms in equation (9 78), we get four real equa¬ 
tions between /,, A , I d , A , I q2A , and / rf2A and K ?IA , K rf , A , K 92A , F^a, and 6 I2A These are 
given below: 

Iq IA = G)| F ? ia — #11 krfiA + Y12 COS ( 0)2 — 5 120 ) F<?21 — Y12 sin ( 0 )2 — #120) K/ 2 A 
+ y 12 [sin (#12 — # 120) K?20 + COS ( 0,2 — 5 | 2 o) F^2o]^12A 
I d \a = #11 ^ 9 ia + Gn Km a + Y i2 sin(0 12 - 5|2 o)1 / 9 2a + Yi 2 cos(0| 2 — 5|2 o)K«a 

+ Y| 2 [ — COS(0, 2 — 8 120) Vq 20 + sin ( 0|2 — 5| 2 o) K/2()]^I2A 
/, 2 A = Y 12 cos(0|2 + 5|2o)F' 9lA - ^12 sin (#12 + <5|2o)Kma + ^22 F" ? 2A - #22 K/ 2 A 
— Y 12 [sin(0 12 + 5] 2 o)F ? io + cos(0 )2 + O 120 ) ^^/ioI^ua 
I d2A = Y !2 sin(0 12 + «uo)K f ,A + Y 12 cos(0 12 + S l20 )KnA + B 22 V q2A + G 2 2Fd2A 

+ Y| 2 [cos(^i 2 + 5 12 o)F ? 10 — sin(0 12 + 5 (20 ) F rfl0 ]5 12A (9 79) 


Example 9 7 

Linearize the two-axis model of the synchronous machine as given by (9.41) and the 
classical model as given by (9 48). 

Solution 

From (9 41) we get 


f q()EdA = B-dA ~ (,^q ^ )IqA 

T doEqA = H-FDA — #?A — )IdA 

TyCO A = T mA Z)C0 A {IdoEdA ~L lq()Bq A + E d §I dA + £ ( j()/^ a ) 

o A = co A 


(9 80) 


From (9 48) we get 


Tjio a = T mA - ElqA ~ 9, a 


6 a = a) A 


(9.81) 
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Example 9 8 

Linearize the two-machine system of Example 9 5 One machine is represented by the 
two-axis model, and the second is represented classically. 

Solution 

From (9 79), (9 80), and (9 81) and dropping the A subscripts for convenience, 

T ?oi£<n = [C*$i — X \)B\\ — \\E dX — C/ii(.x 9 | — x[)E' qX 
~ [(*91 ~ *0 ^ 12^2 sin ( 612 — 5 i 2 o)]< 5 i 2 
T 'mE'q\ = E fDX + [(.x rf , - x[)B\x — l]£^i + (x dx — x\)G xx E dl 
~ [(^rfi — x [) Y X2 E 2 cos ( 0 i 2 — < 5 12 o)]< 5 i 2 

T j ] <b l = T ml - D\iC\ - [{E' dX() B xx + E' qXG G xx + I qX o)Eg X + (E' dx0 G xx — E qX0 B xx + I dx0 )E dX 

"h ^ 12-^2 10 Sin (^12 — 5(2o) ~ £</loCOS(0, 2 — 5 120 )] 5 12 } 

r n &2 = J m 2 - Dl C 0 2 - E 2 {[ Y x2 cos(0 , 2 + 5 120 )]£;i - [F, 2 sin( 0, 2 + b X20 )]E ' d , 

- L,2[£ 9l osin(0 12 + 6 12 o) + £,bocos(0 12 4 - S,2o)]<5, 2 } 

5,2 = w, - o > 2 (9 82) 

Equation (9 82) is a set of five first-order linear differential equations It is of the form 
x = Ax + Bu, where 


x' = \E' qX £,J| co, « 2 5| 2 ] u 


£foi 

T mX 
T m 2 


A 


(xji - x\)Bf\ - I 

JtfOl 

- -y!)r?! 1 
<01 

-£;)'i ; COS(6|; + 6|j 0 ) 

r n 

0 


Ei\ 

foi - X[)G, 1 
T ioi 

(Xqi - x\ )/?n - 1 
r *0l 

-(fjipGn - £< 10^11 + Id\a) 
T » 

Ej V1; sin (fli; + i|jn) 
r n 
0 


<*>| Ul] 

0 0 

0 0 

-0,/r„ 0 


5.2 

—(x^| — x t ) Y >2 E ]cos (tf ij — 6up) 

T JC1 

-(x,, - xj) Z| 3 £; sin (g, ; — j lai ) 
r,oi 

- ri;£ 2 [£^io s in(g„ - {, M ) — E' dw cos(ff l; — 6 IJ0 )] 


0 -0 } / T - ^'3^2l^gio s ' n ( g i2 -*• ^im) + £^]qCOS( 6|, + i|»)] 

T ii 


-1 


0 


(9 84) 

From the initial conditions, which determine E dx0 , £ 9l0 , E 2 , I dx0 , and 5 , 20 and from 
the network Y matrix all the coefficients of the A matrix of (9 84) can be determined 
Stability analysis (such as discussed in Chapter 6 ) can be conducted 

We note again (as per the discussion in Section 9 6 ) that the order of the mathe¬ 
matical description of machine 1 is four, that of machine 2 is two The system order, 
however, is 4 + 2 - 1 = 5 If the damping terms are not present, the variables a?, 
and a >2 can be combined in one variable w , 2 


9.9 Hybrid Formulation 

Where a combination of classical and detailed machine representations exists, a 
hybrid formulation is convenient. Let m machines be represented in detail, and c 
machines represented classically, m + c = n Then from (9 58), 
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V A = 


V\* 

K& 

0 


v mA 


I/n A 

0 

; also I A = 

I f A 


From (9 70) 


IA - 


Mot, 1 

1 

M c 

Mq21 ' 

M* 


v„ A 

0 


j(5 A M 0 - M 0 5 a )V 0 


where the subscript m indicates a vector of dimension m 
By comparing (9 85) and (9.63), 


(5 a M 0 - M 0 5 a )V 0 = 


*-1 


k- 1 


K m (5 A ) 

|_K C (5 A )J 


where K m (5 A ) is an (m x 1) vector and K f ( 6 A ) is a (c x 1) vector 
From (9 85) and (9.86) 


ImA 


M 0 |, | 

Mfl ,2 


V„ lA 

- j 

K w (5 a)" 

La 


_M 021 

M 022 


L 0 

_K,(5 a )_ 


Therefore 

ImA = Mo,,V mA — jK m (5 A ) I fA = M Q2X \ mA — jK £ (5 A ) 
from which we get 

V mA = Mo,‘,I wA + jMoi, K m (5 A ) 

I<a = M 02 , M'd/i I mA -I- jMo2i Mo, 1 , K„, (5 a ) — jK c (5 A ) 

Example 9 9 

Obtain the linearized hybrid formulation for the two-machine system in 
9 4. 


Solution 

From Example 9 2 

M 0 = 

and from (9.78) and (9 86 ) 


y l2 e 


i 8 n 


j(0,2 + S,2o) 


Y l2 e 

Y„e 


j(t», 2 -J,20) 


> e 22 


Km (5 a) 


(F^ 2 o + j K/ 2 o) Y X2 e l{ 12 120 5 , 2 a 


F 20 y, 2 e il '^ s ' 20 > 6 ,M 

K c ( 5 a ) 


(k„„ + jK J 10 )r 2 ie i( ‘ 2 ‘- j 2 '» ) j !li 


-Fo r 12 e i, ' , 2 + ‘ , 2 » > 5 124 


(9.85) 

(9 86 ) 

(9 87) 

(9.88) 

(9 89) 

Example 

(9 90) 
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Substituting in (9 89) 


V - * i ^ t>~ i6u V V J ((J 12- a 120) ? 

'I A - T— ^ ' 1A ' J "T? e K 20 ^ 12 ^ d 12A 

J ll ill 


^1A + j^/lA ~ ^“TT“ [(^1A + JT/Ia) + J^12^ j U l20> (^20 + j 1^2o) 5 !2 A 3 

I l l 


( 991 ) 


Aj 2A + j^2A = ~y~ ej< 12 U l20> [(4li + Jhu) + j (20 + j^/2o)^12^ j( 12 '^^ua] 
•* 11 


— j(^, 0 + j krf, 0 ) T /2 e 


j{ 6[2 + ij2o) ■ 


/ * r * ]2 

q 2A + }‘ d2A = T7~ ^ 


^12 J(® 12~ ® 11 + a 12[>) 


(7 9 ia + J4.a) 


+ j r Il?e il2 '' 2 - , " , (K, 20 + j^ 20 )- Y, 2 e 
' 11 


+ j Vjto) i, u 


(9 92) 

Equations (9 91) and (9 92) are the desired relations giving V iA and 7 2A in terms of 7, A 
and 6 | 2a These complex equations represent four real equations: 

1 1 Y 

K?ia = t — cos0,,4 i A + ~v~ sini /</]a + [sin(0 n — 0 12 + b m )V q2 Q 

1 ii 2 ii -'ll 

- COS(0,, — 0,2 + ^ 120) K/20 ] 5,2A 

1 1 Y 

K/i a = - -rr- sin0,,/ 9 , A + - 77 — cos0,,/ rflA 4 - [cos(0„ - 0 12 4 - <5 , 20 )^20 

'11 '11 '11 

+ Sin (0,, - 0 12 + 6120) K/2 o)^12A 

^?2A = COS (0) 2 - 0,] + 5,2oK 9 1A - S ^ n (^12 — $11 + ^12<>)7/1A 

'22 '22 


+-j — —- [Sin (20,2 - 022) ^20 + COS (20,2 — 0n)K/2o] 
' 22 


+ T, 2 [sin(0| 2 + 5 12 o)T' 9 ,o 4- cos(0 12 + d l2 o)K/io]f5i 2 A 


Y Y 

hlA — -7p- sin (0,2 — 0,1 4- 5, 2 o)^ 9 1A 4- ~^T~ COS (0, 2 — 0,, + <5,2o)/diA 

'll '22 


+ j ~rr~ [cos(20,2 — 01,) T^ 2 o — sin(20, 2 — 0i,)krf2o] 

V, . 1 

— T, 2 [cos( 0 12 + ^120)^10 ~ sin (0,2 4- 6120) K/ 1 o][5,2 A (9 93 ) 


9 10 Network Equations with Flux Linkage Model 

The network equation for the flux linkage description is taken from (9 33) and 
(9 72) 


V = QI 


(9 94) 


This is a complex equation of order n, or 2 n real equations. 

If the flux linkage model is used, / and I d for the various machines are not state 
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variables. Therefore, auxiliary equations are needed to relate these currents to the flux 
linkages These equations are obtained from Section 4.12. For machine i we have 


j _ Jl (] - Lm< A a - Lmq 

h‘ - o J p J A ?< P P A Q‘ 

'W \ 'Iq } 'I'q'Xs Q 

i 1 /, l md \ a l md k 

hi = S- 1 - 7 - A di - -r, o~ A fi - 


■id \ 't, 


‘id'f-D 


A Dl i = 1,2, ,n (9.95) 


Equations (9 94) and (9 95) are the desired network equations Together with the 
machine equations they complete the description of the system While the above 
procedure appears to be conceptually simple, it is exceedingly complex to implement 
This is illustrated below To simplify the notation, (9 95) is put in the form 


fqi ~ ^qi A qi 4“ ^ QiA Qi 

hi — ff di A di + (TfjA.fi + OoiAffi i = 1,2,.... ,n 
The complex vector I thus becomes 

hi 4" ih\ 

I = hi + j/« 


&d\ Aj\ 4- <t f , A; j 4- (Td\Ai 
&dnA d „ 4- (TfnAfn + O d „A D 


(9 96) 


J _ Iqn i f dn _ j 

°q\ A ? 1 4- Oq\Aq\ 

= . 4- 

Gqn A q n 4- 0Q n Aq„ 

Now the matrix Q in (9 94) is of the form 




J( # nl" 4 /i|) 


Z„\ cos(0 n , - 5*1) 


Z\ n cos(0, n - <5 ln ) 



Z,„sin(0,„ - a,„) 


Z fl , sin (0„, - 5„,) 


= Qfi 4- jQr 

Expanding (9 94), 

V 9 + JV, = (Q* 4- jQ/)(I„ + )l d ) 

- (Q*i, - Q ,h) 4- j(Q f i, + QA) 

and substituting (9 97) into (9 99), 

r ^11 . Z,„cos(0,„ - 5, h )1 [~<T q] A ql + <tq S A q \ 


(9 99) 


Z n , cos (0 n , - 5„,) 


Z*\ sin(0 B , - 5„,) 


OqnAqn 4 " 0 Qn A Qn 


Z Xn sin(0,„ - 5,„)1 r<r dl A dl + a f] A fl + <f D] A di 


&dnA dn 4- Of„Af„ 4- (T D „Ap„ 


(9.100) 
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V, = 


x t 


Z in sin (0,„ - 5 in j 


+ 


Z„ isin(0„, ~ 5 nl ) •• 
Rn 

Lz„,cos(0 nl - 5 n] ) 


x: 


a qAq\ + (Tq 1 Aq 1 


_l L a gnX g „ + O q „ A e „j 


Z,„cos(0| n 5 ln ) j" <J d \A d \ + a fi A dx 4- a Dl A ot 


R„ 


J L <J d n A ( t„ + OfnAfn + °DnA D „_ 

(9.101) 


Equations (9.100) and (9.101) are needed to eliminate V qj and V di in the state-space 
equations when the flux linkage model, such as given in (4 138), is used 

The above illustrates the complexity of the use of the full-machine flux linkage 
model together with the network equations Much of the labor is reduced when some 
of the simplified synchronous machine models of Section 4.15 are used For exam¬ 
ple, if the constant voltage behind subtransient reactance is used, the voltages £" 
and E'Ji become state variables. The network is reduced to the generator internal 
nodes. This allows the direct use of a relation similar to (9.31) to complete the mathe¬ 
matical description of the system model This has been illustrated in some of the 
examples used in this chapter 

The linearized equations for the flux linkage model are obtained from (9 97), which 
is linear, and (9 73) Following a procedure similar to that used in deriving (9 100) and 
(9 101), we expand (9 7.3) into real and imaginary terms as follows: 

V A = V ?A + jV, A 

= (Q«o + jQ/o)(I ? A + U</a) “ j[^< i(Qro + jQ/o) — (Q/ro + jQ/o^aK^o + jLo) 

~ [QkoI 9 a - Q/oI</a + (5aQ/o - Q/o5a)I<?o + (5aQko - Q«o^a)I^o] 

J[Q/o 1 <?a + Q*oU — (*aQ*o ~ Q«o5a)I,o + (5^Q/o — Q/o^a) frfo] (9.102) 

The terms in I ?A , l rfA , I 90 , and I rf0 are substituted for by the linear combinations of the 
flux linkages given by (9 97) 


9 11 Total System Equations 

From (4 103) for each synchronous machine and hence for each node in Figure 9 2, 
the following relations apply 

U - ~L*'(R* + co*N*)i* - L^v*. 

<°k = (1 /3 T jk)(~^dk*qk + \k‘dk ~ + 3 T mk ) 

d k = w k - \ k = 1,2,.... ,/z (9 103) 

where i k = [i dk if k i D kiq k iQ k }\ v* = [v dk -v fk 0 v qk 0]' and the matrices R*, L* and N* are 
defined by (4 74) The whole system is of the form 

x = f(x, v, T m , t) (9 104) 


(see [5, 6, 7, 8, and 9]). Assuming that v Fk and T mk , k = 1,2, ,n , are known, (9 104) 

represents a set of In nonlinear differential equations The vector x includes all the 
stator and rotor currents of the machines, and the vector v includes the stator voltages 
plus the rotor voltages (which are assumed to be known). The set (9 31) provides a 
constraint between all the stator voltages and currents (in phasor notation) as functions 
of the machine angles These equations are also nonlinear 


By examining (9 103) and (9 31) we note the following: The differential equations 
describing the changes in the machine currents, rotor speeds, and angles are given in 
terms of the individual machine parameters only The voltage-current relationships 
(9 31) are functions of the angles of all machines. This creates difficulties in the solu¬ 
tion of these equations and is referred to in the literature as “the interface prob¬ 
lem” [10] The nature of the system equations forces the solution methods to be per¬ 
formed in two different phases (or cycles). One phase deals with the state of the 
network, in terms of node voltages and currents, assuming “known” internal machine 
quantities The other phase is the solution of the differential equations of (9 10.3) 
only. The solution alternates between these two phases. This problem is mentioned 
here to focus attention on the system and solution complexities This problem will be 
discussed further in Volume 2 of this work. 

Finally, if the flux linkage model is used (for the case where saturation is neglected), 
the system equations will be (4 138), (9 100), and (9 101) Again the “interface prob¬ 
lem” and the computational difficulties are encountered 


Example 9 10 

Give the complete system equations for a two-machine system with the machines 
represented by the voltage-behind-subtransient-reactance model and the loads repre¬ 
sented by constant impedances 

, Solution 

The network constraints for this system are given in complex notation in (9 31) or 
j in real variables in (9 40), and the machine equations are given in Section 4 15.2 The 

machine equations are obtained from (4.2.34) and (4 270) They are 

Eqi = K u E' q i + K 2i A Dj 

v* - -'A, - V *7 + E dl 

v« = -04 + W + £" (9.105) 



and 


7 qoAdi = -ES, - (X qi - X")/ ?1 
T doAoi = Eqi - Ad, + i X 'di ~ X ii)^di 

T dOiE'qi = RfOi ~ (1 + &dl)Eqf + X dJdi + R-dAoi 

7 A = T mi ~ Iqfiqi ~ Ufid, 

h, = CO, - I 1-1,2 (9.106) 


The network constraints are obtained from (9.40) 

The system has ten differential equations, six auxiliary machine equations, and four 
algebraic equations for the network (or two complex equations) As per the discussion 
in Section 9 6, some differential equations can be eliminated by using <5, - d 2 and 
co, - co 2 as state variables. 

Some of the computational labor can be reduced if the subtransient reactances of 
the generators are included in the network Y matrix (or Z matrix) The network equa¬ 
tions would then give relations between the currents I qi and I di , i = 1,2, and the volt¬ 
ages £" and E di , i = 1,2. The auxiliary equations for V dj and V qi can be omitted Also 
in (9 40), £" and E di should replace V qi and V dj 
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9 12 Multimachine System Study 

The nine-bus system discussed in Section 2 10 is to be examined for dynamic sta¬ 
bility at the initial operating point given in Section 2 10 Linearized machine equations 
are to be used The loads are to be simulated by constant impedances based on the 
initial operating conditions 

The system under study comprises three generators and three loads A one-line 
impedance diagram is given in Figure 2 18 The initial operating system condition, 
indicating the power flows and bus voltages, is given in Figure 2 19 Data for the 
three generators are given in Table 2 1 (some of which are repeated below for con¬ 
venience) 

The synchronous machine models to be used are as follows: classical model for 
generator 1, and the two-axis model for generators 2 and 3 

9 12 1 Preliminary calculations 

Let the generator terminal voltage be V and the q axis be located at angle <5 All 
angles are measured from reference The generator current 7 lags the terminal voltage 
by the power factor angle 4> The following relations, derived in Section 5 5, are used 
(r ^ 0) to obtain the data in Table 9 1: 

Ir + j/* = / /id - <t> - (P - j Q)/V tan(<5 - 0) = x q I r f{V - x q I x ) 

£' = V q - I d .x' d E‘ d ^ V d + I q x d 
I /-(8 - 0 + 0) = I q + jl d Vl_-b_ ~ V q + jV d 


Table 9.1. Three-Machine System Data 


Quantity 

Unit 

Generator 1 
(classical) 

Generator 2 
(two-axis) 

Generator 3 
(two-axis) 

//(MW s/100 MVA) 

s 

23.6400 

6 4000 

3 0100 

Tj = 2 Hoj b 

pu 

17824 1400 

4825 4863 

2269 4865 

*d~ *d 

pu 

0 0852 

0 7760 

1 1312 

x i ~ x 'd 

pu 

00361 

0 7447 

1.0765 

T ?0 

s 

0 

0 5350 

0 6000 

T q0 

pu 

0 

201 6900 

226 1900 

T 'd0 

s 

8 9600 

6 0000 

5.8900 

T 'd0 

pu 

3377 8404 

2261 9467 

22204777 

E <0 

pu 

! 1 0558 

0 7882 

0 7679 

E’do 

pu 

— 00419 

-0 6940 

-0 6668 


pu 

0 6780 

0 9320 

0 6194 

ho 

pu 

-0 2872 

-1 2902 

-0.5615 


pu 

1 0392 

0 6336 

0 6661 

Vdo 

pu 

-0 0412 

-0 8057 

-0 7791 

5 0 

elec deg 

2 2717° 

61 0975° 

54 1431° 

E' 

pu 

1.0566 


... 


9.12,2 Linearized network equations 

The network is assumed to include the transient reactances of the generators The 
network is reduced to the generator internal nodes At these nodes the voltages are 
E{, E ' 2 , and E 3 . 

From (9 63) with V replaced with E' and for a three-machine system (using 

^12 = — ^21>^13 = ~^3l)’ 
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Y n e>* n 

Y i2 e j (9 > 2 -*i 2 o> 

y (3 fi< 9| 3- 4 130t 

~}E^Y n e«*n-h2o> 


0 


= 


Y 22 e*x 

y 23 ei( # 2}- { 230) 

\E\ 0 Y 7 ,e^-h^ 

0 

-j^ 0 y 23 ej (< «-‘23oi 



y 3l e i,< n- < no ) 

Y n e> ie i 2- 4 320> 


0 


j ^20 y r 3 2 e i< ^32 - * 32°) 


(9 107) 

With generator 1 represented classically, E\ A = 0 and E [ 0 = E[; and with node 1 
as the arbitrary reference node E\ = £, + jO = £, (a constant) Substituting in 
(9 107) and using S 23 = ^ ]3 - <$ 12 , 


Y n e 120 ) y i3 e ji9 i3-*i3o) _j£' 0 K 12 ^ji«i 2 - 4 i 2 o) 

Y 22 e> 9 22 1 y 23 ej (S 23- 4 230) j[£ | r 2| e J<9 l2 +4 120> 

+ E' i0 Y 2i e^2 3- 4 230>] 

;y 32 eJ(«23^230); r 33 e j6 33 Lj£' 0 y 23e i(»23^23O) 


-j£j0 y, 3 f j(fl 13- 6 130) 
-j^3oL 23 ej ((, 23-i230) 

j [£j y, 3 e j(, » +, i3o> 

+ E^Yrf^+s 210)} 


(9 108) 

Separating real and imaginary parts and dropping the subscript A for convenience, 


c t 5 0,j 0,J 

j"V|jCOS(0|j - Aim) - sin(5,, - 6 i N ) y,)COs(8|j - 5| J0 ) - r,)Sin(S,, - i| W ) y| 2 (£i 2 ocos(8, 2 - 8| 20 ) [£ijocos(0|j - i IJ0 ) 

+ £j 2t ,sin(9 12 - i| 20 )| + £' w sin(fl, 2 - 3„ 0 )) 

K, 2 sin(fl| 2 - 3 ]2 o) K| 2 cos( 6 [2 - 4 120 ) S'usin(#>j — S| M ) 1",»cos(fi, 3 - Aim) r, 2 l£i 20 sin (0 i2 - j, 20 ) l’ij[£flj 0 sin(fli, - 5 iro ) 

- £j 2O cos(0, 2 - i, 2 o)] - £jjc,cos(0|, - 3|j 0 )l 

On -S;? y 2! cos(0 2! - (W - U)Sin(0 2 j - 8 2 j 0 ) -£, y| 2 sin(8| 2 + 5^) yjj|£ijocos(8 2 , — i 2JD ) 


- £, 20 COS(tf| 2 - d,] 0 >J - oCOS(0,j - 0130 JI 

-£, y|jSin(8, 2 + 81x1) y 2 ,[£j) 0 cos(8 2 j - i 2JD 

- £i» y 2 ]COS(8 2J - djjo) + £*jo s * n (®23 - Ajjo)1 

- £^jo y»sin(8 2) - 5 2M ) 


K m cos(0 u + 5 2 jo) - J- 2J sin(8 2 j + 3 jjo) 

y 2J sin(8 21 + i 2 3 o) r 2J cos(8 2 , + « 2 „) 


K 2 jSin(8 2) - 8 22 q) y 2) cos(8 2 j - 8 2M ) £, y, 2 cos(8, 2 + i| 20 ) 

- y jjSin(8 2J - 8 2JO ) 

+ £?30 y»cos(8 2 ) - 5, k ) 

On —Sj, yjj[£ijocos(8 2> + i 2JD ) 

+ £j 20 sin(8 21 + 8 2 I o)1 

fij3 Gjj rjj!£i;[iSin(8 2 , + A»i>) 

- £; 20 cos( 8 2 ,+ a™)] 


yjilfjiDsin (8 2 j - i 2J(l ) 

- £jx.cos(8 2J - Aim)] 

-£i K|}Sin(8|j + 8|j(i) 

- rjj£rf!0 c OS(8 2J + 6 3 30 ) 

- y!)£»2oSin(8 2) + 3 2 jo) 

£, y,jcos(0u + 8„o) 

- £ yjo y 2} sin(8 2! + 5 2 jo) 
+ £«» y 2 ,cos(0„ + 8 2JD ) 


(9.109) 

Equation (9.109) is the desired linearized network equation It relates the incremental 
currents to the incremental state variables £' 2 , E d2 , E' q3 , E' di , <5 12 , and <5 13 

9 12.3 Generator equations 

From Example 9 7 we obtain the following generator equations (again the subscript 
A is omitted): 

Generator 1 (classical) 

Tj\&\ = T ml - £,/,, - 

5, = 03, 


(9 110) 
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Generators 2 and 3 (two-axis model) 

TqO< ^di = E d j (Xqi ~ *7 ) ^qi 
TJQi Eqi — EfDi Eqi T" C^i ii ~ ^di 

T ji&i = f mi ~ DjOJj — ldid £ di ~ IqioEqi ~ ^diO^di ~ ^qiO^qi 

8, = co,- i = 2,3 (9 111) 

Again we recall that, to obtain an independent set, the last equations in (9.110) and 
(9 111) are combined to give 

8 U = or, - (o,- i = 2,3 (9112) 

By using (9 109), /,,, I dl , I q2 , I d2 , I qi , and I d3 are eliminated from (9 110) and 
(9.111) The resulting system comprises nine linear first-order differential equations 
The state variables are E' ql , E' d2 , E qJ , E ' d3 ; wi, co 2 , co 3 , 5 ]2 , and <5 13 

9 12 4 Development of the A matrix 

The Y matrix of the network, reduced to the internal generator nodes and including 
the generator transient reactance, is given in Table 2 6 as the prefault Y matrix It is 
repeated here in Table 9 2 Data for the terms in (9 109) are calculated and given in 
Table 9 3 


Table 9.2. Reduced Y Matrix for a Three-Machine System 


Node 

1 

2 

3 

1 

0 8455 - j2 9883 

0.2871 + jl 5129 

0 2096 + j 1.2256 



= 1 5399 /79.25° 

= 1.2434 /80.30° 

2 

0 2871 + jl 5129 

0 4200 - j2 7238 

0 2133 + j 1.0879 


= 1 5399 /79.25° 


= 1 1086/78.91° 

.3 

0.2096 + jl .2256 

0 2133 + jl 0879 

0 2770 - j2 3681 


= 1.2434 /80.30° 

= 1.1086 /78.91° 



The coefficients of (9 109) and (9 111) are then calculated The main system equa¬ 
tions are given below The incremental currents I qi and l di are calculated from 
(9 109). 


4. 


— 1 1458 

-1 0288 

-0.8347 

-0 9216 

1.6062 

1 2642 



4i 


1.0288 

-1.1458 

0,9216 

-0.8347 

0.1891 

00265 


E'd2 

42 


j 0 4200 

2 72.39 

^6 34 S \ 

-1 0541 

\-l 1484 

0 5805 



42 


-2 7239 

0 4200 

1.0541 

0 3434 

2.4914 

-0 9666 


E'd 3 

43 


0 0800 

-1 1058 

; 0.2770 

2 3681 

0 8160 

-1 4414 


«.2 

4.r 


1 1058 

0 0800 

-2.3681 

0.2770 

-0.8305 

1.9859 


*13 _ 


(9 H3) 

The generator differential equations are: 

Generator 1 (classical) 

d>, = 5 6104 x 10- 5 7^j - 5 6104 x lO" 5 /)^, - 5 9279 - 10" 5 / ffl 
5, = or. 


Multimachine Systems with Constant Impedance Loads 395 


Table 9.3. Preliminary Calculations for Three-Machine System 


Nodes 

1-2 

1-3 

2-3 

Yu 

1 5399 

1 2434 

1 1086 

Oij 

79.2544 

80 2952 

78 9084 

OijO 

-58 8259 

-51 8714 

6 9545 

- &ij0 

138 0802 

132 1666 

71 9540 

Yjj cos {6/j - 5 jj 0 ) 

-1 1458 

-0 8347 

0 3434 

Y,j sin (6 U - o, ;0 ) 

1 0288 

0 9216 

1 0541 

Qij + $ij0 

20 4285 

28 4238 

85 8629 

cos (6jj + o,, 0 ) 

1 4431 

1 0935 

0 0800 

Yu sin {6,j + 8,j 0 ) 

0.5375 

0.5919 

1.1058 


Generator 2 (two-axis) 

E' dl = -4 9581 x 10" 3 £J 2 - 3 6923 x 10 ~ 3 I q2 
E' q2 = 4 4210 x 10- 4 £«>2 - 4 4210 x 10~ A E^ 2 +\3.4307 x 10 ~ A I d2 
w 2 = 2 0723 x 10~ 4 T m2 - 2 0723 x \0~ A D 2 o> 2 - 1 9314 x \b~* E' q2 

+ 2 6736 x 10" 4 £^ 2 + 1 4383 x I0~*l d2 - 1 6.334 x 10“ 4 / <?2 

8 2 « co 2 

Generator .3 (two-axis) 

E ' d3 = -4 4210 x 10- 3 £; ? - 4.7592 x lO" 3 /^ 

£^3 = 4.5035 x 10- 4 £, O3 - 4 5035 x lO" 4 ^ + 5 0944 x lO' 4 /^ 
o> 3 = 4.406.3 x 10~ 4 Z m3 - 4 406.3 x 10“ 4 D 3 « 3 + 2 4741 x 10" 4 £; 3 

- 2.7292 x 10" 4 £; 3 + 2,9380 x \0~ 4 I d3 - 3 3836 x 10“% 3 

5 3 = a)3 (9 114) 

By using (9 113), the currents are then eliminated in (9 114). Combining terms and 
using the relation 8,j = <5, - fy, we obtain the linearized differential equations for 
the three-machine system The results are shown in (9 115), which is of the form 



w, 


£« 




O), 

«. 2 





~-0 56107), 

0 6793 

0 6099 

0 

0 4948 

0 5463 

0 

-0 9520 

-0 7494" 


«i 



0 

13 7658 

1 4409 

0 

36163 

1 1781 

0 

8 5472 

-33161 





0 

- 15 5076 

-150 1554 

0 

-12 6793 

38 9205 

0 

42.4023 

-21 4333 



w 2 


0 

-6 5352 

-1 1714 

-2 0723Z)* 

0 9552 

2 2156 

0 

5 4592 

-2 3385 



Z’o 

= to- 4 } 

0 

5 6334 

0 4076 

0 

-16 5675 

1 4111 

0 

-4 2309 

10 1170 





0 

-3 8073 

52 6270 

0 

- 13 1829 

-1569117 

0 

-38 8349 

68 5987 



Ci, 


0 

2 9781 

3 9766 

0 

-10 6238 

-4 7247 

-4 4063 D, 

-5 2010 

107116 


^3 

&)2 


10000 

0 

0 

-10000 

0 

0 

0 

0 

0 


«u 



10000 

0 

0 

0 

0 

0 

-10000 

0 

0 


i» 


+ io-‘ 


0 56107;, 

4 4210£ t - C j 
0 

2 0723r„ 2 
4 5035£„, 
0 

4 406371., 
0 
0 


(9 115) 
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x = Ax + Bu 

where \‘ = [«, E' q2 E dl w 2 E qi E di cu 3 5 12 613 ] 
u' = [T m | Efo 2 Tm 2 E FD j Tml] 

The eigenvalues of the A matrix are obtained for the case of Z>, = D 2 = £>3 = 
10 pu, using a library computer program They are 

X, « -0 002664 + jO 034648 X 6 = —0 010373 

X 2 = -0.002664 - jO 034648 X 7 = -0 000455 

X 3 « -0 000622 + jO 022984 X 8 = -0 000199 + jO 000129 

X 4 = -0 000622 - jO. 022984 X 9 - -0 000199 - jO 000129 

X 5 * -0 016644 

All the eigenvalues have negative real parts, and the system is stable for the op¬ 
erating point under study The dominant frequencies are about 2.1 Hz and 14 Hz 
respectively These frequencies are the rotor electromechanical oscillations and should 
be very similar to the frequencies obtained in Example 3.4 Thus if we plot P x2 from 
the data of Figure 3.8, we find that the dominant frequency is about 1 4 Hz, which 
checks with the data obtained here 

A similar run was obtained for the same data except for D x = D 2 = D 3 = 0 
The eigenvalues are 

X, = -0 000458 X 6 = -0 000529 + jO 02298.3 

X 2 - -0 000281 X 7 = -0 000529 - jO 022983 

X 3 = -0 010366 X 8 = -0 002459 + jO 034636 

X 4 « -0 016659 X 9 = -0 002459 - jO 034636 

x 5 = 0 

Since this is a special case of uniform damping ( D/tj = 0), the system order is re¬ 
duced by one The frequencies corresponding to the electromechanical oscillations are 
almost unchanged, while the long period frequency has disappeared 

Problems 

9 1 If the Y matrix of the network, reduced to_the generator nodes, is such that dg = 
90°,/ 5* j, derive the general form of the matrix M 
9.2 For the conditions of Problem 9 1, obtain the real matrices for I, and l d in terms of 
V 9 and V d . Compare with (9 40) for a two-machine system with G l2 = G 21 = 0 
9 3 Repeat Example 9 3, using the synchronous machine model called the one-axis model (see 
Section 4 15.4). 

9 4 Repeat Example 9 5, neglecting the amortisseur effects for the synchronous machine repre¬ 
sented in detail (Section 4 15.1) 

9 5 Linearize the voltage-behind-subtransient-reactance model of the synchronous machine 
9 6 Repeat Example 9 8, using the results of Problem 9.5. 

9 7 Develop (9.89) for a three-machine system with zero transfer conductances. 

9 8 For the nine-bus system of Section 2 10 the dynamic stability of the postfault system (with 
line 5-7 open) is to be examined The generator powers are the same as those of prefault 
conditions 

a. From a load-flow study obtain the system flows, voltages, and angles 
b Calculate the initial position of the q axes; I q o^da, Kro> E' q o, and E'do f° r each ma¬ 
chine; and the angles o i2 o and 5 13 o 

c Obtain the A matrix and examine the system eigenvalues for stability 
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appendix 


Trigonometric Identities for Three-Phase 

Systems 


In solving problems involving three-phase systems, the engineer encounters a large 
number of trigonometric functions involving the angles ±120° Some of these are,listed 
here to save the time and effort of computing these same quantities over and over 
Although the symbol (°) has been omitted from angles ±120°, it is always implied 


sin (0 ± 120) = -1/2 sin 0 ± V%/2 cos 0 (A 1) 

cos(0 ± 120) = -1/2 cos 0 =f vl/2sin 0 (A.2) 

sin 2 (0 ± 120) = 1/4 sin 2 0 + 3/4 cos 2 0 =f \/3/2 sin 0 cos 0 

= 1/2 + 1/4 cos 2d =F \/3/4sin2 8 (A 3) 

cos 2 (0 ± 120) = 1/4 cos 2 0 + 3/4 sin 2 0 ± vT/2 sin 0 cos 0 

= 1/2 - 1/4 cos 2d ± \/T/4 sin 28 (A 4) 

sin 6 sin (6 ± 120) = - 1/2 sin 2 8 ± VT/2 sin 6 cos 8 

= - 1/4 + 1/4 cos 28 ± VI/4sin 28 (A 5) 

cos 8 cos (0 ± 120) = -1/2 cos 2 0 =f vT/ 2 sin 0 cos 0 

= - 1/4 - 1/4 cos 20 =f V3/4 sin 20 (A 6) 

sin0cos(0 ± 120) = -1/2 sin 0 cos 0 =f \/3/2sin 2 0 

= - 1/4 sin 20 ± V3/4 cos 20 =f v/3/4 (A 7) 
cos 0 sin (0 ± 120) = -1/2 sin 0 cos 0 ± VT/2 cos 2 0 

= -1/4 sin 20 ± VT/4 cos 20 ± vT/4 (A.8) 
sin (0 + 120) cos (0 + 120) = -1/2 sin 0 cos 0 - \/3/4cos 2 0 + vT/4 sin 2 0 

= -1/4 sin 20- \/3/4cos20 (A 9) 

sin(0 + 120) cos (0 - 120) = sin 0 cos 0 - V3/4 = 1/2 sin 20 - V3/4 (A 10) 
sin(0 - 120) cos(0 + 120) = sin 0 cos 0 + VJ/4 = 1/2 sin 20 + vT/4 (A ll) 

sin (0 - 12O)cos(0 - 120) = -l/2sin0cos0 + \/J/4cos 2 0 - \/3/4sin 2 0 

= -1/4 sin 20 + V3/4 cos 20 (A 12) 


sin (0 + 120) sin (0 - 120) = 1/4 sin 2 0 - 3/4 cos 2 0 = -1/4 - 1/2 cos 20 (A 13) 
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cos (0 + 120) cos (0 - 120) = 1/4 cos 2 0 - 3/4 sin 2 0 = -1/4 + 1/2 cos 20 (A 14) 

sin (20 ± 120) = -1/2 sin 20 ± VT/2 cos 20 (A 15) 

cos (20 ± 120) = -1/2 cos 20 t a/3/2 sin 20 (A. 16) 

sin 0 + sin(0 - 120) + sin(0 + 120) = 0 (A 17) 

cos 0 + cos (0 - 120) + cos (0 + 120) = 0 (A. 18) 

sin 2 0 + sin 2 (0 - 120) + sin 2 (0 + 120) = 3/2 (A.19) 

cos 2 0 + cos 2 (0 - 120) + cos 2 (0 + 120) = 3/2 (A 20) 

sin 0 cos 0 + sin (0 - 120) cos (0 — 120) + sin (0 ~+ 120) cos (0 + 120) = 0 (A 21) 


In addition to the above, the following commonly used identities are often required: 

sin 2 0 + cos 2 0 = 1 

sin 0cos0 = 1 /2 sin 20 
cos 2 0 - sin 2 0 = cos20 

cos 2 0 = (1 + cos20)/2 
sin 2 0 = (1 - cos20)/2 
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The solution of dynamic systems of any kind involves the integration of differential 
equations. Some physical systems, such as power systems, are described by a large num¬ 
ber of differential equations Hand computation of such large systems of equations is 
exceedingly cumbersome, and computer solutions are usually called for. 

Computer solutions fall into two categories, analog and digital, with hybrid sys¬ 
tems as a combination of the two The purpose of this appendix is to reinforce the ma¬ 
terial of the text by providing some of the fundamentals of computer solutions This 
material is divided into two parts: analog computer fundamentals and digital com¬ 
puter solutions of ordinary differential equations A short bibliography of references 
on analog and digital solutions is included at the end of this appendix 

B 1 Analog Computer Fundamentals 

The analog computer is a device designed to solve differential equations This is 
done by means of electronic components that perform the functions usually required in 
such problems I hese include summation, integration, multiplication, division, multi¬ 
plication by a constant, and other special functions 

The purpose of this appendix is to acquaint the beginner with the basic fundamen¬ 
tals of analog computation As such it may be a valuable aid to the understanding of 
some of the text material and may be helpful in attempting an actual analog simulation 
It should be used as a supplement to the many excellent books on the subject In par¬ 
ticular, the engineer who attempts an actual simulation will surely need the instruction 
manual for the computer actually used 

B 1 1 Analog computer components 

Here we consider the most important analog computer components Later , we will 
connect several components to solve a simple differential equation We discuss these 
components using the common symbolic language of analog computation and omit en¬ 
tirely the electronic means of accomplishing these ends 

The summer.. The first important component is the summer or summing amplifier 
shown in Figure B 1, where both the analog symbol and the mathematical operation are 
indicated Note that the amplifier inverts (changes the sign) of the input sum and 
multiplies each input voltage by a gain constant k t selected by the user. On most com¬ 
puters k, may have values of 1 or 10, but some models have other gains available. 
Usually V 4 is limited to 100 V (10 V on some computers) 
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Fig B l the summer; V 4 = — V\ + kjVj + k^V^) 

The integrator, It is necessary to be able to perform integration if differential 
equations are to be solved Fortunately, integration may be done rapidly and very 
reliably by electronic means, as shown in Figure B 2, where V 0 is the initial value 
(at t = 0) of the output variable V 4 Gain constants k, are chosen by the operator 
and are restricted to values available on the computer, usually 1 and 10. The output 
voltage is limited, usually to 100 V 


V 3 _ 

v,_ k 


Fig B 2 The integrator; V 4 = ~[V 0 + I (A| Kj + k 2 V 2 + k 3 V 3 )dt] 


The potentiometer.. The potentiometer is used to scale down a voltage by an exact 
amount as shown in Figure B 3, where the signal is implied as going from left to right 
Potentiometers are usually 10-turn pots and can be reliably set to three decimals with 
excellent accuracy 


Fig B .3 The potentiometer; V 2 = k V 0 g k S 1 

The function generator., The function generator is a device used to simulate a non¬ 
linear function by straight-line segments Function generators are represented by the 
“pointed box” shown in Figure B 4 where the function / is specified by the user, and 
this function is set according to the instructions for the particular computer used This 
feature makes it possible to simulate with reasonable accuracy certain nonlinear func¬ 
tions such as generator saturation The function /must be single valued. 


Fig B4 The function generator; V 2 =/(F,) 


The high-gain amplifier.. On some analog computers it is necessary to use high-gain 
amplifiers to simulate certain operations such as multiplication The symbol usually 
used for this is shown in Figure B 5, although it should be mentioned that this symbol 
is not used by all manufacturers of analog equipment Note that the gain of the am¬ 
plifiers is very high, usually being greater than 10 4 and often greater than 10 6 This 
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Fig B.5 The high-gain amplifier; V 2 = ~AV\,A > 10 4 

means that the input voltage of such amplifiers is essentially zero since the output is 
always limited to a finite value (often 100 V), 

The multiplier. The multiplier used on modern analog computers is an electronic 
quarter-square multiplier that operates on the following principle Suppose v and i are 
to be multiplied to find the instantaneous power; i e , p = vi To do this, we begin 
with two voltages, one proportional to v, the other proportional to i Then we form 
sum and difference signals, which in turn are squared and subtracted;^.e, 

M = (u + i) 2 - (u - i) 2 = (v 2 + 2 vi + i 2 ) - ( u 2 - 2vi + i 2 ) = 4vi 

and p = (\/4)M, or one quarter of the difference of the squared signals. 

The symbol used for multiplication varies with the actual components present in 
the computer multiplier section, but in its simplest form it may be represented as shown 
in Figure B 6 Note that it is usually necessary to supply both the positive and negative 
of one signal, say The multiplier inverts and divides the result by 100 (on a 100-V 
computer). 


v, 

v s 

Fig B 6 The multiplier; V 3 = - V x K 2 /100V = - V, V 2 pu 



Other components. Most full-scale analog computers have other components not 
described here, including certain logical elements to control the computer operation 
These specialized devices are left for the interested reader to discover for himself 


8,1,2 Analog computer scaling 

Two kinds of scaling are necessary in analog computation, time scaling and ampli¬ 
tude scaling. Time scaling can be illustrated by means of a simple example Consider 
the first-order equation 

rf = /(«.<) (Bi) 

where v is the dependent variable that is desired, 7 is a constant, and / is a nonlinear 
function of v and t The constant 7 would appear to be merely an amplitude scale fac¬ 
tor, but such is not the case Suppose we write 


j dv du _ dv_ 
dt d(l/T) dr 




(B2) 


where r = tj'T Thus replacing the constant 7 by unity as in (B 2) amounts to time 
scaling the equation In an analog computation the integration time must be chosen so 
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that the computed results may be conveniently plotted or displayed. For example, if 
the output plotter has a frequency limit of 1,0 kHz, the computer should be time scaled 
to plot the results more slowly than this limit 

Analog computers must also be amplitude scaled so that no variables will exceed 
the rating of the computer amplifiers (usually 100 V) This requires that the user esti¬ 
mate the maximum value of all variables to be represented and scale the values of these 
variables so that the maximum excursion is well below the computer rating 

Actually, it is convenient to scale time and amplitude simultaneously. One reason 
for this is that the electronic integrator is unable to tell the difference between the two 
scale factors Moreover, this makes one equation suffice for both kinds of scaling We 
begin with the following definitions Let the time scaling constant a be defined as 
follows: 

,r computer time /r> 

t = computer time t = real time a = - = --- (B 3) 

t real time 

For example, if a = 100, this means that it will take the computer 100 times as long to 
solve the problem as the real system would require It also means that 100 s on the out¬ 
put plotter corresponds to 1 s of real time 

Also define 7 as the level of a particular variable in volts, corresponding to 1 0 pu 
of that variable For example, suppose the variable v in (B I) ordinarily does not go 
above5 0pu If the computer is rated 100 V, we could set L = 20 V on the amplifier 
supplying v Then if v goes to 5 0 pu, the amplifier would reach 100 V, its maximum 
safe value The scaling procedure follows; 

1 Choose a time scale a that is compatible with plotting equipment and will give rea¬ 
sonable computation times (a few minutes at most) 

2 Choose levels for all variables at the output of all summers and integrators 



Fig B7 Time and amplitude scaling 


3 Apply the following formula to all potentiometer settings (see Figure B 7): 

PG = KL 0 JaL, n (B 5) 

where a = time scale factor 

P = potentiometer setting, 0 < P < 1 
G = amplifier or integrator gain 

K = physical constant computed for this potentiometer 
^om = assigned output level, V 
7 in = assigned input level, V 

B 1 3 Analog computation 

Example B I 

Suppose the integrator in Figure B 7 is to integrate -8 (in pu) to get the torque 
angle o in radians Then we write 
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Thus the constant K in Figure B 7 and (B 5) is cu R , which is required to convert from 5 in 
pu to <5 in rad/s. In our example let co R = 377 

Solution 

Let a = 50 Then the levels are computed as follows: 5 max = 100° = 1.745 rad, so 

letI oul = 50 V, (1 745 x 50 < 100). Also estimate <5 max = 1 25 pu, so let L m = 75 V, 

(1 25 x 75 < 100) Then compute 

PC = KL 0 JaL m = (377 x 50)/(50 x 75) = 5 03 

Since 0 ^ P ^ 1 let G = 10 = gain of integrator and P = 0 503 = potentiometer 

setting \ 


Example B 2 

Compute the buildup curve of a dc exciter by analog computer and compare with 
the method of formal integration used in Chapter 7 Use numerical data from Examples 
7.4, 7.5, and 7 6 

Solution 

For this problem we have the first-order differential equation 

v f = (v-Ri)/T (B 7) 

where v = v p when separately excited 
= v f when self-excited 
= Or + v f when boost-buck excited 

where both v p and v R are constants Thus the analog computer diagram is that shown in 
Figure B 8, where v F0 = v F (0) 


Close switch for self-excited 



An alternate solution utilizing the Frohlich approximation to the magnetization 
curve is described by the equation 


TcV f = v - 


bRv f 
a - v. 


(B 8) 


Solving this equation should exactly duplicate the results of Chapter 7 where this same 
equation was solved by formal integration 


Using numerical data from Example 7 4 we have 

r £ = 0 25 s a = 279.9 b = 5.65 

The values of R and v depend upon the type of buildup curve being simulated 
From Examples 7 4, 7 5, and 7 6 we have 

Separately excited: v = v p = 125 V R = 34 ft 

Self excited: v = v F R = 30 Q 

Boost-buck excited: t; = v f + 50 V R = 43 6 £2 

and these values will give a ceiling of 110.3 V in all cases Also, from Table 7 5 we note 
that the derivative of v F can be greater than 100 V/s. This will help us scale the voltage 
level of v F 

Rewriting equation (B.8) with numerical values, we have 

0 25 b f = v - 5 65 Rv F /(219 9 - v F ) V (B.9) 

where R and v depend on the type of system being simulated. Suppose we choose a base 
voltage of 100 V Then dividing (B 9) by the base voltage we have the pu equation 

0 25 v f = v - 0 0565 Rv f /(2 799 - v F ) (B 10) 

where v F and v are now in pu 

A convenient time scale factor is obtained by writing 

dv F dv F d v F 

T£Vf ~ 7E dl " d(t/T E ) " dr 

ora = r/t = l/r £ = 4 0 s" 1 

Then the factor 0.25 in front of (B 10) becomes unity, and 4 s on the computer corre¬ 
sponds to 1 0 s of real time 

The analog computer solution for (B 10) is shown in Figure B.9, and the potenti¬ 
ometer settings are given in Table B. 1 By moving the three switches simultaneously to 
positions R, C, and L , the same computer setup solves the separately excited, self- 
excited, and boost-buck buildup curves respectively. Voltage levels are assumed for 



Fig B 9 Solution diagram for Frohlich approximated buildup 
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each amplifier and are noted in parentheses These values are substituted into (B 5) to 
compute the PG products given in Table B 1 For example, for potentiometer 5 

PG = (K/a)(L 0 JLJ = (1.0/4X50/10) = 1 25 = 0 125 x 10 
or for potentiometer 7 

PG = (1 92/l)(10/50) = 0 384 = 0.384 x 1 
Other table entries are similarly computed 


Table B.l. Potentiometer and Gain Calculations for Figure B.9 


Potentiometer 


Function 

K 

PG\ 

P 

G 

v p 

1 25 

0 125 ' 

0 125 

1 

v* 

0 50 

0 050 

' 0 050 

1 

scale 

10 

0 20 

0 20. 

1 

scale 

10 

0 20 

0 20 

1 

time scale 

1 0 

1 25 

0 125 

10 

initial value, v F0 

0 45 


0 45 

bR (separately) 

1 92 

0 384 

0 384 

1 

bR (self) 

1 695 

0 339 

0 339 

1 

bR (boost-buck) 

2 46 

0492 

0492 

1 

1 

scale 

1 0 

0 40 

0 40 

a 

2.799 

0.56 

0.56 

l 


The computed results are shown in Examples 7 4, 7.5, and 7.6. 


B 2 Digital Computer Solution of Ordinary Differential Equations 

The purpose of this section is to present a brief introduction to the solution of 
ordinary differential equations by numerical techniques The treatment here is simple 
and is intended to introduce the subject of numerical analysis to the reader who wishes 
to see how equations can be solved numerically 

One effective method of introducing a subject is to turn immediately to a simple 
example that can be solved without getting completely immersed in details We shall 
use this technique Our sample problem is the dc exciter buildup equation from Chapter 
7, which was solved by integration in Examples 7 4-7 6 Since the solution is known, 
our numerical exercise will serve as a check on the work of Chapter 7 However, the 
real reason for choosing this example is that it is a scalar (one-dimensional) system that 
we can solve numerically with relative ease Larger //-dimensional systems of equations 
are more challenging, but the principles are the same The nonlinear differential equa¬ 
tion here is 


dv F 1 

v f = — = -(v - R, ] ( B ii) 

which we will solve by numerical techniques using a digital computer Such problems 
are generally called initial value problems'’ because the dependent variable v f is known 
to have the initial value (at t = OJoft^O) = v F0 

B,2 1 Brief survey of numerical methods 

There are several well-documented methods for solving the initial value problem by 
numerical integration All methods divide the time domain into small segments At long 
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and solve for the value of v f at the end of each segment In doing this there are three 
problems: getting the integration started, the speed of computation, and the generation 
of errors Some methods are self-starting and others are not; therefore, a given com¬ 
putation scheme may start the integration using one method and then change to another 
method for increased speed or accuracy. Speed is important because, although the 
digital computer may be fast, any process that generates a great deal of computation 
may be expensive Thus, for example, choosing At too small may greatly increase the 
cost of a computed result and may not provide enough improvement in accuracy to be 
worth the extra cost 

A brief outline of some known methods of numerical integration is given in Table 
B 2 Note that the form of equation is given in each case as an nth-order equation. 
However, it is easily shown that any nth-order equation can be written as n first-order 
equations Thus instead of 

= f(v,t) (B 12) 

we may write 


x, = f{v,t) 


X2 = fli.V,t) 


K = fn(V,t) 

or in matrix form 

x = f(x, 0 (B 13) 

Thus we concern ourselves primarily with the solution of a first-order equation 


Table B.2. Some Methods of N umerical Integration of Differential Equations 


Method 

Form of equation 

Order of errors 

Remarks 

Direct integration, 
trapezoidal rule, 

o (n > = f{t ) 

At 

Must known - 1 derivatives to 
solve for v (n> 

Simpson’s rule 

Euler 

u in) = f(v, t) 

(At) 2 

Self-starting 

Modified Euler 

v (n) = f(v, t) 

(A0 3 

Self-starting predictor-corrector 

(Heun) 

Runge-Kutta 

v' n = f(v, l) 

(A/) 3 

Self-starting, slow 

Milne 

Hamming 

v w = /( v,t) 
V {n) = f (v, t) 

(At) 5 

Start by Runge-Kutta or Taylor series 
Imposes maximum condition on At 
for stable solution 

Crane 

v (n) = J{u,t) 


Varies size of At to control error 


A complete analysis of every method in Table B 2 is beyond the scope of this ap¬ 
pendix and the interested reader is referred to the many excellent references on the sub¬ 
ject Instead, we will investigate only the modified Euler method in enough detail to 
be able to work a simple problem 


B.2 2 Modified Euler method 

Consider the first-order differential equation 

v = f(v,t) (B. 14) 
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(b) 


Fig BIO Graphical interpretation of the predictor-corrector routine: (a) v versus i (b) v versus t 


where v is known for l = 0 (the initial value) Suppose the curves for v and v are as 
shown in Fig B 10, where the time base has been divided into finite intervals At wide 
Now define 

v 0 = f(v 0 ,0) (B 15) 

which gives the initial slope of the v versus t curve Next a predicted value for v at 
the end of the first interval is computed. If we define v - d, when t = Ar, we com¬ 
pute the predicted value d, as 

P(Vi) = v 0 + v 0 At (B 16) 

which is an extension of the initial slope out to the end of the first interval, as shown in 
Figure B 10(b) But d 0 A/ is the rectangular area shown in Figure B 10(a) and is ob¬ 
viously larger than the true area under the v versus t curve, so we conclude that P(d,) 
is too large [also see Figure B 10(b)] 

Suppose we now approximate the value of b, by substituting P(v^) into the given 
differential equation (B 14) Calling this value P( t),), we compute 

P( V] ) - f[P{v^At] (B 17) 

Now approximate the true area under the v versus t curve between 0 and At by a 
trapezoid whose top is the straight line from d 0 'to P{V\), as shown by the dashed 
line in Figure B 10(a) Using this area rather than the rectangular area, we compute a 
corrected value of y,, which we call C(y,), 

c(vj) = v 0 + {[Do + P{V:)\/2}At 


(B 18) 
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We cal! (B 18) the corrector equation Now we substitute the corrected value of 
D t , C(d,), into the original equation to get a corrected v v 

C(b.) =/[C(D,),Ar] (B 19) 

We now repeat this operation, using C(u,) in (B 18) rather than P(v { ) to obtain 
an even better value for C(d,) This is done over and over again until successive values 
of C(d,) differ from one another by less than some prescribed precision index or until 

C(u,)* - C(d,) a -' ^ e (B 20) 

where k is the iteration number and e is some convenient, small precision index (10~ 6 , 
for example) Once d, is determined as above, we use it as the starting point to find v 2 
by the same method 

The general form of predictor and corrector equations is 

P{v i+l ) = Vj + i>i(At) (B 21) 

C(D i+1 ) = Vj + {[Vj + P(v i+x )}/2\ At (B 22) 

B 2 3 Use of the modified Euler method 


Example B 3 

Solve the separately excited buildup curve by the predictor-corrector method of 
numerical integration Use numerical values from Example 7 4 

Solution 

The equation requiring solution is 

t e v f = v p - Ri (B 23) 

where / as a function of v f is known from Table 7.3 We could proceed in two different 
ways at this point We could store the data of Table 7 3 in the computer and use linear 
(or other means) interpolation to compute values of i for v f between given data points 
Thus using linear interpolation, we have for any value of v between d, and v 2 

I = /, + (/ 2 - i,)(D - D,)/(D 2 - d,) (B 24) 

In this way we can compute the value of/ corresponding to any v f and substitute in 
(B 23) to find v f . An alternative method is to use an approximate formula to represent 
the nonlinear relationship between v f and i Thus, by the Frohlich equation, 

/ = bv f jia - v f ) (B 25) 

where a and b may be found as in Example 7 2 

Let us proceed using the latter of the two methods, where from Example 7 2 we 
have 

a = 219 9 b = 5 65 


Thus (B 23) becomes 



RbVp 

T E (a - Vf) 


(B 26) 



or 


(B 27) 
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To avoid confusion in programming, we drop the subscript on v f , represent v p by a 
constant W, and replace t by 7 to write 

v = Wf 7 - (Rb/T)[v/{a - u)] (B 28) 

The data that must be input to begin the solution is shown in Table B .3 with cer¬ 
tain additional variables that must be defined 

The computer flow diagram is shown in Figure B 11 for the separately excited case 
The FORTRAN coding is given in Figure B 12. The solution is printed in tabular form 
in Table B4 for values of t from 0 to 0 8 s Note that both v F and v f are given. 
The derivative may not be needed, but it is known and can just as well be printed The 
computed results agree almost exactly with the results of Example 7 4 and are therefore 
not plotted 
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VDOTl{W,V) = (W—R*B*V/(A-V))/TEE 

READ( 1,101 )W,TEE R,B,A,VO DELTA,KEND EPS 

101 FORMAT (F5 2 F4 3 F5 2 F5 3 F6 3 F5 2 F5 4 13 F7 7) 

V = VO 

VDOT=0 0 
PV = 0.0 
CV=0.0 
PVDOT = 0.0 
CVDOT = 0 0 

; T = 0 0 

VDOT=VDOTl (W.V) 

WRITE(3.110)T.V,VDOT 
DO 200 J=l . KEND 

105 PV = V + VDOT‘DELTA 
PVDOT=VDOTl (W PV) 

102 OLD = PV 

103 CVDOT = PVDOT 

104 CV = V + 0.5*(VDOT + CVDOT)'DELTA 
IF(CV-OLD-EPS) 107,107 106 

106 CVDOT = VDOTl(WCV) 

OLD = CV 

GOTO 104 

107 T = T + DELTA 
V=CV 

VDOT=CVDOT 

/ WRITE{3,U0)T,V,VDOT 

110 FORMATS ’F103.F102F10 2) 

200 CONTINUE 
STOP 
END 

Fig B 12 FORTRAN coding for the separately excited case 


Table B.3. Data and Variable Symbols, Names, and Formats 


Symbol 

Name 

Format 

Constant 

Variable 

v p 

W 

F5 2 

X 


T 

TEE 

F4.3 

X 


R 

R 

F5.2 

X 


b 

B 

F5.3 

X 


a 

A 

F6.3 

X 


o(0) 

VO 

F5.2 

X 


At 

DELTA 

F5.4 

X 


— 

KEND 

13- 

X 


( 

EPS 

F7 7 

X 


V 

V 

F5 2 


X 

V 

VDOT 

F6 2 


X 

m + ,) 

PVDOT 



X 

C(v i+l ) 

CVDOT 



X 

nv i+l ) 

PV 



X 

C(0 l+] ) 

CV 



X 

t 

T 

F5.3 


X 
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I able B.4. Separately Excited Results in Tabular Form 


t 

v f 

Up 

l t 

v f 





0:400 

158 55 

130 72 

0 0 

40 00 

452 90 

0410 

159.82 

123 82 

0010 

44 50 

446.55 

0 420 

161 02 

117.15 

0 020 

48 93 

440 10 

0430 

162 16 

110 72 

0 030 

53 30 

433.50 

0 440 

163 24 

104.52 

0 040 

57 60 

426 75 

0 450 

164 26 

98.58 

0 050 

61 83 

419.84 

0 460 

165 21 

92 87 

0 060 

66 00 

412.78 

0 470 

166 11 

87 42 

0 070 

70 09 

405 57 

0 480 

16696 

82 20 

0080 

74 11 

398.20 

0 490 

167 76 

77.23 

0 090 

78 05 

390 69 

0 500 

168 51 

72 50 

0 100 

81.92 

383 03 

0 510 

169.21 

68 00 

0 110 

85 71 

375 23 

0 520 

169 87 

63 73 

0 120 

89 42 

367 29 

0 530 

170 49 

59 68 

0 130 

93 06 

359 21 

0 540 

171.06 

55.85 

0 140 

96 61 

351 01 

0 550 

171 60 

52 23 

0 150 

100 08 

342.68 

0 560 

172 11 

48.82 

0.160 

103.46 

334 24 

0 570 

172 58 

45 59 

0 170 

106 76 

325 70 

0.580 

173 02 

42 56 

0 180 

109 97 

317.05 

0 590 

173 43 

39.71 

0 190 

113 10 

308 32 

0 600 

1 73 82 

37 03 

0 200 

116 14 

299 52 

0 610 

174.17 

34 51 

0210 

119 09 

290 65 

0 620 

174 51 

32 15 

0.220 

121 95 

281.74 

0 630 

1 74 82 

29 94 

0.230 

124.72 

272 79 

0 640 

175.11 

27 87 

0 240 

127 41 

263 82 

0 650 

175 38 

25 93 

0.250 

130 00 

254.84 

0 660 

175.63 

24 12 

0 260 

132.50 

245 88 

0 670 

175 86 

22 43 

0 270 

134 92 

236 94 

0 680 

17608 

20 85 

0 280 

137 24 

228 05 

0 690 

176 28 

19 37 

0.290 

139 48 

219.21 

0 700 

176 46 

18 00 

0 300 

141 63 

21046 

0 710 

176 64 

16 72 

0 310 

143 69 

201 80 

0 720 

176 80 

15 52 

0 320 

145 66 

193 26 

0 730 

176 95 

1441 

0 330 

147 56 

184.84 

0 740 

177 09 

13 38 

0 340 

149 36 

176 57 

0 750 

177 22 

1241 

0 350 

151 09 

168 45 

0 760 

177.34 

11 52 

0 360 

152.73 

160 51 

0 770 

177 45 

10 68 

0 370 

154.30 

152 76 

0 780 

177 55 

9 91 

0 380 

155 79 

145 20 

0 790 

177 65 

9 19 

0.390 

157.20 

137.85 

0.800 

177.73 

8.52 
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Normalization 


There are many ways that equations can be normalized, and no one system is clearly 
superior to the others [1,2,3] For the study of system dynamic performance it is im¬ 
portant to choose a normalization scheme that provides a convenient simulation of the 
equations At the same time it is also important to consider the traditions that have 
been established over the years [1,2] and either comply wholly or provide a clear tran¬ 
sition to a new system 

Having carefully considered a number of normalization schemes for synchronous 
machines and weighed the merits of each, the authors have adopted the following 
guidelines against which any normalization system should be measured 

1 The system voltage equations must be exactly the same whether the equations are in pu 
or MKS units This means that the equations are symbolically always the same and 
no normalization constants are required in the pu equations 

2 The system power equation must be exactly the same whether the equation is in pu or 
MKS units This means that power is invariant in undergoing the normalization 
Thus both before and after normalization we may write 

P = kv'i (C 1) 

and k is the same both before and after normalization 

3 All mutual inductances must be capable oj representation as tee circuits after nor¬ 
malization This requirement is included to simplify the simulation of the pu 
equations 

4 The major pu impedances traditionally provided by the manufacturers must be main¬ 
tained in the adopted system for the convenience oj the users Other pu imped¬ 
ances must be related to and easily derived from the data supplied by the manufac¬ 
turer 

The normalization scheme used by U S manufacturers does not satisfy require¬ 
ment 2 The manufacturers use the original Park’s transformation, as given by (4 22), 
which is different from the transformation used in this book, as given by (4 5) How¬ 
ever, the pu system is to be developed so that the same pu stator and rotor impedance 
values are obtained 

C. 1 Normalization of Mutually Coupled Coifs 

Consider the ideal transformer shown in Figure C 1 First we write the equations 
in MKS quantities, i.e , volts, amperes, ohms, and henrys 
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/ 


Vi 




Ideal 


Fig. C I Schematic diagram of an ideal transformer 


* 1 ' 1 + £ ''ir + L » d i v 

v 2 = + L a ^ + L„ ^ V (C 2) 


where, in terms of the mutual permeance (P m and the coil turns N, L jk = (P„,NjN k 
for j,k = 1,2 Now choose base values for voltage, current, and time in each cir¬ 
cuit, i e , 

For circuit 1: K 1B / lB / 1B 
For circuit 2: K 2B / 2B / 2B 

Then since any quantity is the product of its per unit and base quantities, we have, 
using the subscript u to clearly distinguish pu quantities, 




KrViu — Tl 2 I 2B i 2u -F 


£-n Ab di lu 
*ib dt 
l—nli r di->„ 


_|_ diju y 


-22'2B _ 

*2B dt 


+ 


*2B dt 2u 

£-2|£ib di\ u 


tx 


dtx 


(C 3) 


Dividing each equation by its base voltage, we have the pu (normalized) voltage equa¬ 
tions 


__ £?i • L\\I ib di\ u L ] 2 Cb di 2u 

^ib/Cb J'Wib dt iy F’ibCb dt 2u 

d = ^2 ; , ^>22^2b di 2u L 2 \/ib di\ u 

f'W^2 b Tjb t 2B dt 2u ^Wib dt\ u 

We can define 


(C 4) 


R - ^1 _ ^1 n _ ^2 _ R 2 

C|b/£iB /?1B ^2b/£2B £^2B 

[ _ £-11 _ £-11 j ^ _ £-22 _ £-22 (C 5 ) 

^IB f )B /£lB £• IB C 2B / 2B // 2B Z 2B 

Now examine the mutual inductance coefficients To preserve reciprocity, we re¬ 
quire that 

T\ 2 I 2B /V\ B t 2B = L 2 \I\ B jV 2B t XB 
and since £ |2 = Z 2 i H, we compute 

^IbAb/^B = f / aB / 2B IB 


or 


‘S'lB/^B — ^2B /f IB 


(C 6) 
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Ihe ideal transformer is also characterized as having the following constraints on 
primary and secondary quantities: 

n = i 2 ji { = VJV 2 (Cl) 

where n = N x (N 2 . Rewriting in terms of base and pu values, we have 

n = IlBhu /IlBhu = ^ r \B V iul^ / 2 B^ 2 u 
Thus the pu turns ratio n u must be 

n» = hu/hu = ib/^ 2 b = v lu /u 2u = nV 2B /V lB (C 8) 

and base quantities are often chosen to make n u = 1 From (C 8) we compute 

^ib/^2b — ^2b/Rib 


^lB^lB - ^2B^2B 


*^1B ~ $2B = S B 


Combining with (C 6), it is apparent that we must have 

?IB - Cb = ^B 

and the mutual inductance ter ms of the voltage equation (C 4) become 

J _ _ 7| 2 _ ^12 r _ 7 2| _ L 2 1 _ L 12 

^ 1 B * b /^ 2 B L I 2 B ^ B ^ b / Ab 7 2iB 7 12 B 


(C 10) 


(C 11) 


Then the voltage equation is exactly the same in pu as in volts, and the first require¬ 
ment is satisfied Furthermore, if this identical relationship exists between currents and 
voltages, the power is also invariant and the second requirement is also met 

C 2 Equal Mutual Flux Linkages 

To adapt the voltage equations to a pu tee circuit, we divide the coil inductances 
into a leakage and a magnetizing inductance; i e , 

7n = 'ti + 7 22 = 'ti + L m2 H (C 12) 

From the flux linkage equations we write (in MKS units) 


7 11 T-]2|M! j £1 0 \ \i] 


I-M 7 22 j h I |0 ^2 M2 7 2] L m2 i 2 


ri 7 i 2 Mi 


(C 13) 


Injecting a base current in circuit 1 with circuit 2 open, i.e , with /, = / 1B and i 2 = 0, 
gives the following mutual flux linkages 




\ m2 = o Wb turns 


In pu these flux linkages are 


^mlu - ^ml/^lB - — L m \/L | B 

^m2u = ^m2 /^2B = 7 2l / 1B /L 2B I 2B 


(C 14) 

(C 15) 
(C 16) 


Equal pu mutual flux linkages require that 


^mlu ^ m2u 


(C 17) 
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or 

= L mlu = L 2 \I\ B l L- 2B / 2 b (C.18) 

Following a similar procedure, we can show that injecting a base current in circuit 
2 with circuit 1 open (i.e.., with i 2 = / 2B and /j = 0) gives the following pu flux linkages: 

^mlu = 7 \ 2 I 2B /L ib^ib \tj2 u = L-mi/L 2 B (C 19) 

Again equal pu flux linkages give 


7'm2/7 2B = Lm2u = 7 [2 / 2B /7 iB IIB 

(C 20) 

From S 1B = S 2B 


7Tb7ib = 7 2 B L 2B 

(C. 21) 

and from (C 20) and (C 21) 


7 m2 /7 2B *= 7 m2u = L \ 2 I \ B /L 2B I 2B 

(C 22) 

Comparing (C 18) and (C 22), 


i „ / A / 

*-'m 1 u ~~ m2u mu 

(C 2.3) 


Now using (C. 12), (C 20), (C.22), and (C 23) in the voltage equation (C 4), 

V\u = Rluhu + hhu + Lmu(i\u + h u) 

l } 2 u = ^ 2 uhu + {, 2 hu + Lmu(i\u + hi i) (C 24 ) 

which is represented schematically by the tee circuit shown in Figure C..2. Thus the 
third requirement is satisfied 

Rj £ 2 Ra 

+ 

Vl 

Fig C' 2 Tee circuit representation of a transformer 

An interesting point to be made here is that the requirement for equal pu mutual 
flux linkages is the same as equal base MMF’s 

/7 1B ) = S B (L m2 /L 2B ) 
or 

(7 m l /7 1 b )(/TbT. ib) = (7- m2 /7 2B )(7 2B 7 2 b ) 


7 m j 7j B 

= 7 m2 / 2B 

(C 25) 

or in terms of the mutual permeance (P m 

B 

= (P m N\ll B 

(C.26) 

or 

B 

ii 

03 

(C 27) 

or in terms of MMF 

7ib 

= 7 2B 

(C.28) 
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C 2 1 Summary 

The first three normalization specifications require that 

1 Ail circuits must have the same VA base (C 9) 

2 All circuits must have the same time base (C 6), (C 9), and (C 10) 

3 The requirement of a common pu tee circuit means equal pu magnetizing inductance 
in all circuits (C.2.3) This requires equal pu mutual flux linkages (C 17), which in 
turn requires that the base MMF be the same in all circuits (C 28). 

C 3 Comparison with Manufacturers' Impedances 

We now select the base stator and rotor quantities to satisfy the fourth requirement, 
namely, to give the same pu impedances as those supplied by the manufacturers 

The choice of the stator base voltage K 1B and the stator base current / 1B deter¬ 
mines the base stator impedance Because of a certain awkwardness in the original 
Park’s transformation resulting from the fact that the transformation is not power 
invariant, a system of stator base quantities is used by U S manufacturers that 
facilitates the choice of rotor base quantities For this reason it is customary to use 
a stator base voltage equal to the peak line-to-neutral voltage and a stator base current 
equal to the peak line current Such a choice, along with the requirement of equal 
base ampere turns (or equal pu mutuals), leads to a rotor VA base equal to the three- 
phase stator VA base 

Since the transformation used in this book is power invariant, the awkwardness 
referred to above is not encountered A variety of possible stator base quantities can 
be chosen to satisfy the condition of having the same pu stator impedances as supplied 
by the manufacturers For example, among the possible choices for the stator base: 
peak line-to-neutral voltage and peak line current (same as the manufacturers), rms 
line-to-neutral voltage and rms line current, or rms line voltage and y/1 times rms 
line current Note that in all these choices the base stator impedance is the same 
However, the other three requirements stated in the previous sections may not be 
satisfied 

To illustrate, it would appear that adoption of stator base quantities of rated rms 
line voltage and a/ 3 times line current would be attractive The factor of \/3 ap¬ 
pearing in the d and q axis equations of Chapter 4 would be eliminated Careful 
examination, however, would reveal that the requirement of having the same identical 
equation hold for the MKS and the pu systems would be violated For example, if the 
phase voltage v a = a/ 2Fcos (co R t + a), the d and q axis voltages are obtained by a rela¬ 
tion similar to that of (4 146) 

v d « - VT V sin(6 - a) v q = a/3Fcos(<5 - a) V (C..29) 

where V = rms voltage to neutral Choosing V IB = a/3 K ln (rated), we get 

a/3 V sin (8 - a) , , 

-- = - (*7 K LN ) sm (<5 - a) pu 

v qu = (F/F LN ) cos (($ - a) p U (C 30) 

Note that (C 29) and (C 30) are not identical, and hence this choice of stator base 
quantities does not meet requirement number 1 
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In this book the stator base quantities selected to meet the requirements stated 
above are 

5 lB = rated per phase voltampere, VA 
V IB = rated rms voltage to neutral, V 
/ IB = rated rms line current, A 

*1B=1/»R,S (C 31) 

The rotor base quantities are selected to meet the conditions of equal S B , / B , 
and F b (or A m ) Equal VA base gives 


F 1b /,b = F 2B / 2B VA 


(C 32) 


(The subscript 2 is used to indicate any rotor circuit The same derivation applies 
to a field circuit or to an amortisseur circuit.) Equal mutual flux linkages require 
that the mutual flux linkage in the d axis stator produced by a base stator current 
would be the same as the d axis stator flux linkage produced by a d axis rotor base 
current Thus in MKS units, 

A b k: m | = / 2B kM F k = vrjl 


Ab = (T m i/k= (1 /kp )/)b A 

where k f = kM F /L mX . 

From (C 32) and (C 33) we obtain for the rotor circuit base voltage 

Fjb = V \ bAb/Ab = A I'ib 

From (C 3.3) and (C 34) for the rotor resistance base 

^2B = F 2B // 2B = kj(V ]B //is) = kjR 1B £2 
The inductance base for the rotor circuit is then given by 

T'2 b - F 2B / B // 2B = (kM f IL m \ ) 2 (I / i B //i B )o) r = k F L iB 
The base for the mutual inductance is obtained from (C 11) and (C 33) 


£ _ ^ib *b _ F IB to R 

12B ■ h B “ (T ml fkM,)I lB 

The pu d axis mutual inductance is then given by 


- k f L\ 


(C 33) 


(C..34) 


(C.35) 


(C 36) 


(C 37) 


kM,„ = 


Tub (k^A/T-mi )L lB L]i 


(C..38) 


Thus the value of the pu d axis mutual inductance of any rotor circuit is the same 
as the pu magnetizing inductance of the stator 


k M Fu — k M ou — M Ru - L m iu 


(C 39) 


A comparison between the pu system derived in this book and that used by U S 
manufacturers is given in the Table C 1 Note that the base inductances and resistances 
are the same in both systems 
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Table C.J. Comparison of Base Quantities 


Quantity/system 

Per unit system used 

In this book 

By U S manufacturers* 

VlB 

^LN 

V2 F ln 

/lB 

h 

V2I l 

2-ib 

W"r4 

Tln/^r h 

Sib = ^2b 

Viuh 

(3/2)K 1b / ib = 3U L n h 

4b 

(T,;.i /V3/2 M f )l L 

V2{L ml /M f )h 

u 2B 

(V3/2 M f /L mX )V hU 

(3/VJ)(A/,/£„)R lN 

7?2B 

(3/2)(M f / L m i ) 2 (Vifi/I, ) 

(3/2)(M f /C ml ) 2 (^ lN // z ) 

k 2B 

(3/2 ){M F /L ml ) 2 L lB 

(3/2)(M,/i ml ) 2 I 1B 

2-12B 

(VJj2M F /L mi )L lB 

c M F /L ml )L lB 

Per unit mutual 

kM fu = L mu = L ADu 

Mf u = L mu = L ADu 

inductances 



v qu + v du 

3K2 

V 2 

V U 


*See reference [4] 


C 4 Complete Data for Typical Machine 

To complement the discussion on normalization given in this appendix, we provide 
a consistent set of data for a typical synchronous generator, Starting with the pu im¬ 
pedances supplied by the manufacturer, the base quantities are derived and all the 
impedance values are calculated 

The machine used for this data is the 160-MVA, two-pole machine that is used 
in many of the text examples The method used is that of Section 5 8 of the text The 
data given and results computed are the same as in Example 5 5 Computations here 
are carried to about eight significant figures using a pocket “slide rule'’ calculator 

The following data is provided by the manufacturer (this is actual data on an actual 
machine with data from the manufacturers bid or “guaranteed” data) 

Ratings: 

160 MVA 136 MW 0 85 PF 15 kV (C 40) 

Unsaturated reactances in pu: 


x d = 

1 70 

x' = 

0 380 

x" = 

0 185 


x q - 

1 64 

x i = 

0 150 

x 2 = 

0 185 

(C 41) 

x'd = 

0 245 

*d = 

0 185 

Xq = 

0 100 


Time constants in seconds: 







4=59 

// 

Td = 

0 023 

r a = 

0.24 

T q0 = 0 075 

(C 42) 

Excitation at rated load: 








Of = 

345 V 

h = 

926 A 


(C 43) 


Resistances in ohms at 25°C: 

= 0.001113 r F = 0 2687 (C.44) 

Computations are given in Example 5 5 One problem not mentioned there is that 
of finding the correct value of field resistance to use in the generator simulation There 


are three possibilities: 

1. Compute from (C 43), at operating temperature, 

t f = 345/926 = 0 37257 ft (C 45) 

2. Compute from (C 44) at an assumed operating temperature of 125°C: 

t f = 0 2687[(2.34 5 + 125 0)/(234 5 + 25 0)] = 0.372245 ft (C 46) 

3 Compute from (5 59), using L f from Table C 3 

r f = Lf. /r^o = 2 189475/5 9 = 0 371097 ft 

The value computed from L F /T' d(s must be used if the correct time constant is to result 
Working backward to compute the corresponding operating temperature, we have 

0 2687[(234.5 + 6>)/(234 5 + 25)] = 0.371097 (048) 

or the operating temperature is 6 = 123 8 C., which is a reasonable result 

The base quantities for all circuits are given in Table C 2 Stator base values are 
derived from nameplate data for voltamperes, voltage, and frequency The method of 
relating stator to field base quantities through the constant k F is shown in Example 4 1 
where we compute 

k F = kM f /L md = 109 0102349 mH/5..781800664 mH = 18 85402857 (C..49) 

Note that a key element in determining the factor k F , and hence all the rotor base 
quantities, is the value of M f (in H).. This is obtained from the air gap line of the 
magnetization curve provided by the manufacturer Unfortunately, no such data is 
given for any of the amortisseur circuits Thus, while the pu values of the various 
amortisseur elements can be determined, their corresponding MKS data are not known 
Using the base values from Table C.2 and the pu values from Example 5 5, we may 
construct Table C 3 of d axis parameters and Table C 4 of q axis parameters The 
given values are easily identified since they are written to three decimals 


Table C.2. Base Values in MKS Units 


Circuit 

Base 

quantity 

Formula 

Numerical 

value 

Units 

Stator 

•$B 

S B3 /3 

53 333 333 333 

MVA/phase 



K ll /V3 

8.660 254 036 

kV LN 


? B 

1/2tt60 

2.652 582 384 

ms 



Sb/ 

6158 402 872 

A 




1.406 250 

ft 



*Vb 

22.972 0373 

Wb 


2-b 

^b/^b 

3.730 193 98 

mH 

Field 

B 

Sb 

53.333 333 333 

MVA/phase 


Ub 

^b/4b 

163 280 677 

V 


h b 


2 652 582 384 

ms 


4 b 

h/kf 

326.635 915 

A 


Rf B 

4b/4b 

499.885 8653 

ft 


^f B 


433.115 4475 

Wb 


kfB 

kf B /hs 

1 325 988 441 

H 


MfB 

V L b L fr 

0.070 329 184 

H 
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Table C.3. Direct Axis Parameters in pu and MKS 


Symbol 

pu value 

MKS value 

Units 

Ld 

1.700 

6 341 329 761 

mH 

L' d 

0 245 



L'J 

0.185 




1 550 

5.781 800 664 

mH 

■id 

0 150 

0 559 529 097 

mH 

L f 

1 651 202 749 

2.189 475 759 

H 

L m p 

1 550 

2 055 282 084 

H 

u 

0 101 202 749 

0 134 193 675 

H 

L-d 

1.605 416 667 



L-mD 

1 550 



t D 

0 055 416 667 



Mf 

1 265 5697 

0 089 006 484 

H 

k M f 

1 550 

0 109 010 235 

H 

M d 

1 265 5697 



k M d 

1.550 



M r 

1.550 



L-md 

0 028 378 3784 



r a 25°C 

0.791 607 397 x 10" 3 

1 113 

mil 

r a 125°C 

1.096 463 455 x 10" 3 

1 541 901 734 

mil 

r F 25°C 


0 2687(not used) 

il 

r F Hot 

0 742 364 295 x 10" 3 

0 371 097 586 

il 

r D 

13 099 135 90 x 10~ 3 



fa 

90 477 868 44 

0 24 

s 

r 'd0 

2224 247 599 

5 90 

s 

f'd 

320 442 450 7 

0 85 

s 

r 'dO 

11.482 945 69 

0 030 459 

s 

T d 

8.670 795 726 

0.023 

s 


Table C.4. Quadrature Axis Parameters in pu and MKS 


Symbol 

pu value 

MKS value 

Units 

h 

1.640 

6.117 518 122 

mH 

L' q 

0 380 (not used) 



L q 

0.185 



Ln, q 

1.490 

5 557 989 025 

mH 

-tq 

0.150 

0 559 529 097 

mH 

Lq 

1.525 808 581 



L m Q 

1.490 




0 035 808 581 



Mq 

1.216 579 905 



k M q 

1 490 



^mq 

0 028 357 4715 



r a 25°C 

0 791 607 397 x 10" 3 

1 113 


r a 125°C 

1 096 463 455 x 10" 3 

1 541 901 734 

mil 

r Q 

0 053 955 165 



T q0 

203.575 204 

0 54 

s 

T q0 

28 274 333 89 

0 075 

s 

rj 

3.189 482 785 

8.460 365 85 

ms 
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Typical System Data 


In studying system control and stability, it is often helpful to have access to typical 
system constants Such constants help the student or teacher become acquainted with 
typical system parameters, and they permit the practicing engineer to estimate values for 
future installations 

The data given here were chosen simply because they were available to the authors 
and are probably typical A rather complete set of data is given for various sizes of 
machines driven by both steam and hydraulic turbines In most cases such an accumu¬ 
lation of information is not available without special inquiry For example, data taken 
from manufacturers' bids are limited in scope, and these are often the only known data 
for a machine. Thus it is often necessary for the engineer to estimate or calculate the 
missing information 

Data are also provided that might be considered typical for certain prime mover 
systems This is helpful in estimating simulation constants that can be used to repre¬ 
sent other typical medium to large units Finally, data are provided for typical trans¬ 
mission lines of various voltages (See Tables D 1 -D 8 at the end of this appendix ) 

D 1 Data for Generator Units 

Included here are all data normally required for dynamic simulation of the synchro¬ 
nous generator, the exciter, the turbine-governor system, and the power system stabi¬ 
lizer The items included in the tabulations are specified in Table D 1 

Certain items in Table D 1 require explanation Table references on these items 
are given in parentheses following the identifying symbol An explanation of these 
referenced items follows. 

(1) Short circuit ratio 

The SCR is the “short circuit ratio" of a synchronous machine and is defined as the 
ratio of the field current required for rated open circuit voltage to the field current 
required for rated short circuit current [1] Referring to Figure D 1, we compute 

SCR = I B /I S pu (D 1) 

It can be shown that 

SCR a* l/.x d pu (D 2) 

where x d is the saturated d axis synchronous reactance 
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Field Current, 


Fig D ! Open circuit full load and short circuit characteristics of a synchronous generator 

(2) Generator saturation 

Saturation of the generator is often specified in terms of a pu saturation function S G , 
which is defined in terms of the open circuit terminal voltage versus field current char¬ 
acteristic shown in Figure D 2 We compute 

So at K, = (/« - hiVIn (D.3) 

where (D 3) is valid for any point V rl [2, 3] With use of this definition, it is com¬ 
mon to specify two values of saturation at V, = 10 and 1 2pu. These values are given 
under open circuit conditions so that V, is actually the voltage behind the leakage re¬ 
actance and is the voltage across L AD , the pu saturated magnetizing inductance Thus 
we can easily determine two saturation values from the generator saturation curve to 
use as the basis for defining a saturation function From Figure D 1 we arbitrarily 
define 

S G .o = (/ B - l A )/l A 

S G12 = dc ~ 1 2I 4 )/\.2I a 


and will use these two values to generate a saturation function 


(D..4) 
(D 5) 
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Fig D 2 Construction used for computing saturation 

There are several ways to define a saturation function, one of which is given in 
Section 5.10 1 where we define 

S c = A c e B o^ (D 6) 


The value of S G determined above may be used to compute the open, circuit voltage 
(or flux linkage) in terms of the saturated value of field current (or MMF). Referring 
again to Figure D 1, we write the voltage on the air gap line as 

V,= RI f (Dll) 

Refer to Figure D 2 When saturation is present, current hi does not give V t2 = RI F2 
but only produces V fl , or 



ii 

l 

ii 

>3 

1 

(D 12) 

where V s is the drop in 

voltage due to saturation But from Figure D 2 



tan 9 = R = VJ{1 F2 - I fl ) 

(D 13) 

From (D 3) we write 


So = (hi ~ hi)/ht = Wi - v ,/ v « 

(D 14) 

Then from (D. 12) 


V n - Rip 2 — S G V n 

(D 15) 


where 

- V, - 0 8 (D 7) 

is the difference between the open circuit terminal voltage and the assumed saturation 
threshold of 0.8 pu. Since (D 6) contains two unknowns and the quantities S c and 
are known at two points, we can solve for A 0 and B G explicitly 
From the given data we write 

Sox 0 = A c e 02B o 1 2S C12 = A G e 04B o (D.8) 

Rearranging and taking logarithms, 


where S G is clearly a function of V n Equation (D 15) describes how V rl is reduced by 
saturation below its air gap value R/ F2 at no load Usually, we assume a similar reduc¬ 
tion occurs under load 

Note that the exponential saturation function does not satisfy the definition (D 3) in 
the neighborhood of V, = 0 8, where we assume that saturation begins The computed 
saturation function has the shape shown in Figure D 3 Note that S G > 0 for any 
V A The error is small, however, and the approximation solution is considered adequate 
in the neighborhood of 1 0 pu voltage Note that A G is usually a very small number, so 
the saturation computed for V, < 0 8 is negligible 

Other methods of treating saturation are found in the literature [ l, 2, 4, 5, 6, 7] 


Then, 


or 


In (*S G j q/A g ) = 0 2 B g ln(l 2S Gi2 / A c ) = 04 B c 
AqY = 1 25 G12 /^c 

Aq = S G \ of 1 -25 C12 B g = 5 In (1 25 G1 2 /*S G1 0 ) 


(D9) 


(D 10) 


Example D 1 

Suppose that measurements on a given generator saturation curve provide the fol¬ 
lowing data: 

Scio - 0.20 S G , 2 = 0 80 



Then we compute, using (D10), 

A c = (0 20)71 2(0.80) = 0 04167 B a = 5 tn (1 2 x 0 8/0.20) = 7 84.3 

This gives an idea of the order of magnitude of these constants; A G is usually less than 
0 1 and B g is usually between 5 and 10 


(3) Damping 

It is common practice in stability studies to provide a means of adding damping 
that is proportional to speed or slip This concept is discussed in Sections 2.3, 2 4, 2.9, 
4 10, and 4 15 and is treated in the literature [8-12] The method of introducing the 
damping is by means of a speed or slip feedback term similar to that shown in Fig¬ 
ure .3 4, where D is the pu damping coefficient used to compute a damping torque T d 
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defined as 

T d = Dco iu pu (D 16) 

where all quantities are in pu The value used for D depends greatly on the kind of 
generator model used and particularly on the modeling of the amortisseur windings 
For example, a damping of 1-3 pu is often used to represent damping due to turbine 
windage and load effects [2] A much higher value, up to 25 pu is sometimes used as 
a representation of amortisseur damping if this important source of damping is omitted 
from the machine model 

The value of D also depends on the units of (D 16) In some simulations the 
torque is computed in megawatts Then with the slip co A in pu 

T d = (S n D) co Au MW (D 17) 

It is also common to see the slip computed in hertz, i.e , f A Hz Then (D 17) becomes 

T d = (S R} D/f R )f A = D'/a MW (D 18) 

where S B3 is the three-phase MVA base, j R is the base frequency in Hz, and / A is 
the slip in Hz. A value sometimes used for D' in (D 18) is 

D' = P G /f R MW/Hz (D 19) 

wnere P G is the scheduled power generated in MW for this unit This corresponds to 
D = P G jS m pu 

(4) Voltage regulator type 

The type of voltage regulator system is tabulated using an alphabetical symbol that 
corresponds to the block diagrams shown in Figures D.4-D 11. Excitation systems 
have undergone significant changes in the past decade, both in design and in the models 
for representing the various designs. The models proposed by the IEEE committee in 
1969 [3] have been largely superseded by newer systems and alternate models for certain 
older systems. The approach used here is the alphabetic labeling adopted by the West¬ 
ern Systems Coordinating Council (WSCC), provided through private communication 
The need for expanded modeling and common format for exchange of modeling data is 
under study by an IEEE working group at the time of publication of this book 



Fig D4 Type A—continuously acting dc rotating excitation system Representative systems: (1) I R - 0: 

General Electric NA143 NAI08; Westinghouse Mag-A-Stat, WMA; Allis Chalmers Regulux; (2) 
T r ^ 0: General Electric NA 101; Westinghouse Rototrol, Silverstat, TRA 



Fig D 5 Type B—Westinghouse pre-1967 brushless 



Fig D 6 Type C—Westinghouse brushless since 1966 



Fig. D 7. Type D—SCPT system 
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Fig D 8. Type E—noncontinuously acting rheostatic excitation system Representative systems: General 
Electric GF A4 Westinghouse B.J.30 



Fig D.9 Type F—Westinghouse continuously acting brushless rotating alternator excitation system 



Fig D 10 TypeG—General Electric SCR excitation system 
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Fig Dll TypeK—General Electric Alterrex 


Note that the regulator base voltage used to normalize V R may be chosen arbi¬ 
trarily. Since the exciter input signal is usually V R - (5 £ + K B )E fD , choosing a dif¬ 
ferent base affects the constant S E and K E and also the gain K A 

(5) Exciter saturation 

The saturation of dc generator exciters is represented by an exponential model 
derived to fit the actual saturation curve at the exciter ceiling (max) voltage (zero field 
rheostat setting) and at 75% of ceiling Referring to Figure D 12, we define the fol¬ 
lowing constants at ceiling, 0 75 of ceiling and full load 

S £ma x = (4 - B)/B S £75max - (£ - F)/F S Efl - (C - D)/D (D.20) 



Fig D 12 A dc exciter saturalion curve 
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Then in pu with E fDfl as a base (actually, any convenient base may be used), 
EfDmax ~ E,f0 max (W)/Ef[)fi (V) = B/D pu 
or 


B = DE 


FD max 


We can also compute 


or 


B/F = 4/3 = DE fDmax / F 


(D 21) 


F = 0 75 DE fDmax (D 22) 

Combining (D 20)-(D,22) we can write 

S £max = (A - B)/B = {A - B)/DE f0m „ 

- (£ - F)/F = (£ - f )/0 15DE fDmax = (4/3)(£ - F)/DE fDmax (D 23) 

Now define the saturation function 

A A Ex e BE * EfD (D 24) 

which gives the approximate saturation for any E FD . Suppose we are given the numeri¬ 
cal values of saturation at E fDmn and 0.15E fDtMX These values are called S £max and 
Se 75max respectively Using these two saturation values, we compute the two unknowns 
A EX and B EX as follows At E f[> = E fDmiix 

s £ - 5 £ „* = (A - B)/DE fDmn = (D 25) 

and at E FD = 0 75£ fCn ,„ 

5 £ - Se ?sma* = (4/3)(£ - £)/£)£„„„ = a„e*“ <P75 ' i '‘ , -“ > (D 26) 

We then solve (D 25) and (D 26) simultaneously to find 

^EX = 75max / & Emar. & EX = (4/£ £ £) m ax ) In ( S £max /Sg 75max ) (D 27) 


(6) Governor representation 

Three types of governor representation are specified in this appendix: a general 
governor model that can be used for both steam and hydro turbines, a cross-compound 
governor model, and a hydraulic governor model The appropriate model is identified 
by the letters G, C, and H in the tabulation The governor block diagrams are given 
in Figures D. 13-D 15. The regulation R is the steady-state regulation or droop and is 
usually factory set at 5% for U S units 
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Fig D 13 General purpose governor block diagram. 
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Fig D 16 Power system stabilizer block diagram Stabilizer types: (1) V x = rotor slip = « A , (2) V x = fre¬ 
quency deviation = / A , (.3) V x = accelerating power = P a 

(7) Power system stabilizer 

The constants used for power system stabilizer (PSS) settings will always depend 
on the location of a unit electrically in the system, the dynamic characteristics of the 
system, and the dynamic characteristics of the unit Still there is some merit in having 
approximate data that can be considered typical of stabilizer settings Values given in 
Tables D 2-D 5 are actual settings used at certain locations and may be used as a 
rough estimate for stabilizer adjustment studies. The PSS block diagram is given in 
Figure D 16 

D 2 Data for Transmission Lines 

Data are provided in Table D 8 for estimating the impedance of transmission lines 
Usually, accurate data are available for transmission circuits, based on actual utility 
line design information Table D 8 provides data for making rough estimates of trans¬ 
mission line impedances for a variety of common 60-Hz ac transmission voltages. 
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Table D.l. Definitions of Tabulated Generator Unit Data 


GENERATOR 

EXCITER ( continued ) 

Unit no 


Arbitrary reference number 

*■' fl max 

pu (4) 

Maximum regulator output starting at 

Rated MVA 


Machine-rated MVA; base MVA for 



full load field voltage 



impedances 

^ R min 

pu (4) 

Minimum regulator output starling at 

Rated kV 


Machine-rated terminal voltage in kV; 



full load field voltage 



basekV for impedances 

k e 

pu 

Exciter self-excitation at full load field 

Rated PF 


M achine-rated power factor 



voltage 

SCR 

(1) 

Machine short circuit ratio 

7 E 

s 

Exciter time constant 

x d 

pu 

Unsaturated d axis subtransient 

75max 

(5) 

Rotating exciter saturation at 0 75 ceil- 



reactance 



ing voltage, or K t for SCPT exciter 

X'd 

pu 

Unsaturated d axis transient reactance 

^ E max 

(5) 

Rotating exciter saturation at ceiling 

*d 

pu 

Unsaturated d axis synchronous 



voltage or K p for SCPT exciter 



reactance 

a ex 

(5) 

Derived saturation constant for rotat- 

Xq 

pu 

Unsaturated q axis subtransient 



ing exciters 



reactance 

Bex 

(5) 

Derived saturation constant for rotat- 

x'q 

pu 

Unsaturated q axis transient 



ing exciters 



reactance 

BfDmux 

pu (5) 

Maximum field voltage or ceiling 

x q 

pu 

Unsaturated q axis synchronous 



voltage pu 



reactance 

EfDm'm 

pu 

Minimum field voltage 

r a 

pu 

Armature resistance 

K f 

pu 

Regulator stabilizing circuit gain 

x l or x p 

pu 

Leakage or Potier reactance 

7 F or T f 1 

s 

Regulator stabilizing circuit time 

r 2 

pu 

Negative-sequence resistance 



constant (#1) 

x 2 

pu 

Negative-sequence reactance 

7 E2 

s 

Regulator stabilizing circuit lime 

*0 

pu 

Zero-sequence reactance 



constant (#2) 

T d 

s 

d axis sublransienl short circuit time 

TURBINE-GOVERNOR 



constant 



— 


s 

dwr, is transient short circuit time 

GOV 

(6) 

Governor type: G = general ( = 



constant 



cross-compound. H - hydraulic 


s 

d axis subtransient open circuit time 

R 

(6) 

T urbine steady-state regulation setting 



constant 



or droop 


s 

d axis transient open circuit time 

^max 

MW 

Maximum turbine output in MW 



constant 

T 1 

s 

Control time constant (governor delay) 


s 

q axis subtransient short circuit lime 



or governor response time (type H ) 



constant 

T 2 

s 

Hydro reset time constant (type G) or 


s 

q axis transient short circuit time 



pilot valve time (type H) 



constant 

7 3 

s 

Servo time constant (type G or C) or 


s 

q axis subtransient open circuit lime 



hydro gate time constant (type G ) or 



constant 



dashpol time constant (type H) 

T io 

s 

q axis transient open circuit lime 

T 4 

s 

Steam valve bowl time constant (zero 


constant 



for type G hydrogovernor) or 

7 a 

s 

Armature time constant 



i.ryy/2 for type H) 

*R 

MW 

s Kinetic energy of turbine + generator 

T 5 

s 

Steam reheat time constant or 1/2 



at rated speed in MJ or MW s 



hydro water starling lime constant 

7 f 

0 

Machine field resistance in SJ 



(type C or G ) or minimum gate 


(2) 

Machine saturation at 1 0 pu voltage 



velocity in MW/s (type H) 



in pu 

F 

(6) 

pu shaft output ahead o( rehcater or 



Machine saturation at 1 2 pu voltage 



-2 0 for hydro units (types C or G). or 



in pu 



maximum gale velocity in MW/s 

EfDFL 

(2) 

Machine full load excitation in pu 



(type H ) 

D 

(3) 

M achine load damping coellicienl 

STABILIZER 


EXCITER 

PSS 

(7) 

PSS feedback: F = frequency 

VR Type 

(4) 

Excitation system type 

R QV 

(7) 

PSS voltage gain pu 

Name 


Excitation system name 

k qs 

(?) 

PSS speed gain pu 

RR 

(4) 

Exciter response ratio (formerly ASA 

T Q 

s 

PSS reset time constant 



response) 

T Q\ 

s 

First lead time constant 

7 R 

s 

Regulator input filter time constant 

7 Q\ 

s 

First lag time constant 

Ka 

pu 

Regulator gain (continuous acting 

7 Q2 

s 

Second lead time constant 



regulator) or fast raise-lower contact 

T Q2 

s 

Second lag time constant 



setting (rheostatic regulator) 

7 Q3 

s 

Third lead time constant 

7 A or 7 A l 

s 

Regulator time constant (§ 1) 

T Q1 

s 

Third lag time constant 

7 A1 

s 

Regulator lime constant (#2) 

^.Slim 

pu 

PSS output limit selling, pu 
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Table D.2. Typical Data for Hydro (H) Units 


GENERATOR 


Unit no 


7/1 

H2 

H 3 

774 

H 5 

776 

HI 

778 

779 

Rated MVA 


9 00 

17 50 

25 00 

35 00 

40 00 

54 00 

65.79 

75 00 

86 00 

Rated kV 


6 90 

7 33 

13 20 

13 80 

13 80 

13 80 

13 80 

13 80 

13 80 

Rated PF 


0.90 

0 80 

0 95 

0 90 

0 90 

0 90 

0 95 

0 95 

0 90 

SCR 

(1) 

1 250 


2 280 

1 167 

1 180 

118 

1 175 

2 .36 

1 18 

x d 

pu 

0 329 

0 330 

0 310 

0 235 

0 288 

0 340 

0 240 

0 140 

0 258 

x 'd 

pu 

0 408 



0 260 

0318 

0 380 

0 260 

0 174 

0 320 

x d 

pu 

0 911 

1 070 

1 020 

1 000 

0 990 

1 130 

0 900 

0 495 

1 050 

X 'q 

pu 




0 264 

0 306 

0 340 


0 135 

0 306 


pu 

0 580 

0 660 

0 650 

0 620 

0 615 

0 680 

0 540 


0 670 


pu 

0 580 

0 660 

0 650 

0 620 

0 615 

0 680 

0 540 

0 331 

0 670 

r a 

pu 


0003 

0 0032 

0 004 

0 0029 

0 0049 

0 0022 

0 0041 

0.0062 

or x p 

pu 


0310 

0 924 

0 170 

0 224 

0 2100 


0 120 

0 140 

r 2 

pu 


0 030 

0 030 

0.040 



0014 


0 060 

x 2 

pu 


0 490 

0 460 

0 270 

0 297 

0 340 

0 260 

0 130 

0 312 

x 0 

pu 


0 200 

0 150 

0 090 

0 125 

0 180 

0 130 

0 074 

0 130 

T d 

s 


0 035 

0 035 

0 035 





0 044 

7 d 

s 


1 670 

2 190 

2 300 

1 700 

.3 000 

1 600 

1 850 

2 020 

7 d0 

s 









0051 

7 d0 

s 

4 200 

5 400 

7 200 

7 100 

5 300 

8 500 

5 500 

8 400 

4 000 

t 'q 

s 


0 035 

0 035 

0 035 





0017 

T 'q 

s 


0 835 

1 100 

1 150 






r ?0 

s 









0 033 

T 'q0 

s 










7 a 

s 

0 1800 








0 286 

Wr 

MW s 

23 50 

117 00 

183 00 

254.00 

107 90 

168 00 

176 00 

524 00 

2.33 00 

r f 

Q 





0 269 

0 301 

0 199 

0 155 

0 332 

S G 10 

(2) 

0 160 

0 064 

0 064 

0 064 

0 194 

03127 

0 1827 

0 170 

0 245 

S G1 2 

(2) 

0 446 

1 018 

1 018 

1 018 

0 685 

0 7375 

0 507 

0 440 

0 770 

t FDFL 

(2) 

2 080 

2 130 

2 130 

2 130 

2 030 

2 320 

1 904 

1 460 

2 320 

D 

(3) 

2.000 

2 000 

2 000 

2 000 

2.000 

2 000 

2.000 

2 000 

2.000 

EXCITER 

VR type 

(4) 

£ 

E 

E 

E 

A 

A 

A 

A 

A 

Name 


RHF.O 

AJ2.3 

GFA4 

WMA 

N A108 

REGULUX 

WMA 

NA108 

NA 143 

RR 

(4) 

0 88 

0 5 

0 5 

0 5 

0 5 

05 

1 85 

0 5 

05 

T R 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

Ka 

pu 

0 050 

0 050 

0 050 

0 050 

65 200 

25 000 

37 .300 

180 000 

242 000 

7 a or Un 

s 

20 000 

20 000 

20 000 

20 000 

0 200 

0 200 

0 120 

1 000 

0 060 

7 A 2 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0012 

0 000 

0 000 

*' R max 

pu (4) 

4 320 

5 940 

4 390 

5 940 

2 607 

1 000 

1 410 

3 000 

5 320 

1 R min 

P u (4) 

0 000 

1 210 

0 000 

1 210 

-2 607 

-1 000 

-1 410 

-3 000 

-5 320 

*E 

pu 

1 000 

1 000 

1 000 

1 000 

-0 111 

-0 057 

-0 137 

-0 150 

-0 1219 

7 E 

s 

2019 

0 760 

1 970 

0 760 

1 930 

0 646 

0 560 

2 000 

2 700 

75max 

(5) 

0 099 

0 220 

0 096 

0 220 

0 176 

0 0885 

0 328 

0 623 

0 450 

^£max 

(5) 

0 385 

0 950 

0 375 

0 950 

0 610 

0 3480 

0 687 

1 327 

1 500 

a ex 

(5) 

0 0017 

0 0027 

00016 

0 0027 

0 0042 

0 0015 

0 0357 

0 0645 

00121 

b ex 

(5) 

1 7412 

1 9185 

1 7059 

1 9185 

0 9488 

1 5738 

1 1507 

1 1861 

1 3566 

B FD max 

pu (5) 

3 120 

3 050 

3 195 

3 050 

5 240 

3 480 

2 570 

2 550 

3 550 

B FD min 

pu 

0 000 

1 210 

0 000 

1.210 

-5 240 

-3 480 

-2 570 

-2 550 

-3 550 

K f 

pu 

0 000 

0 000 

0 000 

0 000 

0 120 

0 103 

0 055 

0 150 

0 100 

T F or r F \ 

s 

0 000 

0 000 

0 000 

0.000 

1 000 

1 000 

1 000 

1 000 

1 000 

7 F2 

s 

0 000 

0.000 

0.000 

0 000 

0 000 

0.000 

0.000 

0.000 

0.000 
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Table D.2 (continued) 


TURBINE-GOVERNOR 


GOV 

(6) 

G 

G 

G 

G 

G 

G 

G 

G 

G 

R 

(6) 

0 050 

0 050 

0 050 

0 050 

0 056 

0 050 

0050 

0 050 

0 050 

p 

1 max 

MW 

8 60 

14 00 

23 80 

40 00 

40 00 

52.50 

65 50 

90 00 

86 00 

T 1 

s 

48 440 

16 000 

16 000 

16 000 

0 000 

0 000 

25.600 

20 000 

12 000 

T 2 

s 

4 634 

2 400 

2 400 

2 400 

0 000 

0.000 

2 800 

4 000 

3 000 

7 3 

s 

0 000 

0 920 

0 920 

0 920 

0 500 

0 000 

0 500 

0 500 

0 500 

7 4 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

T 5 

s 

0579 

0 300 

0.300 

0.300 

0 430 

0 785 

0 350 

0 850 

I 545 

f 

(6) 

-2.000 

-2.000 

-2.000 

-2.000 

-2.000 

-2.000 

-2,000 

-2.000 

-2.000 


STABILIZER 


PSS 

(7) 

F 

F 

F 


(7) 

0 000 

0 000 

0 000 

k qs 

(7) 

1 000 

4 000 

3 150 

T Q 

s 

30 000 

30 000 

10 000 


s 

0 500 

0 700 

0 758 


s 

0 030 

0 100 

0 020 


s 

0 500 

0 700 

0 758 


s 

0 030 

0 050 

0 020 


s 

0 000 

0 000 

0 000 

7 03 

s 

0 000 

0 000 

0 000 


pu 

0 100 

0 100 

0 095 


Tabic D 2 (coni ) 
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Table D..2 (continued} 

GENERATOR 


Unit no. 


H 10 

H 11 

77 12 

H 13 

H 14 

H\5 

H 16 

H 17 

H 18 

Rated MVA 


100 10 

115 00 

125 00 

131 00 

145 00 

158 00 

231 60 

250 00 

615 00 

Rated kV 


13 80 

12 50 

13 80 

13 80 

14 40 

1.3 80 

13 80 

18 00 

15 00 

Rated PF 


0 90 

0 85 

0 90 

0 90 

0 90 

0 90 

0 95 

0 85 

0 975 

SCR 

(1) 

1 20 

1 05 

1 155 

1 12 

1 20 


1 175 

1 050 


x d 

pu 

0 280 

0 250 

0 205 

0 330 

0 273 

0 220 

0 245 

0 155 

0.230 

X'd 

pu 

0 314 

0315 

0 300 

0 360 

0312 

0 300 

0 302 

0 195 

0 2995 

x d 

pu 

1 014 

1 060 

1 050 

1 010 

0 95.3 

0 920 

0 930 

0 995 

0 8979 

X 'q 

pu 

0 375 

0 287 

0 221 

0 330 

0 402 

0 290 

0 270 

0 143 

0 2847 


pu 

0 770 

0 610 

0 686 

0 570 

0 573 

0510 


0 568 

0 646 


pu 

0 770 

0610 

0 686 

0 570 

0 573 

0510 

0 690 

0 568 

0 646 

r a 

pu 

0 0049 

0 0024 

0 0023 

0 004 


0 002 

0 0021 

0 0014 


0r x p 

pu 

0 163 

0 147 

0218 

0 170 

0 280 

0 130 

0 340 

0 160 

0 2396 

r 2 

pu 


0 027 

0 008 



0 045 




*2 

pu 

0 326 

0 269 

0 211 

0 330 


0 255 

0 258 



*0 

pu 


0 161 

0 150 

0 150 


0 120 

0 135 



7 d 

s 

0 035 



0 030 


0 024 

0 020 



*'d 

s 

1 810 

2 260 

1 940 

2 700 


1 600 

3 300 



T d0 

s 

0 039 

0 040 


0 030 

0 041 

0 029 

0 030 



T d0 

s 

6 550 

8 680 

6 170 

7 600 

7 070 

5 200 

8 000 

9 200 

7 400 

T ? 

s 




0 030 


0 028 

0 020 



r 'l 

T 'qO 

s 

0 071 

0 080 


0 040 

0 071 

0 0.34 

0 060 



T ?o 

s 










7 c 

s 

0 278 

0 330 


0 180 


0 360 

0 200 



W R 

MWs 

312 00 

439 00 

392 09 

458 40 

469 00 

502 00 

786 00 

1603 00 

.3166 00 

r F 

S2 

0 332 

0 156 

0 379 

0 182 


0 206 

0 181 



$G\ 0 

(2) 

0219 

0 178 

0 200 

0 113 

0 220 

0 1642 

0 120 

0 0769 

0 180 

S G1 2 

(2) 

0 734 

0 592 

0612 

0 478 

0 725 

0 438 

0 400 

0 282 

0 3.30 

l fdfl 

(2) 

2 229 

2 200 

2 220 

1 950 

2 230 

1 990 

1 850 

1 88 


D 

(3) 

2.000 

2.000 

2.000 

2.000 

2 000 

2.000 

2.000 

2.000 

2.000 

EXCITER 

VR type 

(4) 

A 

4 

A 

G 

A 

A 

A 

A 

/ 

Name 


WMA 

WMA 

NA143A 

SCR 

WMA 

N A 143 

S1EMEN 

ASEA 


RR 

(4) 

1 0 

1 5 

1 5 

0 5 

1 0 

0 5 

1 0 

1 0 


T R 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

Ka 

pu 

400 000 

276 000 

54 000 

272 000 

400 000 

17 800 

50 000 

100 000 

200 000 

7 A or 7 A 1 

s 

0 050 

0 060 

0 105 

0 020 

0 050 

0 200 

0 060 

0 020 

0 020 

7 A 2 

s 

0 000 

0 000 

0011 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

R max 

pu (4) 

4 120 

1 960 

3 850 

2 730 

4 120 

0710 

1 000 

5 990 

7 320 

R min 

pu(4) 

-4 120 

-1 960 

-3 850 

-2 730 

-4 120 

-0710 

-1 000 

-5 990 

0 000 

k e 

pu 

-0 243 

-0 184 

-0 062 

1 000 

-0 243 

-0 295 

-0 080 

-0 020 

1 000 

T E 

s 

0 950 

1 290 

0 732 

0 000 

0 950 

0 535 

0 405 

0 100 

0 000 

E 75max 

(5) 

0 484 

0 270 

0410 

0 000 

0 480 

0.3.33 

0 200 

0 127 

0 000 

c 

J E max 

(5) 

1 308 

0 560 

1 131 

0 000 

1 310 

0 533 

0 407 

0 300 

0 000 

a ex 

(5) 

0 0245 

0 0303 

00195 

0 000 

0 0236 

0 0812 

0 0237 

0 0096 

0 000 

*ex 

(5) 

1 0276 

0 5612 

1 1274 

0 000 

1 0377 

0 6303 

0 9227 

1 1461 

0 000 

B-FD max 

pu(5) 

3 870 

5 200 

3 600 

2 730 

3 870 

2 985 

.3 080 

3 000 

7 320 

BfD min 

pu 

-3 870 

-5 200 

-3 600 

0 000 

-3 870 

-2 985 

-3 080 

-3 000 

0 000 

*F 

pu 

0 040 

0 0317 

0 140 

0 0043 

0 040 

0 120 

0 0648 

0 000 

0010 

7fOX7 fl 

s 

1 000 

0 480 

1 000 

0 060 

1 000 

1 000 

I 000 

0 000 

1 000 

7 F 2 

s 

0 000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 

0.000 
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Table D. 2 {continued) 


TURBINE-GOVERNOR 


GOV 

(6) 

G 

G 

G 

G 

G 

G 

G 

G 

G 

R 

(6) 

0 030 

0 051 

0 050 

0 050 

0 038 

0 050 

0 050 

0 050 

0 050 

p 

max 

MW 

133 00 

115 00 

171 00 

120 00 

160 00 

155 00 

267 00 

250 00 

603 30 

T ! 

s 

52 100 


31 00 

27 500 

65 300 


124 470 

30 000 

36 000 

T 2 

s 

4 800 


4 120 

3 240 

6 200 


8 590 

3.500 

6 000 

7 2 

s 

0 500 


0 393 

0 500 

0 500 


0 250 

0 520 

0 000 

7 A 

s 

0 000 


0 000 

0 000 

0 000 


0 000 

0 000 

0 000 

T 5 

s 

0 498 


0515 

0 520 

0 650 


0 740 

0415 

0.900 

F 

(6) 

-2.000 

-2.000 

-2.000 

-2 000 

-2 000 

-2.000 

-2 000 

-2 000 

-2 000 


STABILIZER 


PSS 

(7) 

F 

F 

F 

F 

F 

F 

Kqv 

(7) 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

k qs 

(7) 

1 000 

0 300 

8 000 

4 000 

10 000 

5 000 

T Q 

s 

10 000 

10 000 

30 000 

55 000 

15 000 

10 000 

7 Q] 

s 

0 700 

0 431 

0 600 

1 000 

0 000 

0 380 

T Q 1 

s 

0 020 

0 020 

0 100 

0 020 

0 053 

0 020 

T Q2 

s 

0 700 

0 431 

0 600 

1 000 

0 000 

0.380 

7 Q2 

s 

0 020 

0 020 

0 040 

0 020 

0 053 

0.020 

T Q2 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

7 Q2 

s 

0 000 

0 000 

0 000 

0000 

0 000 

0 000 

Kiim 

pu 

0.050 

0.100 

0.100 . 

0.090 

0.050 

0.050 
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Table D.5. Typical Data for Nuclear Steam (N) Units 


GENERATOR 


Unit no. 


N 1 

N2 

N 3 

A4 

N 5 

A6 

N1 

A8 

Rated MVA 


76 80 

245 5 

500 00 

920 35 

1070 00 

1280 00 

1300 00 

1340 00 

Rated kV 


13 8 

14 4 

18 00 

18 00 

22 00 

22 00 

25 00 

25 00 

Rated PF 


0 85 

0 85 

0 90 

0 90 

0 90 

0 95 

0 90 

0 90 

SCR 

(1) 

0 650 

0 640 

0 580 

0 607 

0 500 

0 500 

0 480 

0 480 

x d 

pu 

0 190 

0210 

0 283 

0 275 

0312 

0 237 

0 315 

0 281 

x 'd 

pu 

0 320 

0 320 

0 444 

0 355 

0 467 

0 358 

0 467 

0 346 

x d 

pu 

1 660 

1 710 

1 782 

1 790 

1 933 

2 020 

2 129 

1 693 

x d 

pu 

0 120 

0 210 

0 277 

0 275 


0 237 

0 308 

0 281 

x ' q 

pu 

0 470 

0 510 

1 201 

0 570 

1 144 

0 565 

1 270 

0 991 

v, 

pu 

1 580 

■". 1 630 

1 739 

1 660 

1 743 

1 860 

2 074 

1 636 

r a 

pu 


0 0032 

0 0041 

0 0048 

0 360 

0 0019 

0 0029 

0 0021 

*£ or x p 

pu 

0 150 

0 125 

0 275 

0215 


0 205 

0 251 

0 228 

r 2 

pu 


0 025 

0 029 

0 028 


0 029 



x 2 

pu 

0 125 

0 160 

0 280 

0 230 

0 284 

0215 


0 228 

x 0 

pu 

0 450 

0 110 


0 195 


0 195 



T d 

s 


0 230 

0 0.35 






T 'd 

s 



1.512 






T 'd0 

s 

0 032 

0 038 

0 055 

0 032 


0 034 

0 052 

0 043 

■’do 

s 

4 780 

7 100 

6 070 

7 900 

6 660 

9 100 

6 120 

6 580 

t q 

s 



0 035 






T '« 

s 



0 756 






T q0 

s 


0 073 

0 152 

0 055 


0 059 

0 144 

0 124 

T q0 

s 


0 380 

1 500 

041 


0 460 

1 500 

1 500 

7 a 

s 


0 210 

0 310 

0 19 


0 180 



W R 

MW s 

281 70 

1 1 36 00 

1990 00 

3464 00 

3312 00 

4690 00 

4580 00 

4698 00 

r f 

Si 


0217 


0 0901 


0 0979 

0 0576 

0 0576 

S CI 0 

(2) 

0 0857 

0 1309 

0 0900 

0 0816 


0 0779 

0 0714 

0 0769 

S G1 2 

(2) 

0 3244 

0 533) 

0 3520 

0 3933 


0 3055 

0 3100 

0 4100 

E FDFL 

(2) 

2 587 

2 730 

2 710 

2 870 


2 945 

3 340 

2 708 

D 

(3) 

2.000 


2.000 


2.000 

2.000 

2.000 

2 000 


Name 

(4) 

NA101 

N A 101 

WMA 

NA 143 

BRLS 

EA2I0 

BRLS 

BRLS 

RR 

(4) 

0 50 

0 50 

0 50 

0 50 

2 00 

1 50 

2 23 

2 00 

T R 

s 

0 060 

0 060 

0 000 

0 000 

0 000 

0 000 

oooo 

0 000 

Ka 

pu 

25 000 

25 000 

256 000 

25 000 

400 000 

50 000 

400 000 

400 000 

7 A or 7 A 1 

s 

0 200 

0 200 

0 050 

0 200 

0 020 

0 020 

0 020 

0 020 

T A2 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

^ R max 

pu (4) 

1 000 

1 000 

2 858 

1 000 

10 650 

1 000 

6 960 

6 020 

^R min 

pu(4) 

-1 000 

-1 000 

-2 858 

- 1 000 

-10 650 

-1 000 

-6 960 

-6 020 


pu 

-00516 

-0 0489 

-0 170 

-0 0464 

1 000 

-0 0244 

1 000 

1 000 

7 E 

s 

0 579 

0 550 

2 150 

0 522 

1 000 

0 1455 

0015 

0 015 

% 75 max 

(5) 

0 0794 

0 0752 

0 2200 

00714 

0 375 

0 0863 

0 3400 

0 3900 

^£max 

(5) 

0 3093 

0 2932 

0 9500 

0 2784 

1 220 

0 2148 

0 5600 

0 5630 

4 ex 

(5) 

0 0013 

0 0016 

0 0027 

0 0016 


0 0056 

0 0761 

0 1296 

b ex 

(5) 

1 4015 

1 6120 

1 5966 

1 5330 


06818 

0 4475 

0 3814 

B FD max 

Pu (5) 

3 881 

4 090 

3 665 

4 310 

4 800 

5 350 

4 460 

3 850 

B FD min 

pu 

-3 881 

-4 090 

-3 665 

-4 310 

0 000 

0 000 

0 000 

0 000 

K f 

pu 

0 093 

0 088 

0 040 

0 084 

0 060 

0 0233 

0 040 

0 040 

r F or t f | 

s 

0 350 

0 350 

1 000 

1 000 

1 000 

0 7750 

0 050 

0 050 

T F2 

s 

0.000 

0 000 

0.000 

0.000 

0.000 

0.000 

0 000 

0.000 
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Table D.6. Typical Data for Synchronous Condensor (SC) Units 


GENERATOR 


Unit no. 


SCI 

SC2 

SC3 

SC 4 

SC5 

Rated MVA 


25 00 

40 00 

50 00 

60 00 

75 00 

Rated kV 


13 80 

13 80 

12 70 

13 80 

13 80 

Rated FF 


0 00 

0 00 

0 00 

0 00 

0 00 

SCR 

(1) 


0 558 

1 004 

0477 

0 800 

v " 

x d 

pu 

0 2035 

0 231 

0.141 

0 257 

0 170 

X'd 

pu 

0 304 

0 343 

0 244 

0 385 

0 320 

x d 

pu 

1 769 

2 373 

1 083 

2 476 

1 560 

< 

pu 

0 199 


0 170 

0 261 

0 200 


pu 

0 5795 

1 172 

0 720 

1 180 

1.000 

** 

pu 

0 855 

1 172 

0 720 

1 180 

1 000 

r a 

pu 

0 0025 


0 006 

0 0024 

0 0017 

x l orx p 

pu 

0 1045 

0 132 


0 146 

00987 

r 2 

pu 






x 2 

pu 




«£££■ 

iStslf 9 

Xq 

pu 



0 058 

"SB 


r'J 

s 






T 'd 

s 



0 858 


3 230 

t'Jo 

s 


.TreEm 

0 050 



7 d0 

s 




mBEm 


< 

r' 

s 






i 

y 

T q0 

s 






s 






T a 

s 






w R 

MW s 





89 98 

r F 

fi 




0 274 


Sg\q 

(2) 

sKMM;' 




0 150 

5 GI 2 

(2) 

0 666 


0 310 



E FDFL 

(2) 


H9HI 

2 338 

4 224 

3 730 

D 

(3) 







EXCITER 


VR type 


A 

A 

A 

A 

A 

Name 

(4) 

WMA 

WMA 


WMA 

NA143 

RR 

(4) 

0 50 

1 00 

3 85 

1 00 

2 00 

t r 

s 

0 000 

0 000 

0000 

0000 

0000 

Ka 

pu 

400 000 

400 000 

200 000 

400 000 

18 000 

Ta or t a , 

s 

0 050 

0050 

0050 

0050 

0 200 

T A 2 

s 

0 000 

0 000 

0 000 

0 000 

0 000 

^£max 

pu (4) 

4 407 

6 630 

11 540 

5 850 

I 000 

^Rmin 

pu(4) 

-4 407 

-6 630 

-11 540 

-5 850 

-1 000 

*£ 

pu 

-0 170 

-0 170 

-0 170 

-0 170 

-0 0138 

T E 

s 

0 950 

0950 

1 000 

0 950 

0 0669 

“-*£ 7Smax 

(5) 

0 220 

0 220 

0 220 

0 220 

0 0634 

C 

J fmax 

(5) 

0 950 

0 950 

0 950 

0 950 

0 1512 

a ex 

(5) 

00027 

0 0027 

0 0027 

0 0027 

0 0047 

b ex 

(5) 

1 0356 

0 6884 

0.3956 

0 7802 

0 4782 

B FDmax 

pu(5) 

5 650 

8 500 

14 790 

7 500 

7.270 

B FDmin 

pu 

-5 650 

-8 500 

-14 790 

-7 500 

-7.270 

K f 

pu 

0 040 

0.040 

0 070 

0 040 

00153 

Tf 0TT F] 

s 

1 000 

I 000 

1 000 

1 000 

1 000 

T F2 

s 

0.000 

0.000 

0.000 

0.000 

0.000 



Appendix D 


449 


Table D,7. Typical Data for Combustion Turbine(CT) Units 


GENERATOR 

EXCITER 

Unit no. 


CT1 

CT2 

V R type 


P 

c 

Rated MVA 


20 65 


Name 

(4) 

SCPT 

BRLS 

Rated kV 


13 80 

raBtlO- iV**?'* - '. 

RR 

(4) 



Rated PF 


0 85 

0 85 

TR 

s 



SCR 

0) 

0 580 

iSBESH 

k a 

pu 




pu 

0 155 

wHmm 

T A or 7 A 1 

s 



x d 

pu 

0 225 

0 159 j 

T A2 

s 



x d 

pu 



^ £max 

pu (4) 



X q 

pu 



^£min 

pu (4) 



x q 

pu 


0 306 

*£ 

PU 


1 000 

X q 

pu 


1 575 

T E 

6 


0 253 

r a 

pu 


0 034 

“*E 75max 

(5) 



x t 0TX p 

pu 


0 113 

^£max 

(5) 



r 2 

pu 


0 352 

A EX 

(5) 



x 2 

pu 


0 102 

b ex 

(5) 



*0 

pu 


0051 

E FDmax 

pu (5) 



T'd 

s 



E FD min 

pu 



T'd 

s 


0 730 

K f 

pu 



T'dO 

s 



7 F or r fl 

E 



T'dO 

s 

4610 


7 F2 

S 



Tq 

s 



K/, 


1 19 


r 'l 

s 


0 188 

*1 


2.32 


TqO 

Tq 0 

s 



TURBINE GOVERNOR 

s 


0 350 

GOV 

(6) 

G 

G 


MW s 



R 

(6) 



'F 

n 


0 261 | 

P 

MW 

17 55 


S Gl 0 

(2) 



7 \ 

s 



S G1 2 

(2) 


0 268! 

t 2 

S 



e fdfl 

D 

(2) 

(3) 

2 640 

HB 

T 3 

s Fuel: 

Oil Gas 

0 025 0 100 






r 4 

s 

0 000 0 000 






T 5 

s 

0 025 0 100 






F 

(6) 
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Excitation Control System Definitions 



There are two important recently published documents dealing with excitation 
control system definitions The first [1] appeared in 1961 under the title “Proposed 
excitation system definitions for synchronous machines” and provided many definitions 
of basic system elements. The second report [2] was published in 1969 under the same 
title and, using the first report as a starting point, added the new definitions required 
by technological change and attempted to make all definitions agree with accepted 
language of the automatic control community The definitions that follow are those 
proposed by the 1969 report 1 

Reference is also made to the definitions given in ANSI Standard C42 10 on ro¬ 
tating machines [3], ANSI Standard C85 1 on automatic control [4], and the supple¬ 
ment to C85 1 [5] Finally, reference is made to the IEEE Committee Report “Com¬ 
puter representation of excitation systems” [6], which defines certain time constants 
and gain factors used in excitation control systems 

Proposed IEEE Definitions 

1.0 Systems 

1.01 Control system, feedback.. A control system which operates to achieve pre¬ 
scribed relationships between selected system variables by comparing functions of'these 
variables and using the difference to effect control 

1.02 Control system, automatic feedback,, A feedback control system which op¬ 
erates without human intervention. 

1.03 Excitation system [1; definition 4]„ The source of field current for the excita¬ 
tion of a synchronous machine and includes the exciter, regulator, and manual control. 

1..04 Excitation control system (new).. A feedback control system which includes 
the synchronous machine and its excitation system 

1.05 High initial response excitation system (new).. An excitation system having an 
excitation system voltage response time of 0 1 second or less 


1 ©IEEE Reprinted with permission from IEEE Tram vol PAS-88.1969 
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2 0 Components 

2.01 Adjuster [1, definition 40).. An element or group of elements associated with 
a feedback control system by which adjustment of the level of a controlled variable 
can be made 

2 02 Amplifier,. A device whose output is an enlarged reproduction of the essential 
features of an input signal and which draws power therefore from a source other than 
the input signal 

2 03 Compensator [1, definition 44].. A feedback element of the regulator which 
acts to compensate for the effect of a variable by modifying the function of the primary 
detecting element 

Notes: 

1 Examples are reactive current compensator and active current compensator A 
reactive current compensator is a compensator that acts to modify the functioning 
of a voltage regulator in accordance with reactive current An active current com¬ 
pensator is a compensator that acts to modify the functioning of a voltage regulator 
in accordance with active current 

2 Historically, terms such as “equalizing reactor” and “cross-current compensator” 
have been used to describe the function of a reactive compensator These terms are 
deprecated. 

3 Reactive compensators are generally applied with generator voltage regulators to 
obtain reactive current sharing among generators operating in parallel They func¬ 
tion in the following two ways 

a Reactive droop compensation is the more common method It creates a droop 
in generator voltage proportional to reactive current and equivalent to that which 
would be produced by the insertion of a reactor between the generator terminals 
and the paralleling point 

b. Reactive differential compensation is used where droop in generator voltage is 
not wanted It is obtained by a series differential connection of the various 
generator current transformer secondaries and reactive compensators The differ¬ 
ence current for any generator from the common series current creates a com¬ 
pensating voltage in the input to the particular generator voltage regulator that 
acts to modify the generator excitation to reduce to minimum (zero) its differ¬ 
ential reactive current. 

4. Line drop compensators modify generator voltage by regulator action to compensate 
for the impedance drop from the machine terminals to a fixed point Action is 
accomplished by insertion within the regulator input circuit of a voltage equivalent 
to the impedance drop The voltage drops of the resistance and reactance portions 
of the impedance are obtained respectively in pu quantities by an “active compen¬ 
sator” and a “reactive compensator ” 

2..04 Control, manual (new),. Those elements in the excitation control system which 
provide for manual adjustment of the synchronous machine terminal voltage by open 
loop (human element) control 

2.05 Elements, feedback., Those elements in the controlling system which change 
the feedback signal in response to the directly controlled variable 


2.06 Elements, forward.. Those elements situated between the actuating signal and 
the controlled variable in the closed loop being considered 

2.. 07 Element, primary detecting. That portion of the feedback elements which first 
either utilizes or transforms energy from the controlled medium to produce a signal 
which is a function of the value of the directly controlled variable. 

2.08 Exciter [1, definition 5].. The source of all or part of the field current for 
the excitation of an electric machine 

2.09 Exciter, main [1, definition 5], The source of all or part of the field current 
for the excitation of an electric machine, exclusive of another exciter 

2 09.1 DC generator commutator exciter.. An exciter whose energy is derived from 
a dc generator The exciter includes a dc generator with its commutator and brushes 
It is exclusive of input control elements The exciter may be driven by a motor, prime 
mover, or the shaft of the synchronous machine 

2 09 2 Alternator rectifier exciter,, An exciter whose energy is derived from an 
alternator and converted to dc by rectifiers The exciter includes an alternator and 
power rectifiers which may be either noncontrolled or controlled, including gate cir¬ 
cuitry It is exclusive of input control elements The alternator may be driven by a 
motor, prime mover, or by the shaft of the synchronous machine The rectifiers may 
be stationary or rotating with the alternator shaft 

2.09,3 Compound rectifier exciter.. An exciter whose energy is derived from the 
currents and potentials of the ac terminals of the synchronous machine and converted 
to dc by rectifiers The exciter includes the power transformers (current and potential), 
power reactor, power rectifiers which may be either noncontrolled or controlled, in¬ 
cluding gate circuitry. It is exclusive of input control elements 

2 09 4 Potential source rectifier exciter. An exciter whose energy is derived from 
a stationary ac potential source and converted to dc by rectifiers The exciter includes 
the power potential transformers, where used, power rectifiers which may be either 
noncontrolled or controlled including gate circuitry It is exclusive of input control 
elements 

210 Exciter, pilot [1, definition 7], The source of all or part of the field cur¬ 
rent for the excitation of another exciter 

2.. 11 Limiter [1, definition 43]., A feedback element of the excitation system which 
acts to limit a variable by modifying or replacing the function of the primary detector 
element when predetermined conditions have been reached 

2 12 Regulator, synchronous machine [1, definition 8],. A synchronous machine 
regulator couples the output variables of the synchronous machine to the input of the 
exciter through feedback and forward controlling elements for the purpose of regulating 
the synchronous machine output variables. 

Note: In general, the regulator is assumed to consist of an error detector, preamplifier, 
power amplifier, stabilizers, auxiliary inputs, and limiters As shown in Figure 7 20, 
these regulator components are assumed to be self-explanatory, and a given regulator 
may not have all the items included Functional regulator definitions describing types 
of regulators are listed below The term “dynamic-type” regulator has been omitted 
as a classification [1, Definition 15] 
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2.12 1 Continuously acting regulator [1, definition 10] One that initiates a correc¬ 
tive action for a sustained infinitesimal change in the controlled variable 

2.12 2 Noncontinuously acting regulator [1, definition 11]. One that requires a sus¬ 
tained finite change in the controlled variable to initiate corrective action 

2 12,3 Rheostatic type regulator [1, definition 12]. One that accomplishes the regu¬ 
lating function by mechanically varying a resistance 

Note[l, Definitions 13, 14]: Historically, rheostatic type regulators have been further 
defined as direct-acting and indirect-acting An indirect-acting type of regulator is a 
rheostatic type that controls the excitation of the exciter by acting on an intermediate 
device not considered part of the regulator or exciter 

A direct-acting type of regulator is a rheostatic type that directly controls the excita¬ 
tion of an exciter by varying the input to the exciter field circuit 

2 1.3 Stabilizer, excitation control system (new).. An element or group of elements 
which modifies the forward signal by either series or feedback compensation to im¬ 
prove the dynamic performance of the excitation control system 

2,14 Stabilizer, power system (new).. An element or group of elements which pro¬ 
vides an additional input to the regulator to improve power system dynamic perfor¬ 
mance. A number of different quantities may be used as input to the power system 
stabilizer such as shaft speed, frequency, synchronous machine electrical power and 
other 

3 0 Characteristics and performance 

3.01 Accuracy, excitation control system (new). The degree of correspondence be¬ 
tween the controlled variable and the ideal value under specified conditions such as 
load changes, ambient temperature, humidity, frequency, and supply voltage variations 
Quantitatively, it is expressed as the ratio of difference between the controlled variable 
and the ideal value 

3,02 Air gap Line. The extended straight line part of the no-load saturation curve 

3.03 Ceiling voltage, excitation system [1, definition 26].. The maximum dc com¬ 
ponent system output voltage that is able to be attained by an excitation system under 
specified conditions. 

3,04 Ceiling voltage, exciter [I, definition 24].. Exciter ceiling voltage is the maxi¬ 
mum voltage that may be attained by an exciter under specified conditions 

3 05 Ceiling voltage, exciter nominal [1, definition 25].. Nominal exciter ceiling 
voltage is the ceiling voltage of an exciter loaded with a resistor having an ohmic value 
equal to the resistance of the field winding to be excited and with this field winding 
at a temperature of 

1 75°C for field windings designed to operate at rating with a temperature rise of 
60°C or less 

2 100°C for field windings designed to operate at rating with a temperature rise greater 
than 60°C 

3,06 Compensation.. A modifying or supplementary action (also, the effect of such 
action) intended to improve performance with respect to some specified characteristics. 

Note: In control usage this characteristic is usually the system deviation Compensa¬ 
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tion is frequently qualified as “series,” “parallel,” “feedback,” etc , to indicate the rela¬ 
tive position of the compensating element 

3.. 07 Deviation, system., The instantaneous value of the ultimately controlled vari¬ 
able minus the command 

3 08 Deviation, transient.. The instantaneous value of the ultimately controlled 
variable minus its steady-state value 

3 09 Disturbance. An undesired variable applied to a system which tends to affect 
adversely the value of a controlled variable 

3.10 Duty, excitation system (new)., Those voltage and current loadings imposed by 
the synchronous machine upon the excitation system including short circuits and all 
conditions of loading The duty cycle will include the action of limiting devices to 
maintain synchronous machine loading at or below that defined by ANSI C50 13-1965 

3.11 Duty, excitation system (new)., An initial operating condition and a sub¬ 
sequent sequence of events of specified duration to which the excitation system will 
be exposed 

Note: The duty cycle usually involves a three-phase fault of specified duration located 
electrically close to the synchronous generator Its primary purpose is to specify the 
duty that the excitation system components can withstand without incurring mal- 
operation or specified damage 

3 12 Drift [1, definition 36],. An undesired change in output over a period of 
time, which change is unrelated to input, environment, or load 

Note: The change is a plus or minus variation of short periods that may be superim¬ 
posed on plus or minus variations of a long time period On a practical system, drift is 
determined as the change in output over a specified time with fixed command and 
fixed load, with specified environmental conditions 

3.13 Dynamic.. Referring to a state in which one or more quantities exhibit ap¬ 
preciable change within an arbitrarily short time interval 

3.. 14 Error An indicated value minusan accepted standard value, or true value. 

Note: ANSI C85 deprecates use of the term as the negative of deviation See also 
accuracy, precision in ANSI C85 I 

3.15 Excitation system voltage response [1, definition 21] The rate of increase or 
decrease of the excitation system output voltage determined from the excitation system 
voltage-time response curve, which rate if maintained constant, would develop the same 
voltage-time area as obtained from the curve for a specified period The starting point 
for determining the rgte of voltage change shall be the initial value of the excitation 
system voltage time response curve. Referring to Fig E-l, the excitation system voltage 
response is illustrated by line ac This line is determined by establishing the area acd 
equal to area abd 

Notes: 

1 Similar definitions can be applied to the excitation system major components such 
as the exciter and regulator 

2 A system having an excitation system voltage response time of 0..1 s or less is de¬ 
fined as a high initial response excitation system (Definition 1 05) 
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3 16 Excitation system voltage response time (new).. The time in seconds for the 
excitation voltage to reach 95 percent of ceiling voltage under specified conditions 

3.17 Excitation system voltage time response [1, definition 19]. The excitation sys¬ 
tem output voltage expressed as a function of time, under specified conditions 

Note: A similar definition can be applied to the excitation system major components: 
the exciter and regulator separately 

3 18 Excitation system voltage response ratio [1, definition 23]. The numerical value 
which is obtained when the excitation system voltage response in volts per second, 
measured over the first half-second interval unless otherwise specified, is divided by 
the rated-load field voltage of the synchronous machine Unless otherwise specified, 
the excitation system voltage response ratio shall apply only to the increase in excita¬ 
tion system voltage Referring to Fig El the excitation system voltage response ra¬ 
tio = (ce - ao)/{ao)(oe), where ao = synchronous machine rated load field voltage 
(Definition 3 21) and oe = 0 5 second, unless otherwise specified 

3.19 Exciter main response ratio; formerly nominal exciter response. The main ex¬ 
citer response ratio is the numerical value obtained when the response, in volts per 
second, is divided by the rated-load field voltage; which response, if maintained con¬ 
stant, would develop, in one half-second, the same excitation voltage-time area as at¬ 
tained by the actual exciter. 

Note: The response is determined with no load on the exciter, with the exciter voltage 
initially equal to the rated-load field voltage, and then suddenly establishing circuit 
conditions that would be used to obtain nominal exciter ceiling voltage For a rotating 
exciter, response should be determined at rated speed. This definition does not apply 
to main exciters having one or more series fields (except a light differential series field) 
nor to electronic exciters 
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3 20 Field voltage, base (new).. The synchronous machine field voltage required to 
produce rated voltage on the air gap line of the synchronous machine at field temper¬ 
atures 

1 75°C for field windings designed to operate at rating with a temperature rise of 
60°C or less 

2 100°C for field windings designed to operate at rating with a temperature rise greater 
then 60° C 

Note. This defines one pu excitation system voltage for use in computer representation 
of excitation systems [6] 

3.21 Held voltage, rated-load [1, definition 38]; formerly nominal collector ring volt¬ 
age.. Rated-load field voltage is the voltage required across the terminals of the field 
winding or an electric machine under rated continuous-load conditions with the field 
winding at one of the following 

1 75°C for field windings designed to operate at rating with a temperature rise of 
60°C or less. 

2 KXTC for field windings designed to operate at rating with a temperature rise greater 
than 60°C 

3.22 Field voltage, no-load [1, definition 39],. No-load field voltage is the voltage 
required across the terminals of the field winding of an electric machine under condi¬ 
tions of no load, rated speed, and terminal voltage and with the field winding at 25°C 

3.. 23 Gain, proportional.. The ratio of the change in output due to proportional 
control action to the change in input Illustration: Y = ±PX where P = proportional 
gain, X = input transform, and Y = output transform, 

3.24 Limiting.. The intentional imposition or inherent existence of a boundary on 
the range of a variable, e g , on the speed of a motor 

3.. 25 Regulation, load., The decrease of controlled variable (usually speed or volt¬ 
age) from no load to full load (or other specified limits).. 

3.26 Regulated voltage, band of [I, definition 37].. Band of regulated voltage is the 
band or zone, expressed in percent of the rated value of the regulated voltage, within 
which the excitation system will hold the regulated voltage of an electric machine 
during steady or gradually changing conditions over a specified range of load 

3 27 Regulated voltage, nominal band of. Nominal band of regulated voltage is the 
band of regulated voltage for a load range between any load requiring no-load field 
voltage and any load requiring rated-load field voltage with any compensating means 
used to produce a deliberate change in regulated voltage inoperative 

3.28 Signal, actuating.. The reference input signal minus the feedback signal (Fig¬ 
ure? 19).. 

3.29 Signal, error,. In a closed loop, the signal resulting from subtracting a par¬ 
ticular return signal from its corresponding input signal (Figure 7 19) 

3 30 Signal, feedback., That return signal which results from the reference input 
signal (Figure 7 19) 

3,31 Signal, input, A signal applied to a system or element 
3 32 Signal, output A signal delivered by a system or element 
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3,33 Signai, rate (new),, A signal that is responsive to the rate of change of an 
input signal 

3 34 Signal, reference input,, One external to a control loop which serves as the 
standard of comparison for the directly controlled variable 

3.35 Signai, return. In a closed loop, the signal resulting from a particular input 
signal, and transmitted by the loop and to be subtracted from that input signal 

3.36 Stability, For a feedback control system or element, the property such that 
its output is asymptotic, i e, will ultimately attain a steady-state, within the linear 
range and without continuing external stimuli, For certain nonlinear systems or ele¬ 
ments, the property that the output remains bounded, e g , in a limit cycle of con¬ 
tinued oscillation, when the input is bounded 

3.37 Stability limit, A condition of a linear system or one of its parameters which 
places the system on the verge of instability, 

3.38 Stability, excitation system,, The ability of the excitation system to control 
the field voltage of the principal electric machine so that transient changes in the 
regulated voltage are effectively suppressed and sustained oscillations in the regulated 
voltage are not produced by the excitation system during steady-load conditions or 
following a change to a new steady-load condition.. 

Note: It should be recognized that under some system conditions it may be necessary 
to use power system stabilizing signals as additional inputs to excitation control systems 
to achieve stability of the power system including jhe excitation system 

3.39 Steady state,, That in which some specified characteristic of a condition, such 
as value, rate, periodicity, or amplitude, exhibits only negligible change over an arbi¬ 
trarily long interval of time 

Note: It may describe a condition in which some characteristics are static, others 
dynamic 

3.40 Transient,, In a variable observed during transition from one steady-state 
operating condition to another that part of the variation which ultimately disappears 

Note: ANSI C85 deprecates using the term to mean the total variable during the 
transition between two steady states. 

3.41 Variable, directly controlled.. In a control loop, that variable whose value is 
sensed to originate a feedback signal 
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/r-machine system ( continued ) 
network equations, 369-70, 381-84 
system equations, 377-78, 386, 396 
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Rise time, defined, 249 
Root locus, 11 

compensated excitation system, 276, 281-82 
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Silverstat regulator, 236-37 
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Speed voltage, synchronous machine, 90 
Stability 
asymptotic, 5 
defined, 5, 13,457 
dynamic, 6,53,310-11,321-27 
effect of excitation, 304, 309-66 
effect of inertia constant, 317 
excitation system, 457 
first swing, 35-37, 46, 315, 320 
limit, 33, 457 
power systems, 3-12 
primitive definition, 5 
problem, statement of, 4 
simulation in nine-bus system, 353 
steady-state, 6, 24, 309 
synchronous machines, 6 
transient, 6, 46, 309-10, 315-21 See also Transient 
stability 

Stabilizer, 327, 338, 453 See also Power system 
stabilizer 

Stabilizing signal, supplementary, for excitation 
system, 338-44 
State-space equations 

current form, synchronous machine, 91-92, 107, 
368 

excitation system, 285-88, 296-97 
flux-linkage form 
linear, 217-22 
loaded machine, 118-19 
neglecting saturation, 111-12 
synchronous machine, 109-12 
linear current form, 209-13 
loaded machine, 117-19 
simplified linear machine, 231-32 
synchronous machine, 83, 91 
total system, 390-91 

Stator equivalent, rms pu quantities, 129, 136, 139, 
151-52, 154,369,379 
Steady state, 4, 457 

Steady-state equations, synchronous machine, 
150-53, 157-65 

Steady-state stability 6, 24, 309 
Stevenson, W D , 14 
Subtransient 
effects, 9 
EMF, 132 

flux linkage, 132, 134 

inductances, synchronous machine, 123-24, 135 
Summer, analog computer component, 400-401 
Swing curve 
defined,41 

nine-bus system, 44-45 
Swing equation, 13-15,46, 79 
approximate, in pu power, 16 
classical n-machine system, 37 
defined,13-14 
most useful form, 16 
normalized form, 103-5, 111 
simple nonlinear form, 29 
Synchronism, loss, 4, 9 

Synchronizing power coefficient ( p s ), 24, 59-60 71 
224,227, 230 
Synchronous machine 
analog simulation, 170-84 
block diagram, 47-48, 57-58, 67-69, 231, 340 


classical model, 22-26, 55-56 
constant field flux-linkage model, 142-43 
digital simulation, 184-206 
E' q model, 127-32 
E " model, 132-38 
equivalent tee circuit, 107—9 
flux-linkage equations, 85-88 
governor, 68-69 

inductance, 86-87, 108, 111,122-26, 143 
linear models, 56-57, 60, 208-32, 322 
linear, regulated, 327-33 
linear, unregulated, 55-56 
load equations, 114-22 
local load, 154-57 

normalization equations, 92-96, 99-103,414-23 
one-axis model, 141-42, 354 
operational inductance, 144 
parameters, from manufacturers data, 166-69. 
420-21 

phasor diagram, 152-65 

regulated, 66-69, 329-31,334 

saturation, 20, 113-14, 355, 425-27 

simplified model, 56-57, 127-43, 222-28 

simulation. 150-207 

solid rotor dynamic models, 143-44 

speed voltage, 90 

stability, 6 

state-space equations 83 91-92, 107, 109-12, 
368 

steady-state equations, 150-53, 157-65 
subtransient inductance, 123-24 134 
time constants, 125-26, 143 
two-axis model, 138-42 
typical parameters, 126,421-22 
unregulated 55 

unsaturated flux-linkage model, 111-13 
voltage equations. 88-91. 110-11 
System 

continuously acting, proportional, 250, 271,453 
control, 450 

noncontinuously acting, 453 
System data, tabulation of typical values, 4.35-49 

defined, 104 

derived from field energy, 106 
Tesla. Nikola, 3 
Theta (0), defined, 14, 85 
Fhevenin equivalent, 77 
Thomas, C H , 83 

Thyristor, excitation system. 2.39,241-44. 266 
Tie-line oscillations, 7, 55 
Time constants, synchronous machine 
derived, 125, 143 
table, 126 

Tirrell regulator, 250 
Torque 

accelerating, 13, 14 
asynchronous, 21 

damping, (Du), 21, 35, 46, 106, 326-27. 339, 
427-29 

dc braking, 21 

electromagnetic or electrical, 13, 20, 105-7. Ill, 
326 

mechanical, 13, 16, 46 
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Iorque (< continued ) 
regulated, 18-20 
unregulated, 17-18 
negative sequence braking 21 
normalization equations, 103-5 
per unit, 103-7 
synchronous, 21, 326 
Torque angle (5) 
defined, 14,85 
effect of excitation, 235 
Transient 
defined,457 
effects, 9 
EMF’s, 138 
flux linkage, 138 

inductance, synchronous machine, 123-24 
reactance, 22 
Transient stability 
defined,6,309 
digital simulation, 353-63 
effect of excitation. 315-21 
effect of faults, 316-17, 355-60 
first swing, 46, 315-16, 319-20 
steps in problem solution, 41-45 
Transmission lines, typical data, 433-34 
Trigonometric identities, for three-phase systems, 
398-99 

Turbine torque-speed characteristics, 19-20 
Two-port network, 27 

Units 

English, 15 

inertia constant 15-16 
MKS 15 

Venikov V A„ 56-57 

Voltage equations, synchronous machine 88-91, 
110-11 


Voltage reference 
nonlinear bridge circuit, 273-74 
transfer function, 272-74 

Voltage regulator, 236, 250-54, 429 See also Am¬ 
plifier 

backlash , 238, 250-51 
boost-buck, 251-52, 256, 262-63. 272 
deadband,250-51 268, 311 
direct-acting, 250 

electromechanical, 250-51, 268-71,305 
electronic, 251 
indirect-acting, 250 
magnetic amplifier, 239, 252-54 
models of physical systems, 428-31 
rotating amplifier, 251-52, 272 
solid-state, 254 

linear synchronous machine, 66-67 
Voltage response ratio 244-46 See also Response 
ratio 

Western Systems Coordinating Council (WSCC), 
429 

Westinghouse Electric Corp , 237. 239-40, 242, 
252, 269, 291-92 297, 299-300, 304, 347 
349-50, 430 
WR 2 , rotor, 15 

xj, defined,151, 166 
xj, defined, 166 
x'j , defined, 166 
xa, defined. 166 
x ? , defined,151, 166 
x' q defined, 166 
x'g defined. 166 
*o>defined, 166 
*21 defined, 166 


Young, C C , 127. 131, 140 316 

























